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Preface 


Algebraic topology is the interplay between “continuous” and “discrete” mathe¬ 
matics. Continuous mathematics is formulated in its general form in the language 
of topological spaces and continuous maps. Discrete mathematics is used to express 
the concepts of algebra and combinatorics. In mathematical language: we use the 
real numbers to conceptualize continuous forms and we model these forms with the 
use of the integers. For example, our intuitive idea of time supposes a continuous 
process without gaps, an unceasing succession of moments. But in practice we 
use discrete models, machines or natural processes which we define to be periodic. 
Likewise we conceive of a space as a continuum but we model that space as a set 
of discrete forms. Thus the essence of time and space is of a topological nature but 
algebraic topology allows their realizations to be of an algebraic nature. 

Classical algebraic topology consists in the construction and use of functors 
from some category of topological spaces into an algebraic category, say of groups. 
But one can also postulate that global qualitative geometry is itself of an algebraic 
nature. Consequently there are two important view points from which one can study 
algebraic topology: homology and homotopy. 

Homology, invented by Henri Poincare, is without doubt one of the most inge¬ 
nious and influential inventions in mathematics. The basic idea of homology is that 
we start with a geometric object (a space) which is given by combinatorial data (a 
simplicial complex). Then the linear algebra and boundary relations determined by 
these data are used to produce homology groups. 

In this book, the chapters on singular homology, homology, homological algebra 
and cellular homology constitute an introduction to homology theory (construction, 
axiomatic analysis, classical applications). The chapters require a parallel reading - 
this indicates the complexity of the material which does not have a simple intuitive 
explanation. If one knows or accepts some results about manifolds, one should read 
the construction of bordism homology. It appears in the final chapter but offers a 
simple explanation of the idea of homology. 

The second aspect of algebraic topology, homotopy theory, begins again with the 
construction of functors from topology to algebra. But this approach is important 
from another view point. Homotopy theory shows that the category of topological 
spaces has itself a kind of (hidden) algebraic structure. This becomes immediately 
clear in the introductory chapters on the fundamental group and covering space 
theory. The study of algebraic topology is often begun with these topics. The 
notions of fibration and cofibration, which are at first sight of a technical nature, 
are used to indicate that an arbitrary continuous map has something like a kernel 
and a cokernel - the beginning of the internal algebraic structure of topology. (The 
chapter on homotopy groups, which is essential to this book, should also be studied 
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for its applications beyond our present study.) In the ensuing chapter on duality 
the analogy to algebra becomes clearer: For a suitable class of spaces there exists 
a duality theory which resembles formally the duality between a vector space and 
its dual space. 

The first main theorem of algebraic topology is the Brouwer-Hopf degree the¬ 
orem. We prove this theorem by elementary methods from homotopy theory. It is 
a fairly direct consequence of the Blakers-Massey excision theorem for which we 
present the elementary proof of Dieter Puppe. Later we indicate proofs of the de¬ 
gree theorem based on homology and then on differential topology. It is absolutely 
essential to understand this theorem from these three view points. The theorem 
says that the set of self-maps of a positive dimensional sphere under the homotopy 
relation has the structure of a (homotopically defined) ring - and this ring is the 
ring of integers. 

The second part of the book develops further theoretical concepts (like coho¬ 
mology) and presents more advanced applications to manifolds, bundles, homotopy 
theory, characteristic classes and bordism theory. The reader is strongly urged to 
read the introduction to each of the chapters in order to obtain more coherent infor¬ 
mation about the contents of the book. 

Words in boldface italic are defined at the place where they appear even if there 
is no indication of a formal definition. In addition, there is a list of standard or global 
symbols. The problem sections contain exercises, examples, counter-examples and 
further results, and also sometimes ask the reader to extend concepts in further 
detail. It is not assumed that all of the problems will be completely worked out, but 
it is strongly recommended that they all be read. Also, the reader will find some 
familiarity with the full bibliography, not just the references cited in the text, to be 
crucial for further studies. More background material about spaces and manifolds 
may, at least for a while, be obtained from the author’s home page. 

I would like to thank Irene Zimmermann and Manfred Karbe for their help and 
effort in preparing the manuscript for publication. 


Gottingen, September 2008 


Tammo tom Dieck 
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Chapter 1 

Topological Spaces 


In this chapter we collect the basic terminology about topological spaces and some 
elementary results (without proofs). I assume that the reader has some experience 
with point-set topology including the notion of compactness. We introduce a num¬ 
ber of examples and standard spaces that will be used throughout the book. Perhaps 
the reader has not met quotient spaces. Quotient spaces give precision to the in¬ 
tuitive concept of gluing and pasting. They comprise adjunction spaces, pushouts, 
attaching of spaces (in particular cells), orbit spaces of group actions. In the main 
text we deal with other topics: Mapping spaces and compact open topology, bun¬ 
dles, cell complexes, manifolds, partitions of unity, compactly generated spaces. 

Transformation groups are another topic of this chapter. Whenever you study a 
mathematical object you should consider its symmetries. In topology one uses, of 
course, continuous symmetries. They are called actions of a topological group on 
a space or transformation groups. In this chapter we assemble notions and results 
about the general topology of transformation groups. We use the material later for 
several purposes: 

• Important spaces like spheres, projective spaces and Grassmann manifolds 
have a high degree of symmetry which comes from linear algebra (matrix 
multiplication). 

• The fundamental group of a space has a somewhat formal definition. In the 
theory of covering spaces the fundamental group is exhibited as a symmetry 
group. This “hidden" symmetry, which is associated to a space, will influence 
several other of its geometric investigations. 

• The theory of fibre bundles and vector bundles makes essential use of the 
concept of a transformation group. Important information about a manifold 
is codified in its tangent bundle. We will apply the tools of algebraic topology 
to bundles (characteristic classes; classifying spaces). 

We should point out that large parts of algebraic topology can be generalized 
to the setting of transformation groups (equivariant topology). At a few occasions 
later we point out such generalizations. 


1.1 Basic Notions 

A topology on a set A is a set 0 of subsets of X, called open sets, with the properties: 
(1) The union of an arbitrary family of open sets is open. (2) The intersection of a 
finite family of open sets is open. (3) The empty set 0 and X are open. A topological 
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space (X, 0) consists of a set X and a topology 0 on X. The sets in 0 are the open 
sets of the topological space ( X , 0). We usually denote a topological space just by 
the underlying set X. A set A C X is closed in (X. 0) if the complement X \ A is 
open in (X, 0). Closed sets have properties dual to (1)—(3): The intersection of an 
arbitrary family of closed sets is closed; the union of a finite family of closed sets 
is closed; the empty set 0 and X are closed. A subset ‘B of a topology 0 is a basis 
of 0 if each U € 0 is a union of elements of ‘B. (The empty set is the union of the 
empty family.) A subset S of 0 is a subbasis of 0 if the set of finite intersections 
of elements in S is a basis of 0. (The space X is the intersection of the empty 
family.) 

A map /: X — > Y between topological spaces is continuous if the pre-image 
f~ l (V) of each open set V of Y is open in X. Dually; A map is continuous 
if the pre-image of each closed set is closed. The identity id(X): X — > X is 
always continuous, and the composition of continuous maps is continuous. Hence 
topological spaces and continuous maps form a category. We denote it by TOP. 
A homeomorphism f ; X — > Y is a continuous map with a continuous inverse 
g: Y —> X. Spaces X and Y are homeomorphic if there exists a homeomorphism 
between them. A map /: X — Y between topological spaces is open ( closed ) if 
the image of each open (closed) set is again open (closed). 

In the sequel we assume that a map between topological spaces is continuous 
if nothing else is specified or obvious. A set map is a map which is not assumed to 
be continuous at the outset. 

We fix a topological space X and a subset A. The intersection of the closed 
sets which contain A is denoted A and called closure of A in X. A set A is dense 
in X if A — X. The interior of A is the union of the open sets contained in A. 
We denote the interior by A°. A point in A° is an interior point of A. A subset is 
nowhere dense if the interior of its closure is empty. The boundary of A in X is 
Bd(A) = Jn(KI). 

An open subset U of X which contains A is an open neighbourhood of A in X. 
A set B is a neighbourhood of A if it contains an open neighbourhood. A system of 
neighbourhoods of the point x is a neighbourhood basis of x if each neighbourhood 
of x contains one of the system. 

Given two topological spaces X and Y, a map /: X —> Y is said to be continu¬ 
ous at x e X if for each neighbourhood V off (x) there exists a neighbourhood U of 
x such that f(U) C V ; it suffices to consider a neighbourhood basis of x and fix). 

Suppose 0i and 0 2 are topologies on X. If 0\ C 02- then 0 2 is finer than 
0i and 0i coarser than 0 2 . The topology 0 2 is finer than 0i if and only if the 
identity (X, 0 2 ) —> ( X , 0i) is continuous. The set of all subsets of X is the finest 
topology; it is the discrete topology and the resulting space a discrete space. All 
maps /; X — > Y from a discrete space X are continuous. The coarsest topology 
on X consists of 0 and X alone. If (0j j e /) is a family of topologies on X, 
then their intersection is a topology. 
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We list some properties which a space A may have. 

(Ti) One-point subspaces are closed. 

(T 2 ) Any two points have disjoint neighbourhoods. 

(Z 3 ) Given a point x e X and a closed subset A C X not containing x, there exist 
disjoint neighbourhoods U of x and V of A. 

(7 4 ) Any two disjoint closed subsets have disjoint neighbourhoods. 

We say X satisfies the separation axiom Tj (or A is a 7)-space), if X has property 
Tj. The separation axioms are of a technical nature, but they serve the purpose of 
clarifying the concepts. 

A 72 -space is called a Hausdorff space or separated. A space satisfying T\ 
and 7 3 is said to be regular. A space satisfying 7j and 7 4 is called normal. In 
a regular space, each neighbourhood of a point contains a closed neighbourhood. 
A space X is called completely regular if it is separated and for each x e X and 
0 ^ A C X closed, x f A, there exists a continuous function /: X —>■ [0,1] such 
that f(x) — 1 and f(A) = {0}. 

A remarkable consequence of the separation property 7 4 is the existence of 
many real-valued continuous functions. The Urysohn existence theorem (1.1.1) 
shows that normal spaces are completely regular. 

(1.1.1) Theorem (Urysohn). Let X be a space and suppose that A and B are 

disjoint closed subsets of X. Then there exists a continuous function f : X —> [0, 1] 
with /(A) C {0} and f(B) C {1}. □ 

(1.1.2) Theorem (Tietze). Let X be a T 4 -space and A C X closed. Then each 
continuous map f : A —> [0,1] has a continuous extension f: X —> [0,1]. 

A continuous map /: A —>• IR” from a closed subset A of a T^-space X has a 
continuous extension to X. □ 

Many examples of topological spaces arise from metric spaces. Metric spaces 
are important in their own right. A metric d on a set A is a map d : A x A —*■ [0, 00 [ 
with the properties: 

( 1 ) d(x, y) = 0 if and only if x — y. 

(2) d(x, y) = d(y, x) for all x, ye A. 

(3) d(x, z) < d(x. y) + d(y, z) I'or all x, y, z e A ( triangle inequality ). 

We call d(x, y ) the distance between x and y with respect to the metric d. A metric 
space (A ,d) consists of a set A and a metric d on A. 

Let (A, d) be a metric space. The set U E (x) = {y e X \ d{x,y) < e} is 
the e-neighbourhood of x. We call U C A open with respect to cl if for each 
x e X there exists e > 0 such that U E (x) C U. The system 0 ( i of subsets U which 
are open with respect to d is a topology on A, the underlying topology of the 
metric space, and the e-neighbourhoods of all points are a basis for this topology. 
Subsets of the form U E (x) are open with respect to d. For the proof, let y e U E (x) 
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and 0 < rj < s — d(x. y ). Then, by the triangle inequality, U v (y) C U E (x). A 
space ( X, O) is metrizable if there exists a metric d on X such that Q = & d . 
Metrizable spaces have countable neighbourhood bases of points: Take the U e (x) 
with rational s. A set U is a neighbourhood of x if and only if there exists an 
e > 0 such that U E (x ) C U. For metric spaces our definition of continuity is 
equivalent to the familiar definition of calculus: A map /: X —> Y between 
metric spaces is continuous at a e X if for each e > 0 there exists 8 > 0 such that 
d(a,x) < 8 implies d(f(a), fix)) < s. Continuity only depends on the underlying 
topology. But a metric is a finer and more rigid structure; one can compare the size 
of neighbourhoods of different points and one can define uniform continuity. A 
map /: ( X , d\) —> (Y, J 2 ) between metric spaces is uniformly continuous if for 
each e > 0 there exists 8 > 0 such that d\ (x, y) < 8 implies djif (x), /(y)) < e. 
A sequence /„ : X —> Y of maps into a metric space ( Y,d) converges uniformly 
to /: X —> Y if for each e > 0 there exists N such that for n > N and x € X 
the inequality d( f (x), f n (x)) < s holds. If the f„ are continuous functions from a 
topological space X which converge uniformly to /, then one shows as in calculus 
that / is continuous. 

A set A in a metric space (X, d) is bounded if {d(x, y) \ x, y e A} is bounded 
in R. The supremum of the latter set is then the diameter of A. We define d (x, A) = 
inf {d(x,a) a e /lj as the distance of x from A f 0. The relation | d(x,A) — 
d{y, ,4) < d(x, A ) shows that the map X —v IR, x \-x d(x,A) is uniformly 
continuous. The relation d(x, A) = 0 is equivalent to x e A. 

If A and B are disjoint, non-empty, closed sets in X, then 

f:X—> [0,1], x i—> d(x, A)(d(x, A) + d(x, 5)) _1 

is a continuous function with f(A) = {0} and f(B ) = {1}. Let 0 < a < b < 1. 
Then [0, a[ and ]/). 1] are open in [0,1], and their pre-images under / are disjoint 
open neighbourhoods of A and B. Hence a metric space is normal. 

A directed set (/, <) consists of a set / and a relation < on I such that: (1)/ < i 
for all i e I. (2) i < j , j < k implies i < k. (3) For each pair i, j e I there 
exists k e I such that i < k, j < k. We also write j > i for i < j. The set N 
with the usual order is directed. The set U(x) of neighbourhoods of x is directed 
byU<V4>VcU. 

A net with directed index set I in X is a map I —v X, i \-x x,-. We write (x, ), e / 
or just (xj) for such a net. A net (x,) in a topological space X converges to x, 
notation x = lim x,-, provided for each neighbourhood U of x there exists i e / 
such that Xj e U for j > i. If one chooses from each U e U(x ) a point x\j, then 
the net (xjj) with index set VL(x) converges to x. A point x is an accumulation 
value of the net (x, )ie/ if for each neighbourhood U of x and each i e I there 
exists j > i such that Xj e U. Let I and J be directed sets. A map h: I —v J 
is final if for each / e ./ there exists i e I such that h(i) > j. A subnet of a net 
( Xj)j e j is a net of the form i x/,(,■) with a final map h: I —v J. If a subnet of 
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(xj)jeJ converges to z, then z is an accumulation value. Each accumulation value 
is a convergence point of a subnet. 

Let (Xj)jej be a net in X. For j € J let F(j ) be the closure of {xk k > j J. 
Then F = fly /’(/) is the set of accumulation values of the net. 

1.2 Subspaces. Quotient Spaces 

It is a classical idea and method to define geometric objects (spaces) as subsets of 
Euclidean spaces, e.g., as solution sets of a system of equations. But it is important 
to observe that such objects have “absolute” properties which are independent of 
their position in the ambient space. In the topological context this absolute property 
is the subspace topology. 

Let ( X , 0) be a topological space and A C X a subset. Then 

(9\A = {U C A | there exists V e (9 with U = A fl V} 

is a topology on A. It is called the induced topology , the subspace topology , or the 
relative topology. The space (A, (9\ A ) is called a subspace of (X. 0); we usually 
say: A is a subspace of X. A continuous map/: (Y. S) —> (X, 0) is an embedding 
if it is injective and (Y.S) -* (/( Y). (9\f(Y)), y i-> /( v) a homeomorphism. 
From the definition one verifies: 

Let A be a subspace of X. Then the inclusion i: A —> X, a i-> a is continuous. 
Let Y be a space and /: Y X a set map with /(Y) C A. Then / is continuous 
if and only if (p: Y —> A, y i-> / (y) is continuous. 

(1.2.1) Proposition. Let i \ Y —> X be an injective set map between spaces. The 
following are equivalent: 

(1) i is an embedding. 

(2) A set map g.Z^-Y from any topological space Z is continuous if and only 

ifig'. Z —> X is continuous. □ 

Property (2) characterizes embeddings i in categorical terms. We call this 
property the universal property of an embedding. 

Suppose A C B C X are subspaces. If A is closed in B and B closed in X, then 
A is closed in X. Similarly for open subspaces. But in general, an open (closed) 
subset of B must not be open (closed) in X. The next proposition will be used 
many times without further reference. 

(1.2.2) Proposition. Let f: X —> Y be a set map between topological spaces and 

let X be the union of the subsets (Xj \ j e J). If the Xj are open and the maps 
fj = f | Xj con tinuous, then f is con tinuous. A similar assertion holds if the Xj 
are closed and J is fin ite. □ 
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A subset A of a space X is & retract of X if there exists & retraction r : X —> A, 
i.e., a continuous map r: X —> A such that r\A = id(A). A continuous map 
5 : B —>■ E is a section of the continuous map p: E —>■ B if ps = id( B ). In that 
case s is an embedding onto its image. 

In geometric and algebraic topology many of the important spaces are con¬ 
structed as quotient spaces. They are obtained from a given space by an equivalence 
relation. Although the quotient topology is easily defined, formally, it takes some 
time to work with it. In several branches of mathematics quotient objects are more 
difficult to handle than subobjects. Even if one starts with a nice and well-known 
space, its quotient spaces may have strange properties; usually one has to add a 
number of hypotheses in order to exclude unwanted phenomena. Quotient spaces 
do not, in general, inherit desirable properties from the original space. 

Let X be a topological space and /: X —>■ Y a surjective map onto a set Y. 
Then S = {U C Y | open in X} is a topology on Y. This is the finest 

topology on Y such that / is continuous. We call $ the quotient topology on Y 
with respect to /. A surjective map /: X —> Y between topological spaces is 
called an identification or quotient map if it has the following property: U C Y 
open f~ l {U) C X open. If /: X —> Y is a quotient map, then Y is called a 
quotient space of X. 

We recall that a surjective map /: X —> Y is essentially the same thing as an 
equivalence relation on X. If R is an equivalence relation on X, then X/R denotes 
the set of equivalence classes. The canonical map p: X —> X/R assigns to x e X 
its equivalence class. If /: X —»• Y is surjective, then x ~ y o fix) = fiy) is 
an equivalence relation Rj on X. There is a canonical bijection (p : X / Rj -x Y 
such that (pp = /. The quotient spaceX/R is defined to be the set X/R together 
with the quotient topology of the canonical map p\ X -> X/R. 

If A C X, we denote 1 by X/A the space obtained from X by identifying A to 
a point. In the case that A = 0, we understand by this symbol A together with a 
disjoint point (topological sum (1.3.4)). 

(1.2.3) Proposition. Let f: X —»• Y be a surjective map between spaces. The 
following are equivalent: 

(1) / is a quotient map. 

(2) A set map g: Y Z into any topological space Z is continuous if and only 

if gf : X —>• Z is continuous. □ 

Property (2) characterizes quotient maps / in categorical terms. We call this 
property the universal property of a quotient map. 

A subset of X is saturated with respect to an equivalence relation if it is a union 
of equivalence classes. 

Let j : A C X be an inclusion and /: A —> Y a continuous map. We identify in 
the topological sum X + Y for each a e A the point a e X with the point f(a) e Y, 


'A similar notation is used for factor groups and orbit spaces. 
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i.e., we consider the equivalence relation on the topological sum (1.3.4) X + Y with 
equivalence classes {z} for z $ A + f(A) and / -1 (z) + {z} for z e f{A). The 
quotient space Z is sometimes denoted by Y Uy X and called the adjunction space 
obtained by attaching X via / to Y. The canonical inclusions X —>■ X + Y and 
Y —> X + Y induce maps F: X -»• Y Uf X and J: Y -»• Y Uy X. The diagram 



is a pushout in TOP. If j is an embedding, then J is an embedding. 

(1.2.4) Proposition. Let j be a closed embedding. Then the data of the pushout 
have the following properties: 

(1) J is a closed embedding. 

(2) F restricted to X \ A is an open embedding. 

(3) If X, Y are T\-spaces ( T^-spcices ), then Y Uy X is a T\-space (T^-space). 

(4) If f is a quotient map, then F is a quotient map. □ 

Because of (1) and (2) we identify X \ A with the open subspace F(X \ A) 
and Y with the closed subspace J(Y). In this sense, Y Uy X is the union of the 
disjoint subsets X \ A and Y. 

(1.2.5) Proposition. The space Y U f X is a Hausdorjf space, provided the fol¬ 

lowing holds: Y is a Hausdorjf space, X is regular, and A is a retract of an open 
neighbourhood in X. □ 

Problems 

1. Let /: X —> Y and g: Y —> Z be continuous maps. If / and g are embeddings, then 
gf is an embedding. If gf and g are embeddings, then g is an embedding. If gf = id, then 
/ is an embedding. An embedding is open (closed) if and only if its image is open (closed). 
If /: X —> Y is a homeomorphism and A <Z X, then the map A —> f (A), induced by /, is 
a homeomorphism. 

2. Let /: X —> Y be a quotient map. Let B be open or closed in Y and set A = f~ 1 (B). 
Then the restriction g: A —> B of / is a quotient map. 

3. Let / : X —> Y be surjective, continuous and open (or closed). Then/ is a quotient map. 

The restriction fs '■ [ (B ) B is open (or closed) for each B C Y, hence a quotient 

map. 

4. The exponential map exp: C —>■ C* = C \ {0} is open. Similarly p: R —► S 1 , 
t exp(2^;7) is open. The kernel of p is Z. Let q: R —» R/Z be the quotient map 
onto the factor group. There is a bijective map a: N./J. —» S 1 which satisfies a o q = p. 
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Since p and q are quotient maps, a is a homeomorphism. The continuous periodic functions 
/: [R —> R, f(x+ 1) = fix) therefore correspond to continuous maps R/Z —> R and to 
continuous maps S' 1 —> R via composition with q or p. In a similar manner one obtains a 
homeomorphism (C/Z ^ <C*. 

5. Let / : A —*■ B and g: B — > C be continuous. If / and g are quotient maps, then gf is 
a quotient map. If gf is a quotient map, then g is a quotient map. If gf = id, then g is a 
quotient map. 


1.3 Products and Sums 

Let (( Xj. Oj) | j e /) be a family of topological spaces. The product set X = 
n 7 6 / Xj is the set of all families (xy | ye/) with Xj e Xj. We have the 
projection pr,-: X -» Xj, (xy) i-> x,- into the i-th factor. Let Xj, Yj be topological 
spaces and fj : Xj -x Yj maps. The product map \\fj'. FI Xj _■ > FI F i s defined 
as (xy | j e /) i-> ( fj(xj ) | j e J). Given maps fj : Y Xj we denote by 
(fj) = (fj | j e J): Y ^ n 7 x j the ma P wit h components pr, o (fj) = f. 

The family of all pre-images pr J l (Uj), Uj C Xj open in Xj (for varying j), 
is the subbasis for the product topology O on X. We call (X. (9) the topological 
product of the spaces (Xj.Oj). The next proposition shows that X = nF 
together with the projections pr j is a categorical product of the family (Xj ) in the 
category TOP. Note that for infinite J , open sets in the product are quite large; a 
product ]”[ Uj, Uj C Xj open, is then in general not an open subset of [~[ Xj. 

(1.3.1) Proposition. The product topology is the coarsest topology for which all 
projections pry are continuous. A set map f : Y —> X from a space Y into X is 
continuous if and only if all maps pry of are continuous. The product f = ]”[ • fj 
of continuous maps fj : Xj —> Yj is continuous. □ 

The product of X \, X 2 is denoted X\ x X 2 , and we use f\ x f 2 for the product of 
maps. The “identity” id: X\ x (X 2 xl 3 ) — (X\ x X 2 ) x X 2 is a homeomorphism. 
In general, the topological product is associative, i.e., compatible with arbitrary 
bracketing. The canonical identification 1R^ x \R l — R fc+/ is a homeomorphism. 

1.3.2 Pullback. Let /: X —>• B and g: Y -x B he continuous maps. Let 
Z = {(x, y) e X x Y \ f(x) = g (v) j with the subspace topology of X xY. We 
have the projections onto the factors F : Z —» Y andG: Z X. The commutative 
diagram 

z —— 

| G f [ g 

X - >B 

is a pullback in TOP. The space Z is sometimes written Z — XxpY and called the 
product of X and Y over B (the product in the category TOP# of spaces over B). 
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Pullbacks allow one to convert liftings into sections. Let i: A C X and a: A — 
Y suchthatga = f\A is given. The assignment (a: X —> Z) (->• (Foo: X —> Y) 
sets up a bijection between sections of G with Fa\A — a and maps <p\ X —>■ Y 
such that <p\A — a and g<p = /. O 

(1.3.3) Proposition. Let f : X —>■ Y be surjective, continuous, and open. Then Y 

is separated if and only if R = {(x\, x 2 ) \ f(x 1 ) = f (X 2 )} is closed in X x X. □ 

Let (Xj | / e /) be a family of non-empty pairwise disjoint spaces. The set 
(9 — {U C LI Xj | U fl Xj C Xj open for all j} is a topology on the disjoint 
union LI Xj. We call (LI Ay, (9) the topological sum of the Xj. A sum of two 
spaces is denoted X\ + X 2 . The following assertions are easily verified from 
the definitions. They show that the topological sum together with the canonical 
inclusions Xj lIXj is a categorical sum in TOP. Given maps fj : Xj —>• Z we 
denote by (fj): 1 1 Xj Z the map with restriction fj to Xj. 

(1.3.4) Proposition. A topological sum has the following properties: The subspace 

topology ofXj in U Xj is the original topology. Let the space X be the union of the 
family (Xj \ j E J) of pairwise disjoint subsets. Then X is the topological sum of 
the subspaces Xj if and only if the Xj are open, f: U Xj —> Y is continuous if 
each f\Xj : Xj —> Y is continuous. □ 

1.3.5 Pushout. Let j : A —>■ X and f \ A ^ B be continuous maps and form a 
pushout diagram 



in the category SET of sets. Then Y is obtainable as a quotient of X + B. We give 
Y the quotient topology via ( F, J): X + B ^ Y. Then the resulting diagram is 
a pushout in TOP. The space Y is sometimes written X + A B and called the sum 
of X and B under A (the sum in the category TOP 4 of spaces under A). O 

1.3.6 Clutching. An important method for the construction of spaces is to “paste” 
open subsets; see the example (1.3.8) for the simplest case. Let (Uj \ j e /) be a 
family of sets. Assume that for each pair ( i. j ) e J x J a subset U- C Uj is given 
as well as a bijection g- : U- —> Uj. We call the families (Uj, Uf, gj) a clutching 
datum if: 

(1) Uj = Uj and gj = id. 

(2) For each triple (i, j,k) e / x / x J the map gj induces a bijection 

gj: uj n uj > uj n uj 
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and gj o gj — gj holds, considered as maps from U- FI Uf to U k fl U' k . 
Given a clutching datum, we have an equivalence relation on the disjoint sum 
UjejUj: 

x e Ui ~ y e Uj <S> x e U- and gj (x) = y. 

Let X denote the set of equivalence classes and let h, : Uj —> X be the map which 
sends x e Uj to its class. Then /;,■ is injective. Set U(i) = image hj, then 

mi) n U(j) = 

Conversely, assume that X is a quotient of Uj € jUj such that each hj : Uj —> X 
is injective with image [/(/). Let U- — hj ] (U(i) D U(j)) and gj — hj 1 o 
hj: U- —> Ui. Then the (Uj, Uj , gj ) are a clutching datum. If we apply the 
construction above to this datum, we get back X and the hj. O 

(1.3.7) Proposition. Let (Uj, Uj 1 , gj) be a clutching datum. Assume that the Uj 
are topological spaces, the U- C Uj open subsets, and the gj : U- —> Uj homeo- 
morphisms. Let X carry the quotient topology with respect to the quotient map 
p : U ; e j Uj —> X. Then the following holds: 

(1) The map hj is a homeomorphism onto an open subset of X and p is open. 

(2) Suppose the Uj are Hausdorff spaces. Then X is a Hausdorjf space if and 

only if for each pair ( i , j) the map yf : U- Uj x Uj, x m- (x, gj (x)) is 
a closed embedding. □ 

1.3.8 Euclidean space with two origins. The simplest case is obtained from 
open subsets Vj C Uj, j = 1,2, and a homeomorphism q>\ V\ —> Vj- Then 
X = Ui U^, U 2 is obtained from the topological sum 6j + U 2 by identifying 
v e V\ with tp(v) e L 2 - Let U\ = U 2 = K” and V\ = V 2 = R” ^ 0. Let cp = id. 
Then the graph of (p in R” x R” is not closed. The resulting locally Euclidean space 
is not Hausdorff. If we use <p(x) = x • ||x|| -2 , then the result is homeomorphic to 
S n (see (2.3.2)). O 

Suppose a space X is the union of subspaces (Xj \ j e J). We say X carries 
the colimit topology with respect to this family if one of the equivalent statements 
hold: 

(1) The canonical map ]j Xj —> X (the inclusion on each summand) is a 
quotient map. 

(2) C is closed in X if and only if Xj fl C is closed in Xj for each j. 

(3) A set map /: X —>■ Z into a space Z is continuous if and only if the restric¬ 
tions /1 Xj : Xj —» Z are continuous. 

(1.3.9) Example. Let X be a set which is covered by a family (Xj \ j e J) of 
subsets. Suppose each Xj carries a topology such that the subspace topologies of 
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Xj fl Xj in Xj and Xj coincide and these subspaces are closed. Then there is a 
unique topology on X which induces on Xj the given topology. The space X has 
the colimit topology with respect to the Xj. O 

Problems 

1. Let (Xj | ye/) be spaces and Aj C Xj non-empty subspaces. Then Wj^j Aj = 
J~[ y e j Aj. The product Wj^j Aj is closed if and only if the Aj are closed. 

2. The projections pr^ : ]”[ ■ Xj —>■ A* are open maps, and in particular quotient maps. 
(The Xj are non-empty.) 

3. A space X is separated if and only if the diagonal D = {(x,x) | x e A} is closed in 
X xX. Let f g: X —> Y be continuous maps into a Hausdorff space. Then the coincidence 
set A = {x | / (x) = g(x)} is closed in X. Hint: Use (1.3.3). 

4. A discrete space is the topological sum of its points. There is always a canonical homeo- 

morphism X x U, Yj = Uy (X x Yj). For each y e Y the map X —>■ X x (x , y) 

is an embedding. If / : X —> Y is continuous, then y: X ->IxF,jh>(r, /(x)) is an 
embedding. If Y is a Hausdorff space, then y is closed. 


1.4 Compact Spaces 

A family A = (Aj \ j e J ) of subsets of X is a covering of X if X is the union of 
the Aj. A covering B = (/J/ ; \ k e K) of A is a refinement of A if for each k e K 
there exists ye/ such that C Aj. If A is a topological space, a covering 
A = (Aj | j e J) is called open ( closed ) if each Aj is open (closed). A covering 
B = (B/c | k e K) is a subcovering of A if K C / and B^ — A^ for k e K. 
We say B is finite or countable if K is finite or countable. A covering A is locally 
finite if each x e U has a neighbourhood U such that U fl Aj ^0 only for a finite 
number of j e /. It is called point-finite if each x e X is contained only in a finite 
number of Aj. 

A space X is compact if each open covering has a finite subcovering. (In some 
texts this property is called quasi- comp act .) By passage to complements we see: 
If X is compact, then any family of closed sets with empty intersection contains a 
finite family with empty intersection. A set A in a space X is relatively compact 
if its closure is compact. We recall from calculus the fundamental Heine-Borel 
Theorem: The unit interval I = [0, 1] is compact. 

A space X is compact if and only if each net in X has a convergent subnet 
(an accumulation value). A discrete closed set in a compact space is finite. Let 
X be compact, A C X closed and /: X —>■ Y continuous; then A and / (X) are 
compact. 

(1.4.1) Proposition. Let B, C be compact subsets of spaces X, Y, respectively. 
Let U be a family of open subsets of X x Y which cover B x C. Then there exist 



12 Chapter 1. Topological Spaces 


open neighbourhoods U of B and V of C such that U x V is covered by a finite 
subfamily of U. In particular the product of two compact spaces is compact. □ 

One can show that an arbitrary product of compact spaces is compact ( Theorem 
of Tychonoff). 

(1.4.2) Proposition. Let B and C be disjoint compact subsets of a Hausdorff 

space X. Then B and C have disjoint open neighbourhoods. A compact Hausdorff 
space is normal. A compact subset C of a Hausdorff space X is closed. □ 

(1.4.3) Proposition. A continuous map f : X —>• Y from a compact space into 
a Hausdorff space is closed. If moreover, f is injective ( bijective ), then f is an 
embedding ( homeomorphism ). If f is surjective, then it is a quotient map. □ 

(1.4.4) Proposition. Let X be a compact Hausdorff space and f : X —> Y a 
quotient map. The following assertions are equivalent: 

(1) Y is a Hausdorff space. 

(2) f is closed. 

(3) R = {( xi,X 2 ) | f(x i) = fix 2 )} is closed in X x X. □ 

Let X be a union of subspaces X\ C X 2 C •••. Recall that X carries the 
colimit-topology with respect to the filtration (A,) if A C X is open (closed) if 
and only if each intersection A f~l X n is open (closed) in X„. We then call X the 
colimit of the ascending sequence (X, ). (This is a colimit in the categorical sense.) 

(1.4.5) Proposition. Suppose X is the colimit of the sequence X\ C X 2 c •••. 

Suppose points in X t - are closed. Then each compact subset K of X is contained 
in some X^. □ 

A space is locally compact if each neighbourhood of a point x contains a compact 
neighbourhood. An open subset of a locally compact space is again locally compact. 

Let X be a Hausdorff space and assume that each point has a compact neigh¬ 
bourhood. Let U be a neighbourhood of x and K a compact neighbourhood. Since 
K is normal, K fl U contains a closed neighbourhood L of x in K. Then L is com¬ 
pact and a neighbourhood of x in X. Therefore X is locally compact. In particular, 
a compact Hausdorff space is locally compact. If X and Y are locally compact, 
then X x Y is locally compact. 

Let X be a topological space. An embedding /: X —> Y is a compactification 
of X if Y is compact and / (X ) dense in Y. 

The following theorem yields a compactification by a single point. It is called the 
Alexandroff compactification or the one-point compactification. The additional 
point is the point at infinity. In a general compactification /: X —> Y, one calls 
the points in Y \ f(X ) the points at infinity. 
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(1.4.6) Theorem. Let X be a locally compact Hausdorff space. Up to homeomor- 

phism, there exists a unique compactification f : X —> Y by a compact Hausdorff 
space such that Y \ f(X ) consists of a single point. □ 

(1.4.7) Proposition. Let the locally compact space be a union of compact subsets 

(Kj [ i e IN). Then there exists a sequence (Ui \ i e M) of open subsets with union 
X such that each Ui is compact and contained in Ui+\. □ 

(1.4.8) Theorem. Let the locally compact Hausdorff space M ^ 0 be a union of 
closed subsets M n , n e IN. Then at least one of the M n contains an interior point. 

□ 

A subset H of a space G is called locally closed , if each x e H has a neigh¬ 
bourhood V x in G such that H fl V x is closed in G . 

(1.4.9) Proposition. (1) Let A be locally closed in X. Then A — U fl C with U 
open and C closed. Conversely, if X is regular, then an intersection U fl C, U 
open, C closed, is locally closed. 

(2) A locally compact set A in a Hausdorff space X is locally closed. 

(3) A locally closed set A in a locally compact space is locally compact. □ 


Problems 

1. D n / 1 is homeomorphic to S n . For the proof verify that 

D n -> S n , x m>- iflyj 1 — U*|| 2 *, 2||x|| 2 — l) 
induces abijection D n /S n ~ l -* S". 

2. Let /: X x C —> R be continuous. Assume that C is compact and set g(x) = 
sup{/(x, c) | c e C}. Then g: X —> R is continuous. 

3. Let X be the colimit of an ascending sequence of spaces X\ C X 2 C • • •. Then the Xj 
are subspaces of A. If Xj C A, _|_i is always closed, then the Xj are closed in X. 

4. Let R°° be the vector space of all sequences (x\,X 2 _ ) of real numbers which are 

eventually zero. Let R' 1 be the subspace of sequences with xj = 0 for j > n. Give R°° the 
colimit topology with respect to the subspaces R". Then addition of vectors is a continuous 
map R°° x R°° —>• R°°. Scalar multiplication is a continuous map R x R°° —>• R°°. (Thus 
R°° is a topological vector space.) A neighbourhood basis of zero consists of the intersec¬ 
tion of R°° with products of the form ]”[,• > 1 ] — s i > e i [• The space R°° with this topology 
is not metrizable. The space has also the colimit topology with respect to the set of finite¬ 
dimensional linear subspaces. One can also consider the metric topology with respect to the 
metric d((xi), ( yt )) = ( fli( x i ~ T/) 2 ) 1 ^ 2 ; denote it by R^ 0 . The identity R°° —>• R^ 2 is 
continuous. The space R°° is separated. 
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1.5 Proper Maps 


A continuous map /: X —>• F is called proper if it is closed and the pre-images 
f~ l {y),y e F are compact. 

(1.5.1) Proposition. Let K be compact. Then pr: X x K —>• X is proper. If 

f : X —>• Y is proper and K C 1 compact, then f~ 1 (K) is compact. Let f and 
g be proper; then f x g is proper □ 

As a generalization of the theorem of Tychonoff one can show that an arbitrary 
product of proper maps is proper. 

(1.5.2) Proposition. Let f: X X' and g: X' X" be continuous. 

(1) If f and g are proper, then g o f is proper 

(2) If g o f is proper and f surjective, then g is proper. 

(3) If g o f is proper and g injective, then f is proper □ 

(1.5.3) Proposition. Let f \ X —> Y be injective. Then the following are equiva¬ 
lent: 

(1) / is proper. 

(2) / is closed. 

(3) f is a homeomorphism onto a closed subspace. □ 

(1.5.4) Proposition. Let f : X —>• Y be continuous. 

(1) If f is proper, then for each B C Y the restriction /g: / — 1 (/i) —> B of f 
is proper 

(2) Let ( Uj | j e J) be a covering of Y such that the canonical map 

p: ]J. 6 y Uj —> Y is a quotient map. If each restriction fj : ) —>• Uj 

is proper, then f is proper □ 

(1.5.5) Proposition. Let f be a continuous map of a Hausdorjf space X into a 
locally compact Hausdorjf space Y. Then f is proper if and only if each compact 
set K C Y has a compact pre-image. Iff is proper, then X is locally compact. □ 

(1.5.6) Proposition. Let / : X —> X' and g: X' —> X" be continuous and assume 

that gf is proper If X' is a Hausdorjf space, then f is proper □ 

(1.5.7) Theorem. A continuous map f'. X —> Y is proper if and only if for each 

space T the product f x id : X x T —> Y x T is closed. □ 

Problems 

1. A map /: X —> Y is proper if and only if the following holds: For each net (xj ) in X 
and each accumulation value y of (/(xj )) there exists an accumulation value x of (xj) such 
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that f{x) = y. 

2. Let X and Y be locally compact Hausdorff spaces, let / : X — > Y be continuous and 
/+ : A+ —> L + the extension to the one-point compactification. Then /+ is continuous, 
if / is proper. 

3. The restriction of a proper map to a closed subset is proper. 

4. Let f: X —>■ Y be proper and X a Hausdorff space. Then the subspace / (X) of Y is a 
Hausdorff space. 

5. Let /: X — > Y be continuous. Let R be the equivalence relation on X induced by /, and 
denote by p : X —> X/ R the quotient map, by /;: X/ R —> f (X) the canonical bijection, 
and let i : f(X) C Y. Then / = i o h o p is the canonical decomposition of /. The map 
/ is proper if and only if p is proper, h a homeomorphism, and /(X) C Y closed. 


1.6 Paracompact Spaces 

Let A = (Uj | j e J) be an open covering of the space X. An open covering 
,8 = ( If | j e J ) is called a shrinking of A if for each j e J we have the 
inclusion If C Uj. 

A point-finite open covering of a normal space has a shrinking. 

A space X is called paracompact if it is a Hausdorff space and if each open 
covering has an open, locally finite refinement. A closed subset of a paracompact 
space is paracompact. A compact space is paracompact. 

A paracompact space is normal. Suppose the locally compact Hausdorff space X 
is a countable union of compact sets. Then X is paracompact. Let X be paracompact 
and K be compact Hausdorff. Then X x K is paracompact. A metric space is 
paracompact. 

1.7 Topological Groups 

A topological group ( G,m,(9) consists of a group ( G,m) with multiplication 
in: G x G —> G, ( gji ) m(g,h) = gh and a topology 0 on G such that 

the multiplication in and the inverse i : G G, g g ~ 1 are continuous. We de¬ 
note a topological group ( G,m,G ) usually j ust by the letter G. The neutral element 
will be denoted by e (also 1 is in use and 0 for abelian groups). The left translation 
l g : G G. x i-^* gx by g e G in a topological group is continuous, and the rules 
l g l h = l gh and l e — id show it to be a homeomorphism. For subsets A and B of a 
group G we use notations like aB = {ab \ b e B}, AB = {ab \ a e A, b e B}, 
A 2 = AA, A~ l = {a -1 | a e A}, and similar ones. 

A group G together with the discrete topology on the set G is a topological 
group, called a discrete (topological) group. 

The additive groups of the real numbers R, complex numbers C, and quaternions 
RD with their ordinary topology are topological groups, similarly the multiplicative 



16 Chapter!. Topological Spaces 


groups IR*, C* and [HI* of the non-zero elements. The multiplicative group R+ 
of the positive real numbers is an open subgroup of [R* and a topological group. 
The complex numbers of norm 1 are a compact topological group S 1 with respect 
to multiplication. The exponential function exp: [R —> R * is a continuous ho¬ 
momorphism with the logarithm function as a continuous inverse. The complex 
exponential function exp: C —> (C* is a surjective homomorphism with kernel 
{Inin | n e Z}, a discrete subgroup of (C. 

The main examples of topological groups are matrix groups. In the vector 
space M n (\ R) of real (n,n )-matrices let GL„(R) be the subspace of the invertible 
matrices. Since the determinant is a continuous map, this is an open subspace. 
Matrix multiplication and passage to the inverse are continuous, since they are 
given by rational functions in the matrix entries. This makes the general linear 
group GL„(R) into a topological group. Similarly for GL„ (C). The determinant 
is a continuous homomorphism det: GL„ (R) R* with kernel the special linear 
group SL„(R); similarly in the complex case. 

Let 0(«) = {A e M n ( R) [ /V - A = E [ be the group of orthogonal (/?,«)- 
matrices (A‘ transpose of A; E unit matrix). The set 0(n) is a compact subset in 
M n ( R). Hence O(n) is a compact topological group (the orthogonal group). The 
open and closed subspace SO (n) — {A e O (n) | det(/l) = 1} of 0(n) is the special 
orthogonal group. Similarly the subgroup U(//) = {A e M n ( C) | A' ■ A = E} 
of unitary (//, n) -matrices is a compact topological group ( unitary group). The 
topological groups SO(2), U(l), and S 1 are isomorphic. The special unitary group 
SU(n) is the compact subgroup of U( it ) of matrices with determinant 1. The 
multiplicative group of quaternions of norm 1 provides S 3 with the structure of 
a topological group. This group is isomorphic to SU(2). From linear algebra 
one knows about a surjective homomorphism SU(2) —> SO(3) with kernel =fc E 
(a twofold covering); for this and other related facts see the nice discussion in 
[27, Kapitel IX]. For more information about matrix groups, also from the view¬ 
point of manifolds and Lie groups, see [29]; there you can find, among others, 
the symplectic groups Sp(«) and the Spinor groups Spin(«). The isomorphisms 
SU(2) = Spin(3) = Sp(l) hold, and these spaces are homeomorphic to .S' 3 . 

If G and El are topological groups, then the direct product G x H with the 
product topology is a topological group. The /7-fold product S 1 x • • • x S 1 is called 
an n-dimensional torus. 

The trivial subgroup is often denoted by 1 (in a multiplicative notation) or by 0 
(in an additive notation). The neutral element will also be denoted 1 or 0. The 
symbol H < G is used for a normal subgroup H of G. The notation H ~ K or 
H ~g K means that H and K are conjugate subgroups of G. 

A homomorphism /: G —> H between topological groups is continuous if it 
is continuous at the neutral element e. 

If G is a topological group and H C G a subgroup, then H , with the subspace 
topology, is a topological group (called a topological subgroup). If H C G is a 
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subgroup, then the closure of H is also. If H is a normal subgroup, then H is also. 


1.8 Transformation Groups 

A left action of a topological group G on a topological space A is a continuous 
map p: G x X —> X, (g,x) \-x gx such that g(hx) = (gh)x and ex = x for 
g,h e G, e e G the unit, and x e X. A (left) G-space ( X , p) consists of a space 
A and a left action p of G on A. The homeomorphism l g : A —> A, x i-> gx is 
called left translation by g. We also use right actions X x G —> A, (x, g) \-> xg; 
they satisfy ( xh)g = x(hg) and xe — x. For A C A and K C G we let 
A,1 = {/ca /t € K, a e A}. An action is effective if gx = x for all x e A implies 
g = e. The trivial action has gx = x for g e G and xe A. 

The set R = {(x, gx) | x e A, g e G} is an equivalence relation on A. 
The set of equivalence classes A mod R is denoted by A /G. The quotient map 
q\ X —A/ G is used to provide A/ G with the quotient topology. The resulting 
space A/G is called the orbit space of the G-space A. A more systematic notation 
for the orbit space of a left action would be G\A. The equivalence class of x € A 
is the orbit Gx through x. An action is transitive if it consists of a single orbit. 
The set G x = {g e G \ gx = x} is a subgroup of G, the isotropy group or 
the stabilizer of the G-space A at x. An action is free if all isotropy groups are 
trivial. We have G gx = gG x g~ 1 . Therefore the set Iso( A ) of isotropy groups of A 
consists of complete conjugacy classes of subgroups. If it contains a finite number 
of conjugacy classes, we say A has finite orbit type. 

A subset A of a G-space is called G-stable or G-invariant if g e G and a € A 
implies ga e A. A G-stable subset A is also called a G-subspace. For each 
subgroup H of G there is an H-fixedpoint set of A, 

X H = {x e A | hx = x for all h e H). 

Suppose A and Y are G-spaces. A map /: A — Y is called a G-map or 
a G-equivariant map if for g e G and x e A the relation /(gx) = g/(x) 
holds. In general, the term “equivariant” refers to something related to a group 
action. Left G-spaces and G-equivariant maps form the category G-TOP. This 
category has products: If (Ay | j e /) is a family of G-spaces, then the topological 
product J - [y Ay together with the diagonal action (g, (xy )) i-> (gxy) is a product 
in this category. A G-map /: A — Y induces by passage to the orbit spaces a 
map f/G: A/G —> Y/G. We have the notion of an equivariant homotopy or 
G-homotopy If,: this is a homotopy such that each H t is a G-map. 

(1.8.1) Proposition. Let X be a G-space, A C G and B C A. If B is open then 
AB is open. The orbit map p: X -x A/G is open. 
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Proof. l a (B) is open, since l a is a homeomorphism. Hence (J a64 l a ( B ) = A B 
is a union of open sets. Let U be open. Then p~ l p(U) — UgeG IgW) is open, 
hence p(U) is open, by definition of the quotient topology. □ 

(1.8.2) Proposition. (1) Let H be a subgroup of the topological group G. Let the 
set G/H of cosets gH carry the quotien t topology with respect to p: G —>• G/H, 
g i—> gH. Then l : G x G/H —>• G/H, ( x, gH) \-> xgH is a continuous action, 

(2) G/H is separated if and only if H is closed in G. In particular, G is 
separated if {e} is closed. 

(3) Let H be normal in G. Then the factor group G/H with quotient topology 

is a topological group. □ 

A space G/H with the G -action by left multiplication is called a homogeneous 
space. The space of left cosets Hg is H\G', it carries a right action. 

(1.8.3) Example. Homogeneous spaces are important spaces in geometry. 

The orthogonal group O (n + 1) acts on the sphere S n by matrix multiplication 
(A, v) i—> Av. The action is transitive. The isotropy group of e\ = (1,0,..., 0) 
is O (n), here considered as the block matrices ( i / ) with B e 0 (h)- We obtain 
a homeomorphism of O (n + l)-spaces 0(n + l)/0(n) = S n . In the complex 
case we obtain a homeomorphism U(n + 1)/U(n) = S 2n+l , in the quaternionic 
case a homeomorphism Sp(n + 1)/Sp(n) = S 4 ” +3 . Other important homoge¬ 
neous spaces are the projective spaces, the Grassmann manifolds, and the Stiefel 
manifolds to be discussed later. O 

(1.8.4) Proposition. (1) If x e X is closed, then G x is closed in G. 

(2) If X is a Hciusdorff space, then X H is closed. 

(3) Let A be a G-stable subset of the G-space X. Then A/G carries the 
subspace topology of X/G. In particular X G —>• X —»• X/ G is an embedding. 

(4) Let B C X be closed and A C X. Then {g e G \ gA C B} is closed in G. 

(5) Let B C X be closed. Then {g e G \ gB = B} is closed. 

Proof. (1) The isotropy group G x is the pre-image of x under the continuous map 
G —> X, g i-> gx. (2) The set X s = {x e X \ gx = x} is the pre-image of 
the diagonal under I->lxX,ri4 (x,gx), and X H = X s . (3) Let 

C C A/G be open with respect to the quotient map A —>• A/G. Then p~ 1 (C) C A 
is open, and we can write p~ l (C ) = A fl U with an open subset U C X. We 
have A (A U — A G GU, since A is G-stable. We conclude C = p(p~ l C) = 
A/GlAp(GU). Since GU isopen, p(GU) isopen, hence C is open in the subspace 
topology. By continuity of A/G —> X/G, an open subset in the subspace topology 
is open in A/G. (4) r a : G —> X, g i-> ga is continuous, hence rf 1 (B) = {g e 
G | ga e B} closed and therefore fjaeT ''a 1 C®) = {<? e G \ gA C B} closed. (5) 
The set {g | gB = B} = {g | gB C B} fl {g | g _1 B C B} is closed, by (4). □ 

(1.8.5) Proposition. Let r: G x X —>• X be a G-action, A C G and B C X. 
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(1) If A and B are compact, then AB is compact. 

(2) If A is compact, then the restriction A x X —x X of r is proper. If, moreover, 
B is closed, then AB is closed. 

(3) If G is compact, then the orbit map p is proper. Thus X is compact if and 
only if XIG is compact. 

(4) If G is compact and X separated, then X/G is separated. 

(5) Let G be compact, A a G-stable closed subset and U a neighbourhood of A 
in X. Then U contains a G-stable neighbourhood of A. 

Proof. (l)4xfi c G x Jf is compact as a product of compact spaces. Hence 
the continuous image AB of A x B under r : G x X —x X is compact. (2) The 
homeomorphism A x X —x Ax X, (s. x) hx ( 5 , sx) transforms r into the projection 
pr: A x X —x X. The projection is proper, since A is compact (see (1.5.1)). Hence 
the image AB of the closed set A x B is closed. (3) Let A C X be closed. 
Then p~ l p(A) = GA is closed, by (2). Hence p(A) is closed, by definition of 
the quotient topology. The pre-images of points are orbits; they are compact as 
continuous images of G. (4) Since p is proper, so is p x p. Hence the image of 
the diagonal under p x p is closed. (5) Let U be open. Then p(X v U) is disjoint 
to p(A). By (4), X v p~ l p(X \ U) is open and a G-stable neighbourhood of A 
contained in U. □ 

The orbit category Or(G) is the category of homogeneous G-spaces G/H , H 
closed in G, and G-maps. There exists a G-map G/H —x G/K if and only if 
H is conjugate to a subgroup of K. If Ha < K, then R a : G/H —x G/K, 
gH i-x ga K is a G-map and each G-map G/H —x G/K has this form; moreover 
R a = R b if and only if a _1 b e K. 

An action G x V —x V on a real (or complex) vector space V is called a real (or 
complex) representation of G if the left translations are linear maps. After choice of 
a basis, a representation amounts to a continuous homomorphism from G to GL„ (R) 
or GL„(C). A homomorphism G —x O(n) or G —x lJ(n) is called an orthogonal 
or unitary representation. Geometrically, an orthogonal representation is given by 
an action G x V —x V with an invariant scalar product The latter means 

(gv, gw) = (v, w) for g e G and v, w e V. In an orthogonal representation, the 
unit sphere 5(L) = {u e V | (v, v) — 1} is G-stable. 

Let E be a right G-space and F a left G-space. We denote by £ xg F the 
orbit space of the G-action G x (E x F) —x E x F, (g, (x, v)) hx (xg -1 , gy). A 
G-map /: F\ —x F 2 induces a continuous map 

id x G f: E x G F x -x E x G F 2 , (x, y) \-x (x, f(xj). 

If E carries a left A'-act ion which commutes with the right G-action (i.e., k(xg) — 
( kx)g ), then E x G F carries an induced A'-action (k, (x. >’)) hx ( kx,y ). This 
construction can in particular be applied in the case that E — K, G a subgroup 


20 Chapter 1. Topological Spaces 


of K and the G- and ^-actions on K are given by right and left multiplication. 
The assignments F K xq F and / idx G / yield the induction functor 
ind q : G-TOP —> A"-TOP. This functor is left adjoint to the restriction functor 
resg : K- TOP —> G- TOP which is obtained by regarding a A'-space as a G-space. 
The natural adjunction 

TOPjf (indg X,Y)^ TOP G (X,res§ Y) 

sends a G-map /: X —>■ Y to the A'-map (k. x) i-> k f(x)\ in the other direction 
one restricts a map to X = G x G X c K x G X. (Here TOIV denotes the set of 
A'-cquivariant maps.) 

(1.8.6) Theorem. Suppose the Hausdorff group G is locally compact with countable 
basis. Let X be a locally compact Hausdorff space and G x X —»• X a transitive 
action. Then for each x € X the map b: G —> X, g ex gx is open and the induced 
map b: G/G x —> X a homeomorphism. 

Proof. If b is open, then A is a homeomorphism. Let IT be a neighbourhood of e, 
(Bj | i e N) a countable basis, and g~ l e If . For each g e G there exists a j 
such that Bj C Wg _1 , g e gj W. Therefore the gj W cover the group. 

Let V C G be open and g e V . There exists a compact neighbourhood W 
of e such that W — W ~ 1 and gW 2 C V. Since G is the union of the gj W and 
the action is transitive, X = (J gjWx. Since W is compact and b continuous, 
gj Wx is compact and hence closed in X. By (1.4.8), there exist j such that gj Wx 
contains an interior point, and therefore Wx contains an interior point wx. Then x 
is an interior point of w~ l Wx C W 2 x and hence gx = p(g) an interior point of 
gW 2 x C Vx = p(V). This shows that p is open. □ 

(1.8.7) Corollary. Let the locally compact Hausdorff group G with countable basis 

act on a locally compact Hausdorff space X. An orbit is locally compact if and only 
if it is locally closed. An orbit is a homogeneous space with respect to the isotropy 
group of each of its points if and only if it is locally closed. □ 


Problems 


1. Let H be a normal subgroup of G and X a G-space. Restricting the group action to H , 
we obtain an //-space X. The orbit space H\X carries then an induced G/H -action. 

2. Let a pushout in TOP be given with G-spaces A, B, X and G-maps j , /: 


X 


A B 


-4 Y. 


Let G be locally compact. Then there exists a unique G action on Y such that F, J become 
G-maps. The diagram is then a pushout in G-TOP. Hint: (2.4.6) 
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3. Let Y be a K -space and G a subgroupp of K. Then K xq Y -*■ K/G x Y, (k, y) i-> 
(kG, ky) is a Ai-homeomorphism. If if is a G-space, then 

K x G (X x Y) (K x G X) x Y, (g , (x, >>)) ^ ((g, x ), gy) 

is a Ai-homeomorphism. 

4. Let H be a closed subgroup of G. Then G/H is a Hausdorff space and therefore F = 
G/H h is closed. The relation gH e G/H n is equivalent to g~ 1 Hg C H. Hence 
{g e G | g ~ 1 Hg C H) is closed in G. The normalizer NH = {g e G \ g~ 1 Hg = H} of 
H in G is closed in G. The group H is a normal subgroup of NH and NH/H = Hf; H = 
WH is the Weyl group of H in G. The group NH always acts on the fixed set X H , by 
restricting the given G -action to NH. The action 

G/H x WH —> G/H, (gH.nH) i-> gnH 
is a free right action by G-automorphisms of G/H. 


1.9 Projective Spaces. Grassmann Manifolds 

Let L’(1R” +1 ) = \RP n be the set of one-dimensional subspaces of the vector space 
R" + l . A one-dimensional subspace of V is spanned by x e V \ 0. The vectors x 
and y span the same subspace if and only if x — Xy for some A e R* = R \ 0. 
We therefore consider / J (R” +1 ) as the orbit space of the action 

IR* x (R' !+1 \0)-> R” +1 \ 0, (X,x)y^Xx. 

The quotient map p\ R" +1 \ 0 —► / J (R" +1 ) provides / J (R' ,+1 ) with the quotient 
topology. The space R P n is the n-dimension a I real projective space. We set 

p(xo,... ,x n ) — [.\'o. x„] and call x 0 ,, x n the homogeneous coordinates 

of the point [x 0 . x n \. 

In a similar manner we consider the set P(C” +1 ) = CP" of one-dimensional 
subspaces of C" +1 as the orbit space of the action 

C* x (C" +1 >.0) ^ C" +1 >.0, (A,z) i->- Xz. 

We have again a quotient map p: C" +1 ^0^- P(C" +1 ). The space CP" is called 
the n -dimensional complex projective space. (It is 2n -dimensional as a manifold.) 

We describe the projective spaces in a different manner as orbit spaces. The 
subgroup G = {±1} C IR* acts on S n C IR" +1 by (A, a) i-» Xx, called the 
antipodal involution. The inclusion i: S n —> IR" +1 induces a continuous bijective 
map l : S n /G -+ (R" +1 ^0)/R*. The map j : R" +1 M^x 

induces an inverse. The quotient S n / G is compact, since 5" is compact. By (1.4.4), 
the quotient is a Hausdorff space. In a similar manner one treats CP", but now 
with respect to the action S 1 x S 2n+] .S’ 2,1+1 , (A,z) i—s- Xz of S 1 on the unit 
sphere S 2n+1 C C" +1 v 0. 
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Projective spaces are homogeneous spaces. Consider the action of 0(n + T) on 
[R" +1 by matrix multiplication. If V e P([R" +1 ) is a one-dimensional space and 
A e ()(n + 1), then A V e P(R” +1 ). We obtain an induced action 

O (n + 1) x P([R” +1 ) — P([R” +1 ). 

This action is transitive. The isotropy group of [1,0,..., 0] consists of the matrices 
(o ° B ) . A e 0(1), B e O (n). 

We consider these matrices as the subgroup C)( 1 ) xO(n) of 0(n +1). The assignment 
A A e i induces an O (n + 1 )-equivariant homeomorphism 

b: O(n + 1)/(0(1) x 0(«)) =s P([R" +1 ). 

The action of 0(n + 1) on P([R" + 1 ) is continuous; this follows easily from the 
continuity of the action O (n + 1) x (JR” +1 \ 0) —> R” +1 \ 0 and the definition 
of the quotient topology. Therefore b is a bijective continuous map of a compact 
space into a Hausdorff space. In a similar manner we obtain a U (n + l)-equivariant 
homeomorphism U(« + 1)/(U(1) x U(n)) = P( C" +1 ). 

Finally, one can define the quaternionic projective space HP” in a similar 
manner as a quotient of H]” +1 \ 0 or as a quotient of S 4 " +3 . 

We generalize projective spaces. Let W be an n -dimensional real vector space. 
We denote by G^iW) the set of k -dimensional subspaces of W. We define a 
topology on Gk(W). Suppose W carries an inner product. Let 14 (W ) denote 
the set of orthonormal sequences (u>i,..., Wk) in W considered as a subspace 
of W k . We call V't (W ) the Stiefel manifold of orthonormal A;-frames in W. We 
have a projection p : Vk(W) —> Gk{W) which sends (w;i,..., Wk) to the subspace 

[w\ __ Wk] spanned by this sequence. We give Gk(W) the quotient topology 

determined by p. The space G/ t - (IV ) can be obtained as a homogeneous space. Let 
W = R" with standard inner product and standard basis e\,...,e n . We have a 
continuous action of ()(«) on 14(1R”) and G*(!R") defined by ( A , (m,..., Vk )) ^ 
(Av i,..., Avk) and such that p becomes ()(n)-equivariant. The isotropy groups 
of (e\,... ,ek) and [c|...., c j k) consist of the matrices 

(o* b)- (o b)' *eW).**Oln-k) 

respectively. The map A \-w (Ae i,..., Aek) induces equivariant homeomorphisms 
in the diagram 

0(n)/0{n - k) -=-> L fe (K”) 

0(n)/(0{k) x O (n - k )) G fe (R”). 



1.9. Projective Spaces. Grassmann Manifolds 23 


This shows that G k (R") is a compact Hausdorff space. It is called the Grassmann 
manifold of A;-dimensional subspaces of R”. 

In a similar manner we can work with the k -dimensional complex subspaces of 
C" and obtain an analogous diagram of U(«)-spaces (complex Stiefel and Grass¬ 
mann manifolds): 

U(n)/U(n - k) -"-> V k (C n ) 

\J(n)/(\J(k) x U(« - k)) G k { C"). 



Chapter 2 

The Fundamental Group 


In this chapter we introduce the homotopy notion and the first of a series of algebraic 
invariants associated to a topological space: the fundamental group. 

Almost every topic of algebraic topology uses the homotopy notion. Therefore it 
is necessary to begin with this notion. A homotopy is a continuous family h t \ X —> 
Y of continuous maps which depends on a real parameter t e [0,1]. (One may 
interpret this as a “time-dependent" process.) The maps /o and f\ are then called 
homotopic, and being homotopic is an equivalence relation on the set of continuous 
maps X —> Y. This equivalence relation leads to a quotient category of the category 
TOP of topological spaces and continuous maps, the homotopy category h-TOP. 
The importance of this notion is seen from several facts. 

(1) The classical tools of algebraic topology are functors from a category of 
spaces to an algebraic category, say of abelian groups. These functors turn 
out to be homotopy invariant, i.e., homotopic maps have the same value under 
the functor. 

(2) One can change maps by homotopies and spaces by homotopy equivalences. 
This fact allows for a great flexibility. But still global geometric information 
is retained. Basic principles of topology are deformation and approximation. 
One idea of deformation is made precise by the notion of homotopy. Conti¬ 
nuity is an ungeometric notion. So often one has to deform a continuous map 
into a map with better properties. 

(3) The homotopy notion leads in an almost tautological way to algebraic struc¬ 
tures and categorical structures. In this chapter we learn about the simplest 
example, the fundamental group and the fundamental groupoid. 

The passage to the homotopy category is not always a suitable view-point. In gen¬ 
eral it is better to stay in the category TOP of topological spaces and continuous 
maps (“space level” as opposed to “homotopy level”). We thus consider homotopy 
as an additional structure. Then classical concepts can be generalized by using the 
homotopy notion. For instance one considers diagrams which are only commu¬ 
tative up to homotopy and the homotopies involved will be treated as additional 
information. One can also define generalized group objects where multiplication 
is only associative up to homotopy. And so on. 

The passage from TOP to h-TOP may be interpreted as a passage from “contin¬ 
uous mathematics” to "discrete mathematics”. 

The homotopy notion allows us to apply algebraic concepts to continuous maps. 
It is not very sensible to talk about the kernel or cokemel of a continuous map. 
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But we will see later that there exist notions of “homotopy-kernels” (then called 
homotopy fibres) and “homotopy-cokernels” (then called homotopy cofibres). This 
is the more modern view-point of a large variety of homotopy constructions. In 
general terms: The idea is to replace the categorical notions limit and colimit by 
appropriate homotopy notions. 

The prototype of a functor from spaces to groups is the fundamental group 
functor. Historically it is the first of such functors. It was introduced by Poincare, 
in different context and terminology. In general it is difficult to determine the 
fundamental group of a space. Usually one builds up a space from simpler pieces 
and then one studies the interrelation between the groups of the pieces. This uses the 
functorial aspect and asks for formal properties of the functor. We prove the basic 
theorem of Seifert and van Kampen which roughly says that the functor transforms 
suitable pushouts of spaces into pushouts of groups. This may not be the type of 
algebra the reader is used to, and it can in fact be quite complicated. We describe 
some related algebra (presentation of groups by generators and relations) and discuss 
a number of geometric results which seem plausible from our intuition but which 
cannot be proved (in a systematic way) without algebraic topology. The results are 
of the type that two given spaces are not homeomorphic - and this follows, if their 
fundamental groups are different. Finally we show that each group can be realized 
as a fundamental group (this is the origin of the idea to apply topology to group 
theory). 

The study of the fundamental group can be continued with the covering space 
theory where the fundamental group is exhibited as a symmetry group. This sym¬ 
metry influences almost every other tool of algebraic topology (although we do not 
always carry out this influence in this text). 

The chapter contains two sections on point-set topology. We discuss standard 
spaces like spheres, disks, cells, simplices; they will be used in many different 
contexts. We present the compact-open topology on spaces of continuous maps; 
they will be used for the dual definition of homotopy as a continuous family of 
paths, and this duality will henceforth be applied to many homotopy constructions 
and notions. 

2.1 The Notion of Homotopy 

A path in a topological space X from x to y is a continuous map u : [a, b\ —> X 
such that u(a) = x and u(h) = y. We say that the path connects the points u(a ) 
and u(b). We can reparametrize and use the unit interval as a source [0,1] — X, 
t w((l — t)a + tb). In the general theory we mostly use the unit interval. If 
u : [0,1] —> X is a path from x to y, then the inverse path u~ : t w( I — t) is a 
path from y to x. If v: [0, 1 ] — > W is another path from y to z, then the product 
path u * v, defined by / u(2t) for t < 1/2 and v(2 1 — 1) for t > 1/2, is a path 

from x to z. We also have the constant path k x with value x. 
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From these remarks we see that being connectible by paths is an equivalence 
relation on X. An equivalence class is called a path component of X. We denote 
by n 0 (X) the set of path components and by [x] the path component of the point x. 
A space X is said to be path connected or 0 -connected if it has one of the following 
equivalent properties: 

(1) 7Zo(X) consists of a single element. 

(2) Any two points can be joined by a path. 

(3) Any continuous map /: 3/ = {0,1} —»• X has a continuous extension 
F: I X. 

(Later we study the higher dimensional analogous problem of extending maps from 
the boundary 37” of the n -dimensional cube to /”.) 

A map f: X -*■ Y induces no (/): n 0 (X) jto(T), [x] m- [/(x)]. In this 
way no becomes a functor from the category TOP of topological spaces to the 
category SET of sets 1 . We will see that this functor is the beginning of algebraic 
topology, although there is no algebra yet. 

Thinking in terms of categories and functors is a basic method in (algebraic) 
topology. The size of no(X) is a topological property of the space X. A functor 
transports isomorphisms to isomorphisms. Thus a homeomorphism / induces 
a bijection n 0 (f). Suppose /: X —> Y is a homeomorphism; then / induces a 
homeomorphism X^ A —> Y \ f(A) for each subset A C X. Suppose /: R —x R" 
is a homeomorphism; the space R \ x has two path components (intermediate value 
theorem of calculus), and R” \ y is path connected for n > 1; we apply the functor 
no and conclude that R is not homeomorphic to R” for n > I. This example seems 
almost trivial, but the reasoning is typical. Here is another simple example of this 
type: The subspace X = R x 0 U 0 x IR of K 2 is not homeomorphic to R since 
X contains a point x = (0.0) such that n 0 (X \ x) has four elements whereas 
tto(R ^ y ) has always two elements. 

2.1.1 Path categories. Forming the product path is not an associative composition. 
We can remedy this defect by using parameter intervals of different length. So let 
us consider paths of the form u : [0,a] — x X, v: [0, h] — > X with u(a ) = u(0) 
and a , h > 0. Their composition v o u — w is the path [0, a + b] —x X with 
w(t) = u(t) for 0 < t < a and w(t ) = v(a — t) for a < t < a + h. In this 
manner we obtain a category W(X): Objects are the points of X ; a morphism from 
x to y is a path u: [0, a] —x X with w(0) = x, u(a) — y for some a > 0; and 
composition of morphisms is as defined before; the path [0,0] —x X with value x 
is the identity of the object x. A continuous map /: X —> Y induces a functor 
W(f): W(X) W(Y), x f{x), u fu. O 


'Our general conventions: space = topological space, map = continuous map. A set map between 
spaces is a map which is not assumed to be continuous at the outset. 
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A space is connected if it is not the topological sum of two non-empty subspaces. 
Thus X is disconnected if and only if X contains a subset X which is open, closed, 
and different from 0 and X. A decomposition of X is a pair U. V of open, non¬ 
empty, disjoint subsets with union X. A space X is disconnected if and only if 
there exists a continuous surjective map /: X —> {0,1}; a decomposition is given 
by U — f~ 1 ( 0), V — f~ 1 { 1). The continuous image of a connected space 
is connected. Recall from calculus: A C R is connected if and only if A is an 
interval. (An interval is a subset which contains with x, y also [x, y].) 

(2.1.2) Proposition. Let {Aj \ j e J) be a family of connected subsets of X such 

that Aj fl Aj ^ 0/or all i, j. Then [J ; . Aj = Y is connected. Let A be connected 
and A C B C A. Then B is connected. □ 

The union of the connected sets in X which contain x is thus a closed connected 
subset. We call it the component X(x) of x in X. If y e X(x). then X(y) = X(x). 
A component of X is a maximal connected subset. Any space is the disjoint union 
of its components. A space is totally disconnected if its components consist of 
single points. Since intervals are connected a path connected space is connected. 

A product n jXj is connected if each Xj is connected. The component of 
(xj) e n jXj is the product of the components of the xj. 

(2.1.3) Example. The space 

X — [—1,0] x 0 U 0 x [—1,1] U {(x, sin(7TX _1 ) | 0 < x < 1} 

is connected but not path connected. The union S of X with {±1} x [—2,0] U 
[—2,2] x {—2} is called the pseudo-circle. The complement R 2 \ S has two path 
components. 

A pseudo-circle S has a sequence K\ D K 2 D • • • of compact neighbourhoods 
with fj ( - Kj — S and K, homeomorphic to S 1 x [0.1], O 

Let X and Y be topological spaces and f.g'.X -x Y continuous maps. A 
homotopy from / to g is a continuous map 

H: X x [0,1] -► Y, (x, t ) H{x, t) = H t (x) 

such that /(x) = H(x, 0) and g(x) = H(x, 1) for x e X, i.e., f = Hq and 
g = Hi. We denote this situation by H: f — g. One can consider a homotopy as 
a dynamical process, the parameter t is the time and H t is a time-dependent family 
of maps. One also says that / is deformed continuously into g. Another (dual) 
view-point of a homotopy is: a parametrized family of paths. We use the letter I for 
the unit interval [0,1]. If we write a homotopy in the form //,, we understand that 
// : X x / —> Y , (x,t) cx H t (x) is continuous in both variables simultaneously. 
We call / and g homotopic if there exists a homotopy from / to g. (One can, of 
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course, define homotopies with [0,1] x X. While this does not affect the theory, it 
does make a difference when orientations play a role.) 

The homotopy relation ~ is an equivalence relation on the set of continuous 
maps X —> Y. Given//: / ~ g, the inverse homotopy H~: ( x,t ) i-> H(x, 1 — t) 
shows g — f. Let K : / ~ g and L : g ~ h be given. The product homotopy 
K * L is defined by 


(K * L)(x,t) = 


K(x,2t), 
L(x,2t - 1), 


0 <t <\, 
\<t < 1, 


and shows / ~ h. The constant homotopy H(x,t) = f(x) shows / ~ /. 

The equivalence class of / is denoted [/] and called the homotopy class of /. 
We denote by [X, Y] the set of homotopy classes [/] of maps /: X —> Y. A 
homotopy H t : X —> Y is said to be relative to A C X if the restriction H t \ A does 
not depend on t (is constant on A). We use the notation // : / ~ g (rel A) in this 
case. 

The homotopy relation is compatible with the composition of maps: Let H : / ~ 
g: X —> Y and G : k — l: Y —> Z be given; then 


( x,t ) i-> G(H(x,t),t ) = G t H t {x) 


is a homotopy from kf to Ig. We see that topological spaces and homotopy classes 
of maps form a quotient category of TOP, the homotopy category h-TOP, when 
composition of homotopy classes is induced by composition of representing maps. 
If /: X —> Y represents an isomorphism in h-TOP, then / is called a homotopy 
equivalence or h-equivalence. In explicit terms this means: /: X —>• Y is a 
homotopy equivalence if there exists g: Y —> X, a homotopy inverse of /, such 
that gf and fg are both homotopic to the identity. Spaces X and Y are homotopy 
equivalent or of the same homotopy type if there exists a homotopy equivalence 
X —> Y. A space is contractible if it is homotopy equivalent to a point. A map 
/: X —>■ Y \snull homotopic if it is homotopic to a constant map; a nidi homotopy 
of / is a homotopy between / and a constant map. A null homotopy of the identity 
id(X) is a contraction of the space X. 

2.1.4 Categories of homotopies. We generalize (2.1.1) and define a category 
W(X, Y). The objects are the continuous maps /: X —> Y. A morphism from / 
to g is a homotopy H \ X x [0,a] Y with Hq — f and H a = g. Composition 
is defined as in (2.1.1). O 

As in any category we also have the Hom-functors in h-TOP. Given f:X^>Y, 
we use the notation 


/*: [Z, X] [Z, Y], g h* fg, f* : [Y, Z] -+ [X , Z], h ^ hf 
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for the induced maps 2 . The reader should recall a little reasoning with Hom- 
functors, as follows. The map / is an h-equivalence, i.e., an isomorphism in 
h-TOP if and only if /* is always bijective; similarly for /*. If /: X -* Y 
has a right homotopy inverse h: Y —>■ X, i.e., fh — id, and a left homotopy 
inverse g\ Y —> X, i.e., gf — id, then / is an h-equivalence. If two of the maps 
/: X —>■ Y , g: Y —>■ Z, and gf are h-equivalences, then so is the third. 

Homotopy is compatible with sums and products. Let pt: HU/ *j -> *i be 
the projection onto the i -th factor. Then 

[y, n jeJ xj i n JeJ [Yxj], [/] ^ o /]) 

is a well-defined bijection. Let 4: X^ —>• jj / e / Xj be the canonical inclusion of 
the k -th summand. Then 

[LW Xj, Y] -+ n je j[Xj,Y], [/] >-> ([/ O 4]) 

is a well-defined bijection. In other words: sum and product in TOP also repre¬ 
sent sum and product in h-TOP. (Problems arise when it comes to pullbacks and 
pushouts.) 

Let P be a point. A map P —>• Y can be identified with its image and a homotopy 
P x I —> Y can be identified with a path. The Hom-functor [ P, —] is therefore 
essentially the same thing as the functor jtq. 

2.1.5 Linear homotopy. Given maps /, g\ X —>■ A, A C R". Suppose that 
the line-segment from f(x) to g(x) is always contained in A. Then H(x,t) — 
(1 —t)f (x) + tg(x) is a homotopy from f to g (linear homotopy). It will turn out 
that many homotopies are constructed from linear homotopies. 

A set A C R” is star-shaped with respect to a 0 e A if for each a e A the 
line-segment from a 0 to a is contained in A. If A is star-shaped, then H{a, t) = 
(1 — t)a + I a o is a null homotopy of the identity. Hence star-shaped sets are 
contractible. A set C C R” is convex if and only if it is star-shaped with respect to 
each of its points. 

Note: If A = R" and a 0 — 0, then each Pit, t < 1, is a homeomorphism, and 
only in the very last moment is Hi constant! This is less mysterious, if we look at 
the paths t H(x, t). O 

The reader should now recall the notion of a quotient map (identification), its 
universal property, and the fact that the product of a quotient map by the identity of 
a locally compact space is again a quotient map (see (2.4.6)). 

(2.1.6) Proposition. Let p\ X —> Y he a quotient map. Suppose Ip '- Y —> Z is 
a family of set maps such that H t o p is a homotopy. Then H t is a homotopy. 

2 As a general principle we use a lower index for covariant functors and an upper index for contravariant 
functors. If we apply a (covariant) functor to a morphism f we often call the result the induced morphism 
and denote it simply by /* if the functor is clear from the context. 
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Proof. The product x id: X x / —> Tx/isan identification, since / is compact. 
The composition H o (p x id) is continuous and therefore H is continuous. □ 

(2.1.7) Proposition. Let H t \ X —*■ X be a homotopy of the identity Hq = id ( X ) 
such that the subspace 0 A C X is always mapped into itself, H t (ri) C A. 
Suppose H i is constant on A. Then the projection p: X —s X/A (A identified to 
a point) is an h-equivalence. 

Proof. Since H\(A) is a point, there exists a map q\ X/A — X such that 

qp — H\. By assumption, this composition is homotopic to the identity. The 

map p o H t : X —»• X/A factorizes over p and yields K t : X / A —>■ X / A such that 

K t p = pH t . By (2.1.6), K t is a homotopy, K 0 = id and K\ = pq. □ 


Problems 

1. Suppose there exists a homeomorphism R —> X x Y. Then X or Y is a point. 

2. Let /: X —> Y be surjective. If X is (path) connected, then Y is (path) connected. 

3. Let C be a countable subset of R", n > 2. Show that R" \ C is path connected. 

4. The unitary group U(/i) and the general linear group GL„((C) are path connected. The 
orthogonal group 0(«) and the general linear group GL„ (R) have two path components; one 
of them consists of matrices with positive determinant. 

5. Let U C R" be open. The path components of U are open and coincide with the 
components. The set of path components is finite or countably infinite. An open subset of R 
is a disjoint union of open intervals. 

6. List theorems of point-set topology which show that the product homotopy and the inverse 
homotopy are continuous. Do the same for the linear homotopy in 2.1.5. 

7. A space X is contractible if and only if the identity id(A) is null homotopic. 

8 . gf is null homotopic, if / or g is null homotopic. 

9. Let A be contractible. Then any two maps X —> A are homotopic. 

10. The inclusions O(«) C GL„(R) and U(n) C GL„(C) are homotopy equivalences. 
Let P(n) denote the space of positive definite real (n, «)-matrices. Then O(») x P(n) —> 
GL„(R), ( X , P) i-> XP is a homeomorphism; P(n) is star-like with respect to the unit 
matrix. 

11. There exist contractible and non-contractible spaces consisting of two points. 

2.2 Further Homotopy Notions 

The homotopy notion can be adapted to a variety of other contexts and categories: 
Consider homotopies which preserve some additional structure of a category. We 
describe some examples from which the general idea emerges. This section only 
contains terminology. 

The construction of group structures on homotopy sets uses the category of 
pointed spaces, as we will see shortly. We call a pair (X , x 0 ) consisting of a space 
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A and abase point xq e X a pointed space. Apointed map f : (A, Xq) —> ( Y, yo) 
is a continuous map /: X —>■ Y which sends the base point to the base point. A 
homotopy H : X x I — > Y is pointed if H t is pointed for each tel. We de¬ 
note by [A, T]° the set of pointed homotopy classes (fixed base points assumed) or 
by [( X. A'o). ( Y. Vo)]. We obtain related notions: pointed homotopy equivalence, 
pointed contractible, pointed null homotopy. We denote the category of pointed 
spaces and pointed maps by TOP 0 , and by h-TOP° the associated homotopy cat¬ 
egory. Often a base point will just be denoted by *. Also a set with a single 
element will be denoted by its element. The choice of a base point is an addi¬ 
tional structure. There is a functor a from TOP to TOP 0 which sends a space X to 
X + = X + {*}, i.e., to X with an additional base point added (topological sum), 
with the obvious extension to pointed maps. This functor is compatible with homo- 
topies. We also have the forgetful functor /! from TOP 0 to TOP. They are adjoint 
TOP 0 (a(A), Y) = TOP( X. /IK), and similarly for the homotopy categories. 

The category TOP 0 has sums and products. Suppose (Xj.Xj) is a family of 
pointed spaces. The family (xj ) of base points is taken as base point in the product 

Xj ; this yields the pointed product. Let V /e / Xj be the quotient of [J / 6/ Xj 
where all base points are identified to a single new base point. We have canonical 
pointed maps : Xj. —> \J f Xj which arise from the canonical inclusions Xj c 

J_[ ; - Xj. The wedge, also called the bouquet, \Jj Xj of the pointed spaces Xj 

together with the //, is the pointed sum in TOP 0 . 

The sum and the product in TOP 0 also represent the sum and the product in 
h-TOP° (use (2.1.6)). 

Let (A, a) and ( B, b ) be pointed spaces. Their smash product is 

A A B = A x B / A xbUaxB=Ax B/A V B. 

(This is not a categorical product. It is rather analogous to the tensor product.) The 
smash product is a functor in two variables and also compatible with homotopies: 
Given /: A —>■ C, g: B —»■ I) we have the induced map 

fAg:AAB^CAD, (a,b) h* (. f(a),g(b )), 

and homotopies f t , g t induce a homotopy ftAg t . Unfortunately, there are point-set 
topological problems with the associativity of the smash product (see Problem 14). 

A pair ( X, A) of topological spaces consists of a space X and a subspace A. 
A morphism /: (X, A) -a- (Y, B) between pairs is a map /: X —> Y such that 
f(A) C B. In this way we obtain the category of pairs TOP(2). A homotopy 
H in this category is assumed to have each H t a morphism of pairs. We write 
[(A, A), ( Y. 5)] for the associated homotopy sets and h-TOP(2) for the homotopy 
category. 

If (A, A) is a pair, we usually consider the quotient space A/A as a pointed 
space (A identified to a point) with base point {A}. If A = 0, then A/A = A + is 
A with a separate base point. 
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(2.2.1) Note. A continuous map f : (X, A) —> ( Y, *) into a pointed space induces 
a pointed map f\X/A —> Y. The assignment f m- / induces a bijection 
[(X, A), ( Y , *)] = [X/A, Y]°. A verification uses (2.1.6). □ 

We use the notation 

(X, A)x (Y, B) = (X xY,X x B U Ax Y), 

although this is not a categorical product. With this notation) 7 m , 37 m )x(7", 37") = 
( I m+n , 3/ m+ "). In a similar manner we treat other configurations, e.g., triples 
(X, A , 7?) of spaces /I C /l C X and the category TOP(3) of triples. 

Let K and B be fixed spaces. The category TOP A of spaces under K has as 
objects the maps i: K —>• X. A morphism from i : K —> X to j : K —> Y is a 
map /: X —> Y such that fi = j. The category TOP/; of spaces over B has as 
objects the maps p : X —> B. A morphism from p : X —> B to q . Y —> B is a 
map /: X —>■ T such that qf — p. If 71 is a point, then TOP/? can be identified 
with TOP, since each space has a unique map to a point. If K — {*} is a point, then 
TOP A is the same as TOP 0 , lip: X —»• Bis given, then p~ l (b) is called the fibre 
of p over b\ in this context, B is the base space and X the total space of p. A map 
in TOP/; will also be called fibrewise or fibre preserving. 

Categories like TOP A or TOP/; have an associated notion of homotopy. A 
homotopy H t is in TOP A if each H t is a morphism in this category. A similar 
definition is used for TOP//. A homotopy in TOP/; will also be called fibrewise 
or fibre preserving. Again, being homotopic is an equivalence relation in these 
categories. We denote by [X, Y] K the set of homotopy classes in TOP A , and 
by [X, Y]b the set of homotopy classes in TOP/;. The homotopy categories are 
li-'I’OP^ and h-TOPg. Note that a homotopy equivalence in TOP/;, i.e., a fibrewise 
homotopy equivalence, from p : X -o B to q: Y —> B induces for each h e B 
a homotopy equivalence p~ l (b) —> q~ x (b) between the fibres over b, so this is a 
continuous family of ordinary homotopy equivalences, parametrized by B ([96], 
[97], [38], [128]). 

A morphism r from i : K —> X to id: K —> K in TOP^ is a map r : X —> K 
such that ri = id(X). It is called a retraction of i. If it exists, then i is an 
embedding. If i: K C X we then call K a retract of X. The retraction r of 
i : K C X is a homotopy equivalence in TOP A if and only if there exists a homotopy 
li t : X —>• X relative to K such that //q = id and h\ = ir. In this case we call K a 
deformation retract of X. The inclusion S n C IR” +1 \ 0 is a deformation retract. 

A morphism s from id: B B to p: E B in TOPg is a map s: B —>■ E 
such that ps — id{B). It is called a section of p. If p: E —> B is homotopy 
equivalent in TOP/; to id( B) we call p shrinkable. All fibres of a shrinkable map 
are contractible. 
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Problems 

1. Let ((Ay,xy) | j e J) be a family of pointed spaces. Let Vy Xj be the subset of 
those points (ay) e n / Xj where all but one ay are equal to the base point. There is a 
canonical bijective continuous map Vy Xj —> Vy Xj . If J is finite, then this map is a 
homeomorphism. If J is infinite and (Xj , xj ) = (7, 0), then it is not a homeomorphism. 

2. The canonical maps ik '■ Xk —*■ Vy Xj are embeddings. 

3. The comb space X is defined as B x [0, 1] U [0, 1] x {1} with B = {n ~ 1 | n e IN} U {0}. 
Then X is contractible but not pointed contractible with respect to (0, 0). Let Y = —X 
be another comb space. Then XU Y ^ A V L is not contractible. Since (X U Y)/Y is 
homeomorphic to X , we see that it does not suffice in (2. 1 .7) to assume that A is contractible. 

These counterexamples indicate the need for base points with additional (local) proper¬ 
ties. 

4. There exists a contractible subspace X C R 2 which is not pointed contractible to any of 
its points. 

5. Let the homotopy H t in (2.1.7) be pointed with respect to some base point a e A. Show 
that p : X —> X/A is a pointed h-equivalence. Is (X, A) h-equivalent to (X, {a})? 

6. Show that (2.1.7) yields a homotopy equivalence of pairs ( X , A) —*■ (X/A, *). 

7. The inclusion (7, 37) —>(/,/ \ {1 /2}) is not an h-equivalence in TOP(2) although the 
component maps I —> 1 and 0/ —> / \ {1/2} are h-equivalences. 

8. Let E C R 2 consist of k points. Show, heuristically, that the complement R 2 \ E is 
h-equivalent to the L-fold sum \/\ S 1 . 

9. Remove a point from the torus S 1 x S 1 and show that the result is h-equivalent to S 1 V S 1 . 
Is there an analogous result when you remove a point from S m x S' 1 ? 

10. Construct an inclusion A C X which is a retract and a homotopy equivalence but not a 
deformation retract. 

11. Construct a map p.E^B such that all fibres p~ 1 ( b ) are contractible but which does 
not have a section. Construct an h-equivalence p: E —> B which has a section but which is 
not shrinkable. 

12. What is the sum of two objects in TOP^ ? What is the product of two objects in TOP/,• ? 

13. A pullback of a shrinkable map is shrinkable. A pushout of a deformation retract is a 
deformation retract. 

14. Let Y, Z be compact or X, Z be locally compact. Then the canonical bijection (the 
identity) (X A Y) A Z —> X A (Y A Z) is a homeomorphism. (In the category of com¬ 
pactly generated spaces (with its associated product and smash product!) the map is always 
a homeomorphism. See also [155, Satz 18].) 

15. Let \Jj (Aj a B) —> (Vy Ay) A B be the canonical map which is on each sum¬ 
mand Ak A B induced by the inclusion Ak —> Vy Ay. Show that this map is a home¬ 
omorphism if the index set is finite. Show that in this case both spaces are quotients of 
(IlyAy) X B ^ Uy (Ay X B). 

16. Let A be a compact subset of X and p: X —> X/A be the quotient map. Then for each 
space Y the product p x id(L) is a quotient map. If X is a Hausdorff space, then p is proper 
and p x id closed. 

17. The canonical map Ax /—> X x I/dl —>• A A 7/3/ is a quotient map which induces 
a homeomorphism EA = A x //(A x 37 U {*} x 7) = A A 7/37. 

18. There is a canonical bijective continuous map (A x Y)/(X x B U A x L) —> X/AaY/B 
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(the identity on representatives). It is a homeomorphism if X x Y —> X/A A Y/B is a quo¬ 
tient map, e.g., if X and Y/B are locally compact (or in the category of compactly generated 
spaces). 


2.3 Standard Spaces 

Standard spaces are Euclidean spaces, disks, cells, spheres, cubes and simplices. 
We collect notation and elementary results about such spaces. The material will be 
used almost everywhere in this book. We begin with a list of spaces. The Euclidean 
norm is ||jc||. 


R" 

77" = {x e R" | ||x|| < 1} 

S" -1 = {x e 77" | ||x|| = 1} = 377" 

E n = D n ^ S n ~ l 

7" = {x € R" | 0 < Xj < 1} 

37" = {x e 7" | Xi = 0,1 for some i } 

A" = A [n] = {x e R" +1 | x, > 0, Xi = 1} 
3A" = { (xi ) e A" | some x, = 0} 


Euclidean space 
n -dimensional disk 
(n — 1)-dimensional sphere 
n -dimensional cell 
n -dimensional cube 
boundary of I n 
n -dimensional simplex 
boundary of A” 


The spaces D n , 7", E n and A” are convex and hence contractible. We think of 
R° = {0}. The spaces 77°, 7°, and A 0 are singletons, and S -1 = 377°, 3A° are 
empty. In the case of A" we use the indexing t = (to,...,/«) e A"; the subset 
3 j A n — {t e A” | U — 0} is the i -th face of A n ; hence 3 A” = (J" =0 3/ A". 

It is useful to observe that certain standard spaces are homeomorphic. A general 
result of this type is: 

(2.3.1) Proposition. Let K C R” be a compact convex subset with non-empty 
interior K°. Then there exists a homeomorphism of pairs (77", S'" -1 ) -x (K, 3 K) 
which sends 0 e 77" to a pre-assigned x e K°. 

Proof. Let 77 C R" be closed and compact and 0 e K°. Verify that a ray from 0 in¬ 
tersects the boundary dK of K in R" in exactly one point. The map /: 377 —»• S" -1 , 
x h s- x/11x 11 is a homeomorphism. The continuous map <p: S" -1 x [0,1] —»• 77, 
(x, t) t/ -1 (x) factors over q : S" -1 x [0, 1] —»• 77", (x, t) tx and yields a 
bijective map k : 77" — K, hence a homeomorphism (use (1.4.3)). □ 


This proposition can be used to deduce a homeomorphism (77", S" -1 ) = 
(7", 37"). The simplex A" is a compact convex subset with interior points in the 
hyperplane fx e R" +1 I x; = 1}. From this fact we deduce a homeomorphism 
(77", 377") ^ (A", 3A"). 

The sphere S", as a homeomorphism type, will appear in many different shapes. 
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(2.3.2) Example. Let N = e n +\ = (0,... ,0.1) e R" +1 . We define the stere¬ 
ographic projection tp^f: S n \ {e n +\} —*■ R”; the point (Pn(x ) is the intersec¬ 
tion of the line through e n +\ and x with the hyperplane R" x 0 = R". One 

computes <pjv(xt. x„+i) = (1 — x„+i) _1 (xi, ..., x n ). The inverse map is 

jtjv : x i—> ((1 + ||x||) 2 ) _1 (2x, ||x || 2 — 1). We also have the stereographic projec¬ 
tion i ps- S n ^ {—e n +\} —»• R" and the transition map is (ps o tp~^ l (y) — || v|p 2 y. 
From the stereographic projection we obtain S n as a specific model of the one- 
point compactification R” U {oo} by extending tcn (oo) = e n +\. We also write 
S v — V U {oo} for the one-point compactification of a finite-dimensional real 
vector space V. O 


2.3.3 Spheres. Let y e S n . From (2.3.2) we see that S n v v is homeomorphic to 
R" and hence contractible. Thus, if X —> S n is not surjective, it is null homotopic. 

The inclusion i : S n -x R' ,+l \ {0} is an h-equivalence with homotopy inverse 
N: R” +1 v {0} —¥■ S n , x i—^ ||x|| _1 x. A homotopy (rel S' 1 ) from i o N to the 
identity is the linear homotopy (x, t) i-»- tx + (1 — t)iN(x). Moreover N o i = id. 
We see that i is a deformation retract. 

Under suitable circumstances each map in a small neighbourhood of / is al¬ 
ready homotopic to /. For a general theorem to this effect see (15.8.3). Flere we 
only give a simple, but typical, example. Let /, g : X —> S n be maps such that 
|| /(x) — g(x) || < 2. Then they are homotopic by a linear homotopy when viewed 
as maps into R” +1 \ {0}. We compose with N and see that / g. 

If /: S m —> S n is a continuous map, then there exists (by the theorem of 
Stone-Weierstrass, say) a C°°-map g\ S m —> S n such that ||/(x) — g(x)|| < 2. 
This indicates another use of homotopies: Improve maps up to homotopy. If one 
uses some analysis, namely (the easy part of) the theorem of Sard about the density 
of regular values, one sees that for m < n a C°°-map S m —*■ S n is not surjective 
and hence null homotopic. (Later we prove this fact by other methods.) There exist 
surjective continuous maps S 1 —>■ S 2 (Peano curves); this ungeometric behaviour 
of continuous maps is the source for many of the technical difficulties in topology. O 


(2.3.4) Proposition. The map p : 5” _1 x I —> D n , (x, l ) i-> (1 — t)x is a quotient 
map. Given F : D n -x X, the composition Fp \ .S’" -1 x/ — X is a null homotopy 
of f = E|5" -1 . Each null homotopy of a map f : S" -1 —> X arises from a 
unique F. 

Proof Since a null homotopy H of /; S" -1 —*■ X sends S'" -1 x 1 to a point, it 
factors through the quotient map q : S n ~ x x I — > S n ~ l x I/S n ~ x x 1. Thus null 
homotopies H correspond via FI i-> Hq to maps H : S" -1 x I/S n ~ l xl->I. 
The map p induces a homeomorphism p : S n ~ l x I/S n ~ x x 1 D n (use (1.4.3)). 
Hence there exists a unique F such that Fp = H. □ 
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Let us use the notation 

S(n) = 7"/37", S (n) = r U {oo}, 

since these spaces are homeomorphic to S". The canonical map [ n + m j ' c j[ n + m 
7 m 3 7 m a 7"/37” which is the identity on representatives is a pointed homeomor- 
phism. If V and W are finite-dimensional real vector spaces, we have a canonical 
pointed homeomorphism S v A s w = s v ® w which is the identity away from the 
base point. The homeomorphism ]0,1[—> IR, s i-> . induces a homeomor¬ 

phism y : S (1) —> .S' (1 which transports / i—> 1 — / into the antipodal map x i-> —x 
on [R. We obtain an induced homeomorphism 

Y„ : Sin) = S(1)a-aS( 1) 5 (1) A • • • A 5 (1) = S (n) 

of the n-fold smash products. 

(2.3.5) Example. A retraction r : D n x ->• 5” _1 x I U D n x 0 is r(x,t ) = 
(2a(x, t)~ 1 -x,a(x,t) — 2 + t) with a (x, t) = max(2||x||, 2 — t). (See Figure 2.1, a 
central projection from the point (0,2).) Given a map /: 7” —► A andahomotopy 
/z: 37” x 7 —> X with h 0 — f\dl n combine to a map g : I n x 0 U 37” x 7 —> X. 
We compose with a retraction and obtain a homotopy 77 : 7" —> X which extends 
h and begins at Ho = f. This homotopy extension property is later studied more 
generally under the name of cofibration. O 



(2.3.6) Example. The assignment 77 : (x, t) (a(x, t) J (1 + t) ■ x, 2 — a(x, t)) 
with the function a(x, t ) = max(2||x||, 2 — t) yields a homeomorphism of pairs 
(£)”, S n ~ l ) x (7.0) ^ D n x (7,0), see Figure 2.2. 

Similarly for (7", 37”) in place of (77”, S" -1 ), since these two pairs are homeo¬ 
morphic. O 
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D r ‘ 



Figure 2.2. A relative homeomorphism. 


Problems 

1. Construct a homeomorphism (D' n , S'" -1 ) x (D",S" -1 ) = {D m+n , S m+n ~ l ). 

2. R" +1 \ {x} —> S", z i-> (z — x)/||z — x|| is an h-equivalence. 

3. Let D = {(xo, ..., x n )€ S" | x« > 0}. Show that the quotient map S" —> S"/ D'+ 
is an h-equivalence. 

4. Let /i : C” —> C be linearly independent linear forms (k < n). Then the com¬ 

plement C" \ (Jy f ~ 1 (0) is homotopy equivalent to the product of k factors S 1 . 

5. S n —> {(x, y) e S' 1 x S n \ x / y}, x i-> (x, — x) is an h-equivalence. 

6. Let /, g: X —> S n be maps such that always /(x) / — g(x). Then f ~ g. 

1. Let A C E n be star-shaped with respect to 0. Show that S'" -1 C IR" ^ A is a deformation 
retract. 

8. The projection p: TS n = {(x,i>) e S n x R"+ x | x 1 u} —> S n , (x,v) i-> x is 
called the tangent bundle of S' 1 . Show that p admits a fibrewise homeomorphism with 
pr: S" x S n \ D —> S" , (x, y) x (with D the diagonal). 


2.4 Mapping Spaces and Homotopy 

It is customary to endow sets of continuous maps with a topology. In this section we 
review from point-set topology the compact-open topology. It enables us to consider 
a homotopy H: X x I — >-7 as a family of paths in Y, parametrized by X. This 
dual aspect of the homotopy notion will be used quite often. It can be formalized; 
but we use it more like a heuristic principle to dualize various constructions and 
notions in homotopy theory (Eckmann-Hilton duality). 

We denote by Y x or F(X, Y) the set of continuous maps X —>• Y. For K C X 
and U C Y we set W{K,U) = {/ e Y x \ f(K) C U J. The compact-open 
topology (CO-topology) on Y x is the topology which has as a subbasis the sets 
of the form W{K, U) for compact K C X and open U C Y. In the sequel the 
set Y x always carries the CO-topology. A continuous map /: X —>■ Y induces 
continuous maps f z : X z — Y z , g fg and : Z Y —> Z x , g gf. 

(2.4.1) Proposition. Let X be locally compact. Then the evaluation exj — 
e\ Y x (/, x) i—> fix) is continuous. 
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Proof. Let U be an open neighbourhood of fix). Since / is continuous and X 
locally compact, there exists a compact neighbourhood K of x such that f(K ) C U. 
The neighbourhood W(K, U) x K of (f x) is therefore mapped under e into U. 
This shows the continuity of e at ( f x ). □ 

(2.4.2) Proposition. Let f : X x Y -x Z be continuous. Then the adjoint map 
f A \ X -x Z Y , f A (x)(v) = f(x,y) is continuous. 

Proof. Let K C Y be compact and U CZ open. It su I'liccs to show that W( K, U ) has 
an open pre-image under f A . Let f , '"(x) e W( K. U) and hence f({x \ x K) C U. 
Since K is compact, there exists by (1.4.1) a neighbourhood V of x in X such that 
V x K C and hence f A (V) C W(K, U). □ 

From (2.4.2) we obtain a set map a : Z XxY -x (Z Y ) X , / i-»- / A . Let ey,z 
be continuous. A continuous map (p: X -x Z Y induces a continuous map cp v = 
^Y,z°(<pxidY): XxY -x Z Y xY -x Z. Hence we obtain a set map ft : (Z Y ) X -x- 
Z XxY , i p i-x i p v . 

(2.4.3) Proposition. Let eY,z be continuous. Then a and f> are inverse bijections. 

Thus (p: X x Y -x Z is continuous if cp v : X x Y -x Z is continuous, and 
/: X xY -x Z is continuous if f A : X -x Z Y is continuous. □ 

(2.4.4) Corollary. Ifh : XxY x I -x Z is a homotopy, then h' : Xxl ~x Z Y is a 

homotopy (see (2.4.2)). Hence [X xf,Z] -x [ X , Z Y ], [/] \x- [/ A ] is well-defined. 
If moreover, ey.z is continuous, e.g., Y locally compact, then this map is bijective 
(see (2.4.3)). ’ ’ □ 

2.4.5 Dual notion of homotopy. We have the continuous evaluation e t : Y 1 -x Y , 
w \-x w(t). A homotopy from / 0 : X -x Y to f\ \ X ~x Y is a continuous 
map h\ X -x Y 1 such that e s o h = f E for e = 0, 1. The equivalence with our 
original definition follows from (2.4.3): Since / is locally compact, continuous 
maps X x I -x Y correspond bijectively to continuous maps X —> Y 1 . O 

(2.4.6) Theorem. Let Z be locally compact. Suppose p: X -x Y is a quotient 
map. Then p x id(Z): X x Z -x Y x Z is a quotient map. 

Proof. We verify for p x id the universal property of a quotient map: If h: Y xZ -x 
C is a set map and h o (p x id) is continuous, then h is continuous. The adjoint of 
h o (p x id) is h A o p. By (2.4.2), it is continuous. Since p is a quotient map, h A 
is continuous. Since Z is locally compact, h is continuous, by (2.4.3). □ 

(2.4.7) Theorem (Exponential law). Let X and Y be locally compact. Then the 
adjunction map or. Z XxY -x (Z Y ) X is a homeomorphism. 
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Proof. By (2.4.3), a is continuous if a\ — e x z Y ° ( a x id) is continuous. And 
this map is continuous if a 2 = ey.x ° (“i x id) is continuous. One verifies that 
ct 2 — (“xxY.z ■ The evaluations which appear are continuous by (2.4.1). 

The inverse a -1 is continuous if exxY.z ° (a -1 x id) is continuous, and this 
map equals ey,z ° (?x z Y x id). □ 

Let ( X , x) and ( Y , y) be pointed spaces. We denote by F°(X, Y ) the space of 
pointed maps with CO-topology as a subspace of F(X, Y). In.F 0 (Z, Y) we use the 
constant map as a base point. The adjoint f A : X —> F(Y, Z) of /: I x F —> Z 
is a pointed map into F°(X, Y) if and only if / sends X x y U x x Y to the base 
point of Z. Let p: X xY ->IaK = X x Y/{X x y U x x Y) be the quotient 
map. 

Ifg: Xa Y Z is given, we denote the adjoint of go p ; XxY —> XaY —> Z 
by Q! 0 (g) and consider it as an element of F°(X, F°(Y, Z)). In this manner we 
obtain a set map a 0 : F°(X A Y, Z) —> F°(X, F°(Y , Z)). 

The evaluation F°(X, Y) x X —> Y, ( f x) i-> f(x) factors over the quotient 
space F°(X, Y) A X and induces e° — e X Y ■ T’°(Z, Y) A X —> Y. From (2.4.1) 
we conclude: 

(2.4.8) Proposition. Let X be locally compact. Then Y ls continuous. □ 

Let Y be continuous. From a pointed map <p\ X —> F°(Y,Z) we ob¬ 
tain <p v = — e% Y ° (fP A id) : X A Y -a- Z, and hence a set map 

j8°: F°{X, F°(Y, Z)) -► F°(A A Y, Z). 

(2.4.9) Proposition. Let e% Y continuous. Then a 0 and are inverse bijections. 

□ 

(2.4.10) Corollary. Let h: (X A Y) x I —> Z be a pointed homotopy. Then 
a 0 (li t ) '■ X —> F°(Y, Z) is a pointed homotopy and therefore 

[X A Y, Z]° -> [X, F°(Y, Z)]°, [f] [«“(/)] 

is well defined. If, moreover, e% Y , s ' continuous, then this map is bijective. □ 

By a proof formally similar to the proof of (2.4.7), we obtain the pointed version 
of the exponential law. 

(2.4.11) Theorem (Exponential law). Let X and Y be locally compact. Then the 

pointed adjunction map a °: F°(X A Y. Z) —? F°(X, F°(Y, Z)) is a homeomor- 
phism. □ 

(2.4.12) Lemma. Let k a \ Z -a- A denote the constant map with value a. Then 
f : X z x4a(1x A) z , ( (p , a) m- (tp, k a ) is continuous. 
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Proof. Let xj /(/, a) e W{K , U). This means: For x e K we have (/(x), a) e £/. 
There exist open neighbourhoods Fi of /(A") in V and L 2 of a in A such that 
V\ xV 2 C U. The inclusion xj/ ( W{ K,Vi)x V 2 ) C W(K,U) shows the continuity 
of xj/ at (f a). □ 

(2.4.13) Proposition. A homotopy H t : X Y induces homotopies H z and Z Ht . 
Proof. In the first case we obtain, with a map xj/ from (2.4.12), a continuous map 

fl z of:I z x/^(Ix/) z ^ Y z . 

In the second case we use the composition 

e o (a x id) o ( Z H x id): Z F x / -* Z XxI x I -+ ( Z X ) J x I ^ Z x 
which is continuous. □ 

(2.4.14) Corollary. Let f be a homotopy equivalence. Then the induced maps 

F(Z,X ) -x- F(Z.Y) and F(Y.Z) —> F(X. Z) are h-equivalences. If f is a 
pointed h-equivalence, the induced maps F° (Z, X) —»• F°(Z , Y)and F°(Y. Z) — 
F°(X, Z) are pointed h-equivalences. □ 

Problems 

1. Verify that f z and Z? are continuous. 

2. An inclusion i : Z C Y induces an embedding i x : Z ^ —> Y x . 

3. The canonical map F (]J 7 Xj,Y) —> ]”[ • F(Xj , Y) is always a homeomorphism. 

4. The canonical map F(X, ]”[ • Yj) —> ]”[ ■ F(X, Yj ), / i-x- (pry /) is always bijective and 
continuous. If X is locally compact, it is a homeomorphism. 

5. Let p : X —> Y be a surjective continuous map. Suppose the pre-image of a compact set 
is compact. Then Z p : Z Y —*• Z x is an embedding. 

6. We have a canonical bijective map F°(\/ j eJ Xj ,Y) —> ]”[- e y F°(Xj , T), since 
Vy Xj is the sum in TOP 0 . If J is finite, it is a homeomorphism. 

7. Let X,Y,U, and V be spaces. The Cartesian product of maps gives a map 

jr: U x x V Y —> (U x V) XxY , (fg)>->fxg. 

Let X and Y be Hausdorff spaces. Then the map n is continuous. 

8. By definition of a product, a map X —> Y x Z is essentially the same thing as a pair of 
maps X —> Y, X —> Z. In this sense, we obtain a tautological bijection r: (Y x Z) x —*• 
Y x x Z x . Let A be a Hausdorff space. Then the tautological map r is a homeomorphism. 

9. Let V and Y be locally compact. Then composition of maps Z Y xY x —> Z x , ( g, f) h>- 
g o / is continuous. 

10. Let ( Y, *) be a pointed space, ( X , A) a pair of spaces and p: X —> X/A the quotient 
map. The space X/Ais pointed with base point {A}. LetF((A, A), ( Y , *)) be the subspace of 
F(X, Y) of the maps which send A to the base point. Composition with p induces a bijective 
continuous map y: F°(X/A, Y) —>■ F((X, A), (7, *)); and a bijection of homotopy sets 
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[X / A, T]° —> [(X, A), (Y, *)]• If p has compact pre-images of compact sets, then y is a 
homeomorphism. 

11. Consider diagrams where the right-hand one is obtained by multiplying the left-hand 
one with X: 

A - >B AxX - >BxX 

..I. 

C - >D, CxX - >DxX. 

If the left-hand diagram is a pushout in TOP and X locally compact, then the right-hand 
diagram is a pushout in TOP. In TOP 0 the smash product with a locally compact space yields 
again a pushout. 

12. The CO-topology on the set of linear maps IR" —> IR is the standard topology. 

13. Let X be a compact space and Y a metric space. Then the CO-topology on Y x is 
induced by the supremum-metric. 

2.5 The Fundamental Groupoid 

A path in the plane can be quite ungeometric: nowhere differentiable, infinite length, 
surjective onto 7 x 7 (a so-called Peano curve). We introduce an equivalence relation 
on paths, and the equivalence classes still capture qualitative geometric properties 
of the path. In particular a reparametrization of a path (different “velocity”) does 
not change basic topological properties. 

We consider homotopy classes relative to 37 of paths. A homotopy of paths 
is always assumed to be relative to 37. A homotopy of paths between paths u 
and v with the same end points a 0 = m( 0) = w(0), x\ = u( 1) = v (I) is a map 
77: 7 x 7 —> X such that 


H(s, 0) = u(s), 

H(s, 1) = v(s), 

77(0,f) = w(0) = u(0), 
77(l,i) = w(l) = v(l). 


Thus for each ( e 7 we have a path //,: s H(s,t ) and all these paths have the 
same end points. We write 77: u ~ v for this homotopy. 


X() 


t f 


Hi = v 


H t 


X\ 


77 constant along dotted lines 


X() 


77 0 = u 


Xl 
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Being homotopic in this sense is an equivalence relation on the set of all paths 
from x to v. The product operation is compatible with this relation as the next 
proposition shows. 

(2.5.1) Proposition. The product of paths has the following properties: 

(1) Let a: I —>■ I be continuous and a(0) = 0,o;(l) = 1. Then u — ua. 

(2) Mi * (u 2 * u 2 ) — (iti * it 2 ) * M 3 (if the products are defined). 

(3) U\ — Mj and u 2 — u' 2 implies U\ * u 2 — Wj * u 2 . 

(4) u * u~ is always defined and homotopic to the constant path. 

(5) * m — u — u * k u ( 1 ). 

Proof. (1) H : (s. t ) i-»- u(s (1 — t) + ta(s )) is a homotopy from u to ua. 

(2) The relation (ui * (u 2 * M 3 ))q! = (u\ * u 2 ) * M 3 holds for a defined as 

a(t) — 21 for t < \, a(t) = t + \ for \ < t < 1, a(t) = | \ for \ < t < 1. 

(3) Given F,: Uj — if then G : Mi * u 2 — u\ * u 2 for G defined as G(s , t) = 
F\(2s. t) for 0 < t < \ and G(s , t) = F 2 (2s — 1, t) for | < t < 1. 

(4) The map F : I x I —> X defined as F(s, t) — u(2s(l — t)) for 0 < s < \ 
and F(s , t) = m(2(1 — ,s)(l — t) for | < t < 1 is a homotopy from u * u~ to the 
constant path. (At time t we only use the path from 0 to (1 — t) and compose it 
with its inverse.) 

(5) is proved again with the parameter invariance (1). □ 

From homotopy classes of paths in X we obtain again a category, denoted 
n(Z). The objects are the points of X. A morphism from x to y is a homotopy 
class relative to 3 1 of paths from x to y. A constant path represents an identity. If n 
is a path from a to b and w a path from h to c, then we have the product path u * v 
from a to c, and the composition of morphisms is defined by [u] o [u] = [u * v]. In 
this category each morphism has an inverse, i.e. is an isomorphism, represented by 
the inverse path. A category with this property is called groupoid. Note that in a 
groupoid the endomorphism set of each object becomes a group under composition 
of morphisms. The category V\(X) is called the fundamental groupoid of X. The 
automorphism group of the object x in this category is the fundamental group of 
X with respect to the base point x. The usual rules of categorical notation force 
us to define the multiplication in this group by [m] o [d] = [ 1 ; * u\. As long as 
we are just interested in this group (and not in the categorical aspect), we use the 
opposite multiplication [u] ■ [ 1 ;] = [u = 1 = u] and denote this group by n 1 (X, x). This is 
the traditional fundamental group of the pointed space ( X. x) (Poincare 1895 [151, 
§12]). An element in tt\(X. x) is represented by a closed path w based at x (i.e., 
u;(0) = tn(l) = x), also called a loop based at x. 

(2.5.2) Remark. We can obtain the fundamental groupoid V\(X) as a quotient 
category of the path category W(X). In that case we call paths u : [0. a]: I -a X 
and v: [0, /)] ^ X from x to y homotopic, if there exist constant paths with image y 
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such that the compositions with it and v, respectively, have the same domain of 
definition [0, c] and the resulting composed paths are homotopic rel {0, c J. O 

(2.5.3) Remark. The set Jt\ (A, x ) has different interpretations. A loop based at 
x is a map w : (7, 37) — (X, x). It induces a pointed map w: 7/37 —> X. The 
exponential function p 0 \ I —>• S 1 , t m>- exp(2jnt) induces a pointed homeomor- 
phism q\ I /37 —> S 1 which sends the base point {37} to the base point 1. There 
exists a unique u: S 1 —>• A such that uq — w. Altogether we obtain bijections 

7n(X,x) = [(7, 37), (X, x)] ^ [7/37, A] 0 =* [S 1 , A] 0 , 

induced by [in] [if] = [ uq\ [m]. O 

It is a general fact for groupoids n that the automorphism groups Aut(x) = 
n(x, x) and Aut(v) = IT (y, v) of objects x, y in n are isomorphic, provided there 
exists a morphism from x to y. If a e II(x, y), then 

n(x,x) n(y,y), a/la -1 

is an isomorphism. It depends on the choice of a ; there is, in general, no canonical 
isomorphism between these groups. Thus fundamental groups associated to base 
points in the same path component are isomorphic, but not canonically. 

A space is simply connected or 1 -connected if it is path connected and its 
fundamental group is trivial (consists of the neutral element alone). 

A continuous map /: X —> Y induces a homomorphism 

7Tl(/): 71 1 (A, x) 7Ti(T,/(x)), [it] [fit] 

and, more generally, a functor 

n(/): n(A) -> n(F), x ^ fix), [u] ^ [fit]. 

In this way, jz\ becomes a functor from TOP 0 to the category of groups, and II a 
functor from TOP to the category of small categories (small category: its objects 
form a set). Homotopies correspond to natural transformations: 

(2.5.4) Proposition. Let 77: A x 7 —>• Y be a homotopyfrom f to g. Each x e A 
yields the path H x : t H(x,t) and the morphism [H x ] in II (Y)from f(x) to 
g(x). The [H x ] constitute a natural transformation 11(77) from II(/) to 11(g). 

Proof. The claim says that for each path u : 7 —> X the relation fit * 77“^ ~ 
77 “(°) ^ g U holds. We use 7 x 7 —> Y, (j, t) H(u(s), t ). We obtain /u * 77“^ 
as composition with a * b and 77“^ * git as composition with c * d, where a, b, 
c, and d are the sides of the square: a(t) = (t, 0), b{t) = (l.i), c(t) = (0, t), 
dit) = {t, 1). But a * b and c * d are homotopic by a linear homotopy. □ 
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We express the commutativity of (2.5.4) in a different way. It says that 

tH °g* = /* : nX(x, y ) n Y(fx, fy), 

where ///: n(F)(gx, gy) —*■ IT( Y)(fx, fy) is the bijection a \H y ]~ l a[H x ], 
The rule n(W * L) = n(L)n(X) is obvious. Hence if / is an h-equivalence 
with h-inverse g: Y —> X, then IT (/) IT (g) and II(g)n(/) are naturally isomor¬ 
phic to the identity functor, i.e., n(/) is an equivalence of categories. The natural 
transformation n(//) only depends on the homotopy class relative to X x dl of H . 

It is a general categorical fact that a natural equivalence of categories induces 
a bijection of morphism sets. We prove this in the notation of our special case at 
hand. 

(2.5.5) Proposition. Let f : X —>■ Y be a homotopy equivalence. Then the functor 
n(/): n(X) Tl(Y) is an equivalence of categories. The induced maps between 
morphism sets /*: nX(x, v) —> YlY(f x, fy) are bijections. In particular, 

ttl (/): Jtf X, X) -r tti(F, f{x)), [w] [fw] 

is an isomorphism for each x E X. A contractible space is simply connected. 

Proof. Letg: Y —>■ X be h-inverse to /. Consider 

HX(x, y) A H7(/x, fy) H X(gfx, gfy) ^ H Y(fgfx, fgfy). 

Choose H: gf ~ id(X). Then g*f* = (gf)* — tn ° (id)* = /// is a bijection, 
hence g* is surjective. In a similar manner one proves that /* g* is a bijection, hence 
g* is also injective. Since g*/* and g* are bijective we see that /* is bijective. 

□ 

The fundamental group forces us to work with pointed spaces. Usually the base 
points serve some technical purpose and one has to study what happens when the 
base point is changed. For pointed h-equivalences / it would be immediately clear 
that 7Ti(/) is an isomorphism. For the more general case (2.5.5) one needs some 
argument like the one above. 

(2.5.6) Proposition. Let (X. Xq) and ( Y. y 0 ) be pointed spaces and i x : X —>• 
I x F, x h> (x, Vo) and i Y : Y —> X x Y, y i-»- (xo, y). Then 

jri(X,x 0 ) x 7 Ti(F, Vo) ->• x Y, (x 0 ,y 0 ))> (u,v) i*u-i Y v 

is a well-defined isomorphism with inverse z m>- (pr^ z, prf z). 

Proof. Since homotopy is compatible with products we know already that the sec¬ 
ond map is an isomorphism. In order to show that the first map is a homomorphism 
we have to verify that if u commutes with if v. Let now u and v be actual paths 


2.6. The Theorem of Seifert and van Kampen 45 


and write w = (u x v)S with the diagonal <5. With a notation introduced in the proof 
of (2.5.4) we have (u x v)(a * b) = i x u * i Y v and (u x v)(c * d) = i Y v * i x u. 
We now use that S,a * b, and c * d are homotopic (linear homotopy). It should be 
clear that the two maps of the proposition are inverse to each other. □ 


2.6 The Theorem of Seifert and van Kampen 

Let a space X be the union of subsets X 0 , X\. A general problem is to derive prop¬ 
erties of X from those of Xq, X ,, and X 0 i — X 0 fl Xi . (Similar problem for more 
general unions.) Usually the covering has to satisfy certain reasonable conditions. 
In this section we consider the fundamental groupoid and the fundamental group 
under this aspect. The basic result is the theorem (2.6.2) of Seifert [166] and van 
Kampen [100]. 

We first prove an analogous and slightly more general result for groupoids [34]. 
The result is more formal but the proof is (notationally) simpler because we need 
not take care of base points. Note that the hypothesis of the next theorem implies 
that X is the pushout in TOP of the inclusions X 0 D X ()l c X\. Thus (2.6.1) says 
that the functor IT preserves pushouts. 

(2.6.1) Theorem (R. Brown). Let X 0 and X\ be subspaces of X such that the 
interiors cover X. Let i v : Xq\ —> X v and j v : X v —> X be the inclusions. Then 


n(Xoi) n( ' o) > n(*„) 


no,) 

n(Xj) 


n(./i) 


nc/o) 


>n(X) 


is a pushout in the category of groupoids. 

Proof. Let h v \ V[(X v ) —> A be functors into a groupoid such that /?, IT (/ ,) = 
A 0 n(i 0 ). We have to show: There exists a unique functor A: U(X) A such that 
h\ = X IT ( /, ) and h 0 = A n(/ 0 ). We begin with a couple of remarks. 

A path w: [a, b\ —>• U represents a morphism [w;] in TT(L/) from w(a) to w(b) 
if we compose it with an increasing homeomorphism a: [0,1] —> [a.b]. 

If a = to < t\ < ••• < t m = b, then w represents the composition of the 
morphisms [ic|[t/,6+i]]- 

Suppose that w : I —> X is a path. Then there exists a decomposition 0 = 
t 0 < t\ < ■ ■ ■ < t m+ i = 1 such that w{[tj , 6+i]) is contained in a set X°. Choose 
y: {0 — > {0,1} such that w{[tj. h+i]) C 1°^. Consider w | [t,, 6+ 1 ] as 

path Wj in X y Q). Then 


N = nUy0n))[w m ] 0 ■■■ 0 n(y y( 0))N]. 
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If A exists, then 


(i) A[u>] = h y(m) [w m \ o ■ ■ ■ o h yW [w 0 \, 

i.e., A is uniquely determined. 

In order to show the existence of A, we have to define A[u>] by (i). We have 
to verify that this is well-defined. The commutativity hoLl(io) = h\ FI(/zi) shows 
that a different choice of y yields the same result. 

Since h 0 and h \ are functors, we obtain the same result if we refine the decom¬ 
position of the interval. 

It remains to be shown that (i) only depends on the homotopy class of the path. 
Let 77: / x / -^ I be a homotopy of paths from x to y. There exists n e N such 
that 77 sends each sub-square [i/n, (i + 1 )/n\ x [j/n, (j + 1 )/n] into one of the 
sets X° (see (2.6.4)). We consider edge-paths in the subdivided square 7x7 which 
differ by a sub-square, as indicated in the following figure (n — 5). 



We apply 77 and obtain two paths in X. They yield the same result (i), since they 
differ by a homotopy on some subinterval which stays inside one of the sets X°. 
Changes of this type allow us to pass inductively from the 77 on the lower to 77 on 
the upper boundary path from (0,0) to (1,1). These paths differ from 77o and 77 1 
by composition with a constant path. 

Finally, from the construction we conclude that A is a functor. □ 


(2.6.2) Theorem (Seifert-van Kampen). Let To and X\ be subspaces of X such 
that the interiors cover X. Let i v : Xqi = Xq fl X\ and j v : X v —> X be the 

inclusions. Suppose that Xo, X\, Tq i are path connected with base point * e Tm . 
Then 

TT X {Xoi,*) 7ti(Xi, *) 


io* 

7Ti(Xo, *) 


JO* 


J 1 * 


■» n i(X, *) 


is a pushout in the category of groups. 


Proof. The theorem is a formal consequence of (2.6.1). In general, if Z is path 
connected and z e Z we have a retraction functor r : II(Z)—x?ri(Z,z) onto the 
full subcategory with object z. For each z e Z we choose a morphism u x e F1(Z) 
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from x to z such that u z = id. Then r assigns u y au~ l to a morphism a: x —>• y. We 
apply this to Z = X 0 \, X 0 . X\, X and z — * and choose a morphism u x e II(Z) 
if x is contained in Z. We obtain a commutative diagram of functors 


n(x 0 ) <- 

r\ 


n(Zoi) 

roi 


->n (Zj) 

ro 


tt\(X 0 . *) <-tgCXqi, *)-> 7Ti(Xi, *). 


Given homomorphisms <p v : tti (Z v , *) —> G into a group G (= a groupoid with a 
single object) which agree on n\ (Xq\ , *), we compose with r v and apply (2.6.1) to 
obtain a functor II(X) — > G. Its restriction to u\(X, *) is the unique solution of 
the pushout problem in (2.6.2). □ 

(2.6.3) Remark. From the proof of (2.6.1) we see that each morphism in II(Z) is 

a composition of morphisms in 11 ( Xq) and n(A' 1 ). Similarly, in (2.6.2) the group 
7i i (Z, *) is generated by the images of jo* and /) *. This algebraic fact is not 
immediately clear from the definition of a pushout. O 

We have used above the next fundamental result. It is impossible to prove a 
geometric results about continuous maps without subdivision and approximation 
procedures. In most of these procedures (2.6.4) will be used. 

(2.6.4) Proposition (Lebesgue). Let X be a compact metric space. Let A be an 

open covering of X. Then there exists s > 0 such that for each x € X the e-neigh¬ 
bourhood U E (x) is contained in some member of A. (An e with this property is 
called a Lebesgue number of the covering.) □ 


2.7 The Fundamental Group of the Circle 

The space IR is simply connected; IT( IR) has a single morphism between any two 
objects. We consider II(R) as a topological groupoid: The object space is IR, the 
morphism space is IR x IR, the source is ( a.b ) i-> a , the range (a. h) i-> b, the 
identity a (a, a ), and ( b , c) o (a, b) = (a, c) the composition. 

The continuous map p: IR —> S 1 induces a functor ll(p): TI(IR) —> II(5 1 ). 
It turns out that this functor is surjective on morphisms and provides us with an 
algebraic description of TI (5 1 ). So let us define a topological groupoid G. The 
object space is S 1 , the morphism space is 5 1 x IR, the source (a.t) i-> a. the range 
( a,t ) i— > a exp(27r/f), the identity a (a, 0), and the composition (b, t)o (a, s) = 
(a, s + t). 

The assignments a i-> exp(2nia) and (a.b) i-> (exp(2 nia).b — a) yield a 
continuous functor IT(IR) —»• G. We will show that G (forgetting the topology) is 

nos 1 ). 
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We have the open covering of S 1 C C by Xo = S 1 \ {1} and X\ = S 1 \ {—1} 
with inclusions i^ : X 0l —»• X^ and //: —> S 1 . The sets are contractible, 

hence simply connected. Therefore there exists a single morphism ( a,b)k : a —»• b 
between two objects a, /> of IT(A'^). 

We have bijective maps /o: ]0,1 [ —>■ X$ and /i: ] — 1/2, l/2[—> Zi given 
by f i->- exp(2 nit). We define functors Yk '■ n(X*) —> G by the identity on 
objects and by yk(a,b)k — ( a , / fc _1 (b) — (a)). Moreover we have a functor 

Z: G —>■ TKS 1 ) which is the identity on objects and which sends the morphism (a,t) 
of G to the class of the path / —> S 1 , s m>- a exp(2rr its) from a to a exp(2 nit). 
(The idea behind the definition of G is the fact that each path in S 1 is homotopic 
to one of this normal form, see (2.7.9).) The following diagram is commutative. 



(2.7.1) Proposition. The functor / is an isomorphism. 

Proof. We apply (2.6.1) to the pair (yo, y \) and obtain a functor y: IT (S 1 ) —> G. 
The uniqueness property of a pushout solution shows i,y = id. In order to show 
y / = id we note that the morphisms of G are generated by the images of y 0 
and yj. Given (a,t) e G{a.b), choose a decomposition t = ti + ••• + t m such 
that \t r | < 1/2 for each r. Set = a and a r — a exp(2;n(ti + ■ ■ ■ + t r )). Then 
(a, t) = (a m -i,t m ) o • • • o (ai, tf) ° (a 0 - ti) in the groupoid G. Since \t r \ < 1/2 
there exists for each r a k (r) e {0,1} suchthata r _i exp(2 7iit r s) e X^^iors e I. 
Then (a r -\,t r ) = yk(r){ a r-i,dr)k(r)- ThusG(a,fe) is generated by morphisms in 
the images of the y^. □ 

The unit circle S 1 in the complex plane is the prototype of a loop. Typical 
elements in the fundamental group are obtained by running n times around the circle. 
Up to homotopy, there are no other possibilities. With (2.7.1) we have determined 
the fundamental group ^(S 1 ,1), namely as the automorphism group in 11 ( S 1 ) of 
the object 1. The automorphisms of the object 1 in G are the (!,«),« e Z and 
Z(1 ,n) is the loop t i-» exp(2nint). 

(2.7.2) Theorem. Let s n : / —^ S 1 be the loop t i-> exp(2nint). The assignment 

8: Z —> itiiS 1 , 1), n h-> [s„] is an isomorphism. □ 

The circle S 1 is a group with respect to multiplication of complex numbers. 
We show that the composition law in 7Ti 1 ,1) can also be defined using this 
multiplication. 
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More generally, assume that X is a space with a continuous multiplication 

m : X x X —> X, (x, y) m- m(x, y ) = xy 

and neutral element up to homotopy e e X (the base point), i.e., the maps x i-» 
m(e , x) and x i-»- m(x, e) are both pointed homotopic to the identity. We call such 
an object a monoid in h-TOP. (We do not assume that m is associative or commuta¬ 
tive.) We define a composition law on the pointed homotopy set [Y, X] ( \ called the 
m-product, by [/], [g] h* [/] - m [g] = [f ■ g]; here / • g: y h* m(f(y),g(y)) 
is the ordinary pointwise multiplication. The constant map represents a two-sided 
unit for the m-product. In a similar manner we define by pointwise multiplication 
of loops the m-product on it\ (X, e). The set n i (X, e) = [5 1 , X]° now carries two 
composition laws: the m-product and the ^-product of the fundamental group. 

(2.7.3) Proposition. Let (X, in) be a monoid in h-TOP. Then the *- product and the 
m-product on tc \(X , e) coincide and the product is commutative. 

Proof. Let k be the constant loop. Then for any two loops u and v the relations 

u * v — (u ■ k) * (k • v) = (u * k) ■ (k * u)) ~ u ■ v, 
u * v — u ■ v — (k * u) ■ (v * k) = (k • v) * (u • k) — v * u 

hold. In order to see the equalities, write down the definition of the maps. □ 

(2.7.4) Lemma. The map v: [S 1 , S 1 ] 0 —► [S 1 , S 1 ] which forgets the base point is 
a bijection. 

Proof. Given f: S 1 —>■ S 1 we choose a path w: I —> S 1 from 1 to /(l) -1 . 
Then (x,t) i-» f(x)w(t ) is a homotopy from / to a pointed map, hence v is 
surjective. Let H : S 1 x I S 1 be a homotopy between pointed maps; then 
(x, t) i->- H(x, t) ■ H( 1, ?) 1 is a pointed homotopy between the same maps, i.e., 
v is injective. □ 

If f.g\X —>■ S 1 are continuous maps, then / • g: x m- f(x)g(x) is again 
continuous. This product of functions is compatible with homotopies and induces 
the structure of an abelian group on [X. S 1 ]. 

(2.7.5) Theorem. From (2.7.2), (2.7.4) and (2.5.3) we obtain an isomorphism d, 

d: [5 1 ,5 1 ]^[5 1 .5 1 ]°^7r 1 (5 1 ,l)^Z. 

We call the integer d(f) = d([f]) the degree of /: S 1 —> S 1 . A standard map of 
degree n is a„: z m>- z n . A null homotopic map has degree zero. □ 

(2.7.6) Example. A polynomial function 

g: C^C, g(z) = z n + a l z n ~ 1 +••• + «„ 


has a root (n > 1). 
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Proof. Suppose g(z) 0 for \z\ — 1. Then /: S 1 — > S 1 , z i-> g(z)/\g(z)\ 
is defined. Suppose g is non-zero for 1*1 < 1- Then h(z,t ) = f(tz) is a null 
homotopy of /. For t > 0 we have 

k(z, t ) = z n + t(aiz" _1 + ci 2 tz n ~ 2 +-F a n t ” _1 ) = t n g(z/t). 

If g is non-zero for 1*1 > 1. then A/(z, t) = &(z, t)/|fc(z, t)\ is a homotopy from 
/ to er„. Thus if g has no root, then o n is null homotopic; this contradicts (2.7.5). 

□ 

The classical approach to m (S 1 ) uses topological properties of the exponential 
function p : [R — > S 1 , t i-> cxp(2jr it ). A lifting of tn; [a. b] — > S 1 along p is a 
map W: [a.b] —>■ R with pW = tn; the value W(a ) is the initial condition of the 
lifting. Liftings always exist and depend continuously on the path and the initial 
condition (see (2.7.8)). 

(2.7.7) Proposition. Let f : S 1 ^ S 1 be given. Let F : I —> IR be a lifting of fp 0 
along p. Then F( 1) — /*’(0) is the degree of f. 

Proof. Letg = /(l) -1 /- Then S(d(f)) = [gpo\, by the definition of d in (2.7.5). 
There exists aeR such that /(1) = e\p(2nia) and P(0) = a. Then = F — a 
is a lifting of gpo with initial condition 0. Hence F’(l) — F( 0) = <I>(1) — <t>(0) = 
0(1) = n e Z. The homotopy (x, Z) i—> (1 — t)O(x) + txO(l) is a homotopy of 
paths. Hence the loop gpo is homotopic to s„. This shows S(n) — [gpo\. □ 

The next proposition will be proved in the chapter on covering spaces. It ex¬ 
presses the fact that p : K —> .S' 1 is fibration. 

(2.7.8) Proposition. Given a homotopy h: X x I —>• 5 1 and an initial condition 
a : X —> R such that pa(x ) = /;(x,0). Then there exists a unique homotopy 

such that H{x, 0) = a(x) and pH = h. □ 

(2.7.9) Example. Let w : [0,1] —> S 1 be a path with w{0) = z = exp(27r/a). Let 

W : [0, 1] —^ IR be a lifting of w with W(0) = a. Suppose W( 1) = b. Then W is, 
by a linear homotopy, homotopic to t a + t{b — a) and hence w homotopic to 
the path in normal form t (->• z exp(2 ni (b — aft). O 

2.7.10 The winding number. Let x e C = IR 2 . The map 

r Y : C \ {x} —S 1 , z i—>■ (z — x)/\z — x| 

is an h-equivalence and therefore [S 1 , C \ {x}] —>• [5 1 ,5 1 ], [/] [>' x f] a bijec- 

tion. The degree of r x f is the winding number of / with respect to x. We denote 
it by W(f x). Maps / 0 , f \: 5 1 —> C \ {x} are homotopic if and only if they have 
the same winding number. If /: S 1 —> C is given and w : / —> C a path with 
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/(S 1 ) fl w(I) = 0, then (x,t) /'„,(>) / is a homotopy. Therefore the winding 

numbers of / with respect to tn(0) and w ( I) are equal. The complement C \ f(S 1 ) 
decomposes into open path components, and the winding number with respect to x 
is constant as long as x stays within a component. 

Let u\ I —> C \ {x} he a loop. Then there exists a unique continuous map 
/: S 1 —» C \ {x} such that f o p 0 = u. The winding number of / is then also 
called the winding number of n, and we denote it by W ( u , x). O 

The notion of the degree can be extended to other situations. Let h : S — S 1 he 
a homeomorphism and /: S —> S any map; the degree of hfh~ l is independent 
of the choice of a homeomorphism h and also called the degree (1( f ) of /. 

Problems 

1. Let p be a polynomial function on C which has no root on S 1 . Then the number of roots 
z with \z\ < 1 (counted with multiplicities) is equal to the winding number fF(p|,S 1 ,0). 
What is the winding number of the function l/p with respect to 0? 

2. (Properties of the degree.) d( f o g) = d( f)d(g). A homeomorphism 5 1 —»• S 1 has 
degree ±1. If /: S 1 —> S 1 has degree d( f) f 1, then there exists x e S 1 such that 
/ (x) = x . The map zi-tz has degree — 1. 

Let u = exp(2ni/n) be an «-th root of unity. Suppose h : S 1 —> S 1 satisfies h(uz) = 
h(z). Then d(h) = 0 mod n. 

Let k, j eZ and assume that k is coprime to n. Let /: S' 1 —> S 1 satisfy the functional 
equation f(u k z) = if f(z). Then kd(f) = j mod n. If, conversely, this congruence is 
satisfied with some integer d( f ), then there exists a map / of degree d( f) which satisfies 
the functional equation. In particular an odd map /, i.e., /(—z) = —/(z), has odd degree. 

Suppose /(—z) f f(z) for all z; then the degree of / is odd. Suppose /(z) f g(z) 
for all z; then d(f ) = d(g). Suppose d(g) = 0 mod n for some n > 0; then there exists 
h : S 1 -> S 1 such that g = h n . 

3. Let U : I —> C be a lifting of u : I C* = C \ 0 along the covering P : C —> C*, 
z i-> exp(2jr/z). Then W(u, 0) = U(\) — U( 0). 

4. Let y : [0, 1] —> C* be a continuously differentiable path with initial point 1. Then 

T: [0. 1] —> C, t i-> / y |[o f] i s a continuously differentiable lifting of y along P 

with initial point 0. 

5. If u : / —► C ^ {x} is a continuously differentiable loop, then W(u, x) = f u 

6. Let A e GL 2 (R). Then the winding number of l a'- S 1 i-> R 2 \ 0, x i-> Ax with respect 
to the origin is the sign of the determinant det(A). 

7. Let v: [S' 1 , A] 0 —> [S' 1 , A] be the map which forgets about the base point (pointed 
homotopies versus free homotopies). Conjugate elements in the group [S 1 , A] 0 have the 
same image under v. Hence v induces a well-defined map tJ: [S' 1 , A]°/(~) —> [S 1 , A] from 
the set of conjugacy classes. This map is injective, and surjective if A is path connected. 
Thus v is bijective if A is path connected and the fundamental group abelian. 
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2.8 Examples 


The formal nature of the theorem of Seifert and van Kampen is simple, but the corre¬ 
sponding algebra can be complicated. The setup usually leads to groups presented 
by generators and relations. It may be difficult to understand a group presented in 
this manner. For an introduction to this type of group theory see [122]; also [171] 
and [39] are informative in this context. We report about some relevant algebra and 
describe a number of examples and different applications of the fundamental group. 

2.8.1 Spheres. If a space X is covered by two open simply connected subsets with 

path connected intersection, then X is simply connected, since the pushout of two 
trivial groups is trivial. Coverings of this type exist for the spheres S n for n > 2. 
Hence these spheres are simply connected. O 

2.8.2 Removing a point. The inclusion D n \ 0 C D n induces for n > 3 an 
isomorphism of fundamental groups; actually both groups are zero, since D n is 
contractible and D n \ 0 ~ .S’"~ 1 . 

Let M be a manifold of dimension n > 3 and U C M homeomorphic to D n 
under a homeomorphism that sends x to 0. Then M is the pushout of A7 \ {x} 
and U. Theorem (2.6.2) implies that M \ {x} C M induces an isomorphism of 
fundamental groups. 

Often we view the space S n as the one-point compactification R” U {oo} of the 
Euclidean space, see (2.3.2). Let K be a compact subset of R” for n > 3. Then the 
inclusion R" \ K C S n \ K induces an isomorphism of fundamental groups. O 

2.8.3 Complements of spheres. Let S™ = S m+n+l n (R m+1 x 0) and 5” = 
S m+n+\ n ( o x R »+1)_ Then jr = S m+n +1 ^ S n is homeomorphic to S m X E n . 

A homeomorphism S m x E n —> X is (x,_y) (^J 1 — ||_y [| 2 x, y \. The space 

Y = S m+n + 1 \ (5™ U S") is homeomorphic to S' n x S n x ]0,1[ via (x, y, t) i-> 
(Vl — tx, Viy). Therefore the complement X is h-equivalent to S m and the com¬ 
plement Y is h-equivalent to S m x S n . 

The fundamental group of 5 3 \ ({0} x S 1 ) is isomorphic to Z. If we view 
S 3 = R 3 U{oo}, then we are considering the complement of the axis Z = {(0,0, z) | 
z e R} U {oo}. The generator of the fundamental group is a loop that runs once 
about the axis Z, represented by the standard sphere W = S 1 x {0}. 

It is impossible to span a 2-disk with boundary W in the complement of Z, 
because W represents a non-zero element in the fundamental group of the comple¬ 
ment, see Figure 2.3. This is expressed by saying that W and Z are linked in S 3 . 
Apply the stereographic projection (2.3.2) to S 1 xOUOx S 1 c .S' 3 . The image 
yields W U Z. The complement of W U Z in R 3 is therefore isomorphic to the 
fundamental group Z x Z of the torus S 1 x S 1 . The reader should draw generators 
of 7T!(R 3 slfll Z). O 
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Figure 2.3. A standard circle in S 3 . 


2.8.4 Presentation of groups by generators and relations. Let S be a set. A free 
group with basis S consists of a group F ( S ) and a set map i: S —> F(S) which has 
the following universal property: For each set map a: S —> G into a group G there 
exists a unique homomorphism A: F(S) —> G such that A o i — a. It turns out 
that / is injective. Let us consider i as an inclusion and set 5 _1 = {s -1 | s e S}. A 
word in the alphabet X = ,S LI .S'~ 1 is a sequence (xi,..., x m ) of elements x,- e X. 
The elements in F(S) are the products xi ... x m corresponding to the words; the 
neutral element belongs to the empty word; a word (x,x -1 ) also represents the 
neutral element. 

Let R be a set of words and R the image in F(S). Let N(R) be the normal sub¬ 
group generated by R. The factor group G — F(S)/N(R) is the group presented 
by the generators S and the relations R. We denote this group by (S\R). It has the 
following universal property: Let a: S H be a set map into a group //. Assume 
that for each (xi,..., x m ) e R the relation a(x \)... a(x m ) = 1 holds in FI. Then 
there exists a unique homomorphism A: G H such that A(x) = ct(x) for each 
x e 5. 

Each group can be presented in the form (S \ R ) - in many different ways. In 
practice one uses a less formal notation. Here are a few examples. 

(i) The cyclic group of order n has the presentation (a \ a n ). 

(ii) Let S — {x,y}. Consider the word (x, x, y -1 , y -1 , y _1 ) and R consisting 
of this word. Then we can write G — (S \ R) also in the form (x,y \ x 2 y~ 3 ) 
or (x,y | x 2 = v 3 ). The universal property says in this case that homomor- 
phisms G —> H correspond bijectively to set maps or. \x, v J —> H such that 
a(x) 2 = a{y) 3 . 

(iii) (a.b \ ab — ha) is a presentation for the free abelian group with basis a, b. 

O 

2.8.5 Free product and pushout of groups. The sum (= coproduct) in the cate¬ 
gory of groups is also called a free product. Let (Gy | j e J) be a family of groups. 
The free product of this family consists of a group >{c keJ G^ together with a family 
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of homomorphisms ij : Gj Gk which have the universal property of a 

sum in the category of groups. (The notation Gi * G? is used for the free product 
of two groups.) Each family has a sum. Let Gj — (Sj \ Rj ) and assume that the Sj 
are disjoint. Let S = 11 7 Sj. The Rj are then words in the alphabet S II S _1 . Let 
R — (J. Rj . We have homomorphisms ij : (Sj \ Rj ) —(S \ R) which are induced 
by Sj C S. These homomorphisms are a sum in the category of groups. 

Let G and H be groups and G : G -> G * H, j\ : H —> G * H be the canonical 
maps which belong to the sum. Let J : P —> G, I \ P ^ II be homomorphisms 
from a further group P . Let N be the normal subgroup of G * II generated by 
the elements {i\J(x) ■ j\ I (x -1 ) | x e P}. Let Q = (G * PI)/N and denote by 
i. G ^ Q, j. H ^ Q the composition of ii, j\ with the quotient map. Then 
( i , 7 ) is a pushout of (/, I) in the category of groups. In the case that I and J are 
inclusions (but sometimes also in the general case) one writes Q = G *p H. 

Let S be a set and Z = a copy of the additive group Z for each s e S. Then 
the groups F(S ) with basis S is also the free product Z. O 

2.8.6 Free products of fundamental groups. The free product n \ (Xo) * tt\ (X\) 
arises geometrically if Xoi is simply connected. 

LetX = S 1 vS 1 with^o = Y vS'.Xx = S 1 vT, whereT = 5 1 \{—1}, * 

1 Then ( Y , 1) is pointed contractible; hence the inclusion of the summands S 1 —>• 
X 0 , X\ are pointed h-equivalences. One can apply (2.6.2) to the covering of X 
by Xo, X\. Since Xo fl X\ is pointed contractible, we see that n\ (X ) is the free 
product it] (Xo) * 7 T| (Xi). Hence the inclusions of the summands S 1 S 1 V S 1 
yield a presentation of n\ (S 1 V S 1 ) as a free product ^(S 1 ) * zrjfS 1 ) = Z * Z. 
By induction one shows that it\(\/\ S 1 ) is the free group of rank k. O 

2.8.7 Plane without two points. The space R 2 \ {± 1} has as a deformation retract 
the union X of the circles about ±1 with radius 1/2 and the segment from —1/2 
to 1/2, see Ligure 2.4. (The reader should try to get an intuitive understanding of a 



u 


V 


Figure 2.4. Generators m, v of n\ (R 2 \ ± 1). 


retraction. In order to give a formal proof, without writing down explicit formulas, 
it is advisable to wait for the method of cohbrations.) The fundamental group 
7 t| (R 2 \ (±1},0) is the free group Z * Z and generators are represented by two 
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small circles about ± 1 (of radius 1/2, say) connected linearly to the base point. 
One can apply (2.6.2) to the covering of IR 2 \ {±1} by the punctured half-spaces 
{(x, y) | x < 1/3, x ^ —1} and {(x, y) [ —1/3 < x, x ^ 1} . O 

In the example in 2.8.6 one cannot apply (2.6.2) directly to the covering of 
S 1 V S 1 by the two summands, since the interiors do not cover the space. The general 
method in cases like this is to first “thicken” the subspaces up to h-equivalence. In 
the next theorem we add a hypothesis which allows for a thickening. 

(2.8.8) Theorem. Let ((Xj, Xj) | ye/) be a family of pointed spaces with 
the property: The base point xj has an open neighbourhood Uj C Xj which is 
pointed contractible to the base point. The inclusions of the summands induce 
homomorphisms ij : n\(Xj , xf) —> n \(V ke j Xk, x). This family is a free product 
of the groups tt\(Xj , xj ). 

Proof Let J — {1,2}. We apply (2.6.2) to the covering X\ V 6' 2 . U\ V X 2 of 
X i vl 2 . The argument is as for 2.8.4. For finite J we use induction on | /1. Note 
that V Uj C V Xj i s an °P en , pointed contractible neighbourhood of the base 
point. 

Let now J be arbitrary. A path w : I ->\f Xj has, by compactness of I , an im¬ 
age in ( Vf.eE X e )\/( \Jj e j^E Uj) for a finite subset E C /. This fact and the result 
for E show that the canonical map a j : ^ /eJ tt\(Xj) —> n i( V /6 ./ Xj) is surjec¬ 
tive. Each element x e / e/ - u\(Xj) is contained in some 7ti(X e ) for a 

finite E. Suppose x is contained in the kernel of aj. Then a loop w: I —> \/ eeE X e 
representing a E x is null homotopic in \fj e j Xj and, again by compactness, null 
homotopic in some larger finite wedge. The result for a finite index set now yields 
x = 0. □ 


2.8.9 Quotient groups. Let i: K —> G be a homomorphism of groups and denote 
by N <l G the normal subgroup generated by the image of i. Then 

K -> 1 

'■ 1 
G — ^G/N 

is a pushout in the category of groups, with p the quotient map. 

This situation arises geometrically in (2.6.2) if one of the spaces X v is simply 
connected. O 


2.8.10 Attaching of a 2-cell. We start with a pushout diagram of spaces 


S 1 


D 2 


B 


-+X. 
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Then A is said to be obtained from B by attaching a 2-cell via the attaching map <p. 
(This construction will be studied in detail in the chapter on cell complexes.) Then 
a suitable thickening shows that we can apply (2.6.2). Since D 2 is contractible, we 
are in the situation of 2.8.9. Thus /* induces an isomorphism tc\(B)/(< p) = tti(X) 
where ( cp ) denotes the normal subgroup generated by [<p\ e [5 1 , B]° = tt\(B). O 


2.8.11 Attaching of a cone. Given a map f. A —> B from a path connected 
space A. The cone on A is the space A x I/A x 0. Let j : A CA, a m- (a, 1) 
denote the inclusion of A into the cone. The cone is contractible, a contracting 
homotopy is induced by h t (x, ,s) = (x, 5(1 — /)). Form a pushout 


A 


CA 


v 


<t> 


■> B 


V 

■» X. 


Since CA is contractible, ./* induces an isomorphism tc\{B)/N = tti(A), where 
N is the normal subgroup generated by the image of <p*. O 


2.8.12 Realization of groups. We demonstrate that arbitrary groups can be realized 
as fundamental groups. Let 

f:A = y keK S'^V leL S' = B 

be a pointed map. The inclusions of the summands yield a basis ak e ir \ ( A ) and 
b/ e 7t] (B ) for the free groups and /* (a^) = r* is a word in the bj, t e Z. Let 
N C Z = G be the normal subgroup generated by the />. Then G/N is the 
group presented by generators and relations (h;, l e L \ . k e K). Let CA be 

the cone on A and define A by a pushout diagram 

/ 

A - >B 

l n I 

CA -> X. 

Then 2. 8 . 11 shows jt \ {X ) = G/N . Each group can be presented in the form G/N . 
Note that A is a 2-dimensional cell complex. O 


2.8.13 Surfaces. The classification theory of compact connected surfaces presents 
a surface as a quotient space of a regular 2«-gon, see e.g., [44, p. 75], [167], [123]. 
The edges are identified in pairs by a homeomorphism. The surface F is obtained 
as a pushout of the type 
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The attaching map cp is given in terms of the standard generators o f n i ( \J" S 1 ) by 
the so-called surface-word. 

In order to save space we refer to [44, p. 83-87] for the discussion of the 
fundamental group of surfaces in general. We mention at least some results. They 
will not be used in this text. 

(2.8.14) Theorem. (1) The fundamental group of a closed connected orientable 
surface F g of genus g > 1 has the presentation 

7t i (Fg) = {a\,bi,... ,a g ,b g \ a\b\af l bf l .. .a g b g affb~ x ). 

(2) The fundamental group of a closed connected non-orientable surface N g of 
genus g has the presentation 


tti(N g ) = (ai,..., a g | a\a 2 ■ • ■ a g )■ 

(3) The fundamental group of a compact connected surface with non-empty 
boundary is a free group. The number of generators is the finite number 1 — /(Fg) 
where x(F g ) is the so-called Euler characteristic. 

(4) A simply connected surface is homeomorphic to IR 2 or S 2 . □ 

There are many different definitions of the genus. We mention a geometric 
property: The genus of a closed connected orientable surface is the maximal number 
g of disjointly embedded circles such that their complement is connected. The genus 
of a closed connected non-orientable surface is the maximal number g of disjointly 
embedded Mobius bands such that their complement is connected. The sphere has 
genus zero by the Jordan separation theorem. O 


Problems 

1. Let S 1 C IR 2 x 0 C IR 3 be the standard circle. Let D = {(0,0 ,t) \ — 2 < t < 2} and 
S 2 (2) = {x e IR 3 | || jc|| = 2}. Then S 2 (2) U D is a deformation retract of X = IR 3 \ S 1 . 
The space X is h-equivalent to S 2 V S 1 . 

2. Consider the loop based at (0, 0) in the plane as shown in Figure 2.5. Determine which 



Figure 2.5. 
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element in n\ (R 2 \ ± 1) this loop represents in terms of the generators u, v in 2.8.7. Deter¬ 
mine the winding number about points in each of the six complementary regions. 

3. Let (Xj | j e J) be a family of subspaces of X such that the interiors X° cover X. 
Then each morphism in If (X) is a composition of morphisms in the Xj. If the intersections 
Xi D Xj are path connected and * £ I,T 1 Xj , then jt i (X, *) is generated by loops in the 
*/• 

4 . Let z'o* in (2.6.2) be an isomorphism. Then j i* is an isomorphism. This statement is a 
general formal property of pushouts. If z'o* is surjective, then j i* is surjective. 

5. Projective plane. The real projective plane P 2 is defined as the quotient of S 2 by the 
relation x ~ —x. Let [x'o, x\ , X 2 ] denote the equivalence class of x = (xo, x\ , X 2 ). We can 
also obtain P 2 from S 1 by attaching a 2-cell 


S 1 


l 7 ' 

D 2 


<P 


<I> 


> P l 


V 


HereP 1 = {[xo, -V 1 ,0]} C P 2 andip(xo, xi) = [xo,xi,0]. The space P l is homeomorphic 
to S 1 via [xp, x \, 0] i-> z 2 ,z = .rp + ix \; and q> corresponds to the standard map of degree 
2. The map $ is x = (xq, X] ) £->• [xq , v 1 , y/l — ||x|| 2 ]. As an application of 2.8.10 we 
obtain n\(P 2 ) = Z/2. 

Another interpretation of the pushout: P 2 is obtained from D 2 by identifying opposite 
points of the boundary S 1 . The subspace {(xo, xi) \ ||.v|| > 1/2} becomes in P 2 a Mobius 
band M. Thus P 2 is obtainable from a Mobius band M and a 2-disk D by identification of 
the boundary circles by a homeomorphism. The projective plane cannot be embedded into 
R 3 , as we will prove in (18. 3. 7). There exist models in R 3 with self-intersections (technically, 
the image of a smooth immersion.) The projective plane is a non-orientable surface. 

6. Klein bottle. The Klein bottle K can be obtained from two Mobius bands M by an 
identification of their boundary curves with a homeomorphism, K = M Ug^f M. 

Apply the theorem of Seifert and van Kampen and obtain the presentation tz\{K) = 
(a, b | a 2 = b 2 ). The elements a 2 , ab generate a free abelian subgroup of rank 2 and of 
index 2 in the fundamental group. The element a 2 generates the center of this group, it is 
represented by the central loop 3 M. The quotient by the center is isomorphic toZ/2*Z/2. 

The space M/dM is homeomorphic to the projective plane P 2 . If we identify the central 
3 M to a point, we obtain a map q: K = MUj^M —» P 2 V P 2 . The induced map on the 
fundamental group is the homomorphism onto Z/2 * TLjl. 


2.9 Homotopy Groupoids 

The homotopy category does not have good categorical properties. Therefore we 
consider “homotopy” as an additional structure on the category TOP of topological 
spaces. The category TOP will be enriched: The set of morphisms TI(X, Y ) between 
two objects carries the additional structure of a groupoid. The fundamental groupoid 
is the special case in which X is a point. 
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Recall that a category has the data: objects, morphisms, identities, and compo¬ 
sition of morphisms. The data satisfy the axioms: composition of morphisms is 
associative; identities are right and left neutral with respect to composition. 

Let X and Y be topological spaces. We define a category 11 (X. Y) and begin 
with the data. The objects are the continuous maps X —> Y. A morphism from 
f: X —> Y to g\ X — h F is represented by a homotopy K: f — g. Two such 
homotopies K and L define the same morphism if they are homotopic relative to 
X x 3/ with dl = {0,1} the boundary of /. Let us use a second symbol J — [0,1] 
for the unit interval. This means: A map O: (X x 7) x J —h Y is a homotopy 
relative to X x 37, if <t>(x, 0, t ) is independent of t and 4>(x, 1. t) is also independent 
of t. Therefore : X x 7 — h Y, (x. s) ho- $(x, s, t ) is for each t € J a homotopy 
from / to g. For this sort of relative homotopy one has, as before, the notion of 
a product and an inverse, now with respect to the /-variable. Hence we obtain 
an equivalence relation on the set of homotopies from / to g. We now define: A 
morphism o: f —h g in 1T(A, Y) is an equivalence class of homotopies relative 
to X x 37 from / to g. Composition of morphisms, denoted ©, is defined by the 
product of homotopies 

K: f ~ g,L: g ~ h, [L]®[K] = [K*L]:f-^ h. 

This is easily seen to be well-defined (use <f> f */ T,). The identity of / in V\(X. Y) 
is represented by the constant homotopy kf : / ~ /. 

The verification of the category axioms is based on the fact that a reparametriza- 
tion of a homotopy does not change its class. 

(2.9.1) Lemma. Let or. I —> l be a continuous map with o'(O) = 0 and a(l) = 1. 
Then K and K o (id xa) are homotopic relative to X x 37. 

Proof. <f>(x, s, t) = K(x, (1 — t)s + ta(s )) is a suitable homotopy. □ 

(2.9.2) Proposition. The data for II ( X , Y) satisfy the axioms of a category. The 
category is a groupoid. 

Proof. The associativity of the composition follows, because 

(K * L) * M = K * (L * M) o (id x a), 

with n defined by a (?) = 2 1 for t < \,a(t) = ? + |for|<?< \,a(t) = y + \ 
for \ < t < 1. 

Similarly, for each K : / ~ g the homotopies kf * K, K, and K *k g differ by 
a parameter change. Therefore the constant homotopies represent the identities in 
the category. 

The inverse homotopy K~ represents an inverse of the morphism defined by K. 
Hence each morphism is an isomorphism. Proof: The assignments (x,s,t) \-x 
K(x, 2s(l — t j) for 0 < s < \ and (x, s, t) \-x K(x , 2(1 — s)(l — t)) for ^ < s < 1 
yield a homotopy relative to X x 3/ from K * K~ to the constant homotopy. □ 
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The endomorphism set of an object in a groupoid is a group with respect to 
composition as group law. We thus see, from this view point, that the notion of 
homotopy directly leads to algebraic objects. This fact is a general and systematic 
approach to algebraic topology. 

The homotopy categories of Section 2.2 have a similar enriched structure. If 
we work, e.g., with pointed spaces and pointed homotopies, then we obtain for 
pointed spaces X and Y a category n 0 (X, Y). The objects are pointed maps. 
Morphisms are represented by pointed homotopies, and the equivalence is defined 
by homotopies <t> rel 1x3/ such that each T, is a pointed homotopy. 

The remainder of this section can be skipped on a first reading. We study the 
dependence of the groupoids n ( X, Y ) on X and Y. The formal structure of this 
dependence can be codified in the notion of a 2-category. Suppose given a : U —> X 
and P : Y —> V. Composition with a and ft yield a functor 

P# = n#03): n(X, F) -* Tl(X, V ), 

which sends / to Pf and [AT] to \(> K ] and a functor 

a # = n # (Q!): n(X F) -* n(£7, F), 

which sends / to fa and [77] to [K{a x id)]. They satisfy (P 1 P 2 )# = P#P# and 
( a\a 2 ) # = a*af These functors are compatible in the following sense: 

(2.9.3) Proposition. Suppose K : f ~ g: X —> Y and L.U — V.Y Z are 
given. Then [L o K] = v#[K] ® f # [L] = g # [L\ ® u#[K], Here L o K: uf ~ 
vg: X x I —>■ Z, (x, t ) i—> L(K(x, t), t). 

Proof. We use the bi-homotopy L o (K x id): Z x 7 x 7 —> Z. Restriction to the 
diagonal of 7 x 7 defines L o K. Along the boundary of the square we have the 
following situation. 


vf vK 


Uf x id) 



vg 


L(g x id) 


u f uK ug 


{s, t) e I x I 


g # [L] © u#[K] is represented by uK * L(g x id). If we compose the bi-homotopy 
with id(X) x y, where y(t) = (2 1, 0) for / < ^ and y(t) = (1, 2t — 1) for / > 




2.9. Homotopy Groupoids 61 


we obtain uK * L(g x id). In the same manner we obtain L(f x id) * vK if we 
compose the bi-homotopy with id(x) x 8, where 8(t ) = (0,2/) for I < ^ and 
8(t) — (2t — 1,1) for t > 2- The maps y and 8 are homotopic relative to 3 1 by a 
linear homotopy in the square. They are also homotopic to the diagonal t (t, t ) 
of the square. □ 

(2.9.4) Corollary. The homotopy L induces a natural transformation 

L#: u# v #: fI(X, F) -+ n (X.Z). 

The value of L# at f is f # [L\. The homotopy K induces a natural transformation 

K # . f# g# . n( j, Z) Z y 

The value of K # at u is u#[K\ □ 

(2.9.5) Corollary. If u : Y Z is an h-equivalence, then u# is an equivalence of 

categories. Similarly in the contravariant case. □ 

The data and assertions that we have obtained so far define on TOP the structure 
of a 2-category. In this context, the ordinary morphisms / : X —>■ Y are called 
1-morphisms and the morphisms [AT]: / ~ g arc called 2-morphisms. The 
composition © of 2-morphisms is called vertical composition. We also have a 
horizontal composition of 2-morphisms defined as [L] o [K] = [L o K], Because 
of (2.9.3) we need not define o via the diagonal homotopy; we can use instead 
(2.9.3) as a definition [L] o [AT] = u#[W] © f # [L] = g # [L] © u#[K ]. 

(2.9.6) Note. From this definition one verifies the commutation rule of a 2-category 

(8 © y) o (f © a) = (8 o f) © (y o a). □ 

The following figure organizes the data (horizontal - vertical). 



A - g -> B - v -> C 

\ y ■ y' V ii v* 


h w 

Conversely, one can derive (2.9.3) from the commutation rule (2.9.6). With the 
constant homotopy k u of u we have 

k u o a — u#a, y o kf = f # y , k v o a = v#a, y o k g — g # y 

and this yields 

y o a = (y ® k u ) o (k g © a) = (y o k g ) © (k u o a) = g # © u#a. 

In a similar manner one obtains y o a = v#a © f # y. 






Chapter 3 

Covering Spaces 


A covering space is a locally trivial map with discrete fibres. Objects of this type 
can be classified by algebraic data related to the fundamental group. The reduction 
of geometric properties to algebraic data is one of the aims of algebraic topology. 
The main result of this chapter has some formal similarity with Galois theory. 

A concise formulation of the classification states the equivalence of two cate¬ 
gories. We denote by COV b the category of covering spaces of B; it is the full 
subcategory of TOPg of spaces over B with objects the coverings of B. Under 
some restrictions on the topology of B this category is equivalent to the category 
TRA/; = [n(/i). SET] of functors V\(B) —> SET and natural transformations 
between them. We call it the transport category. It is a natural idea that, when 
you move from one place to another, you carry something along with you. This 
transport of “information” is codified in moving along the fibres of a map (here: of 
a covering). We will show that the transport category is equivalent to something 
more familiar: group actions on sets. 

The second important aspect of covering space theory is the existence of a 
universal covering of a space. The automorphism group of the universal covering 
is the fundamental group of the space - and in this manner the fundamental group 
appears as a symmetry group. Moreover, the whole category of covering spaces 
is obtainable by a simple construction (associated covering of bundle theory) from 
the universal covering. 

In this chapter we study coverings from the view-point of the fundamental group. 
Another aspect belongs to bundle theory. In the chapter devoted to bundles we show 
for instance that isomorphism classes of «-fold coverings over a paracompact space 
B correspond to homotopy classes B —> BS(n) into a so-called classifying space 
BS(n). 


3.1 Locally Trivial Maps. Covering Spaces 

Let p.E — > B be continuous and U C B open. We assume that p is surjec¬ 
tive to avoid empty fibres. A trivialization of p over U is a homeomorphism 
(p: p~ l (U) —> U x F over U, i.e., a homeomorphism which satisfies pr ; ocp = p. 
This condition determines the space F up to homeomorphism, since cp induces a 
homeomorphism of p~ l {u) with {u} x F. The map p is locally trivial if there 
exists an open covering U of B such that p has a trivialization over each U e K. A 
locally trivial map is also called a bundle or fibre bundle , and a local trivialization 
a bundle chart. We say, p is trivial over U, if there exists a bundle chart over U. If 
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p is locally trivial, then the set of those b e B for which p^ 1 (b) is homeomorphic 
to a fixed space F is open and closed in B. Therefore it suffices for most purposes 
to fix the homeomorphism type of the fibres. If the fibres are homeomorphic to F, 
we call F the typical fibre. A locally trivial map is open, hence a quotient map. 

A covering space or a covering 1 of B is a locally trivial map p.E^B with 
discrete fibres. If F is discrete (= all subsets are open and closed), then U x A is 
homeomorphic to the topological sum \l x eF U x {x}. The summands U x {a} are 
canonically homeomorphic to U. If cp: p~ l (U) —*■ U x F is a trivialization, then 
p yields via restriction a homeomorphism of (p~ ] (U x {x }) with U. A covering 
is therefore a local homeomorphism. The summands <p _1 ((/ x {a }) = U x are the 
sheets of the covering over U ; the pre-image p~ l {U) is therefore the topological 
sum of the sheets U x ; the sheets are open in E and mapped homeomorphically onto 
U under p. If \F\ — n e N, we talk about an n -fold covering. The trivial covering 
with typical fibre F is the projection pr: B x F -x B. We say, U is admissible or 
evenly covered if there exists a trivialization over U. 

(3.1.1) Example. The exponential function p\ R — S 1 , t exp(27 r/t) is a cov¬ 
ering with typical fibre Z. For each t e R and p(t) = z we have a homeomorphism 

/^(S 1 \ z) = Li„ eZ ]f + n,t +n + 1[ ^ ]t,t + 1[ x Z, 

and p maps each summand homeomorphically. O 

(3.1.2) Proposition. Let p : E -x B be a covering. Then the diagonal D of E x E 
is open and closed in Z = {(a', v) e E x E \ p(x) — p{y)}. 

Proof. Let U x be an open neighbourhood of x which is mapped homeomorphically 
under p. Then Z fl (U x x U x ) = W x is contained in D, and W x is an open 
neighbourhood of (x, x) in Z. This shows that D is open. 

Let a' f y and p(x) = p(y). Let x e U x and y e U y be the sheets of p over 
the open set U C B. Since a f y. the intersection U x fl U y is empty. Hence 
Z D (U x x Uy) is an open neighbourhood of (a, y) in Z and disjoint to D. This 
shows that also the complement Z \ D is open. □ 

Let p : E —> B and /: X —> B be maps; then F \ X -x li i s a lifting of / 
along p, if pF — f. 

(3.1.3) Proposition (Uniqueness of liftings). Let p.E^-Bbect covering. Let 
If. F\ . X —> E be liftings off'. X —> B. Suppose Fq and F\ agree somewhere. 
If X is connected, then Fq = F\. 

Proof. ( Fo , Ei) yield a map F: X —>■ Z. By assumption, F~ 1 (D) is not empty, 
and hence, by (3.1.2), open and closed. If X is connected, then F~ 1 (D) — X, i.e., 
F 0 = F]. □ 


1 Observe that the term “covering” has two quite different meanings in topology. 
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(3.1.4) Proposition. Let q\ E —> B x [0. 1] be locally trivial with typical fibre F. 
Then B has an open cover U such that q is trivial over each set U x [0, 1], U € U. 

Proof. If q is trivial over U x [a, b\ and over U x [b. c], then q is trivial over 
U x [a, r]. Two trivializations over U x \h) differ by an automorphism, and this 
automorphism can be extended over U x [b. c]. Use this extended automorphism 
to change the trivialization over U x [b, c], and then glue the trivializations. By 
compactness of I there exist 0 = to < h < • • • < t n = 1 and an open set U such 
that q is trivial over U x [ti , f;+i]. □ 

For the classification of covering spaces we need spaces with suitable local 
properties. A space X is called locally connected (locally path connected) if 
for each x e X and each neighbourhood U of x there exists a connected (path 
connected) neighbourhood V of x which is contained in U. Both properties are 
inherited by open subspaces. 

(3.1.5) Proposition. The components of a locally connected space are open. The 
path components of a locally path connected space Y are open and coincide with 
the components. 

Proof. Let K be the component of x. Let V be a connected neighbourhood of x. 
Then K U V is connected and therefore contained in K. This shows that K is open. 

Let U be a component of Y and K a path component of U. Then U ^ K is a 
union of path components, hence open. In the case that U ^ K we would obtain a 
decomposition of U. □ 

We see that each point in a locally path connected space has a neighbourhood 
basis of open path connected sets. 

(3.1.6) Remark. Let B be path connected and locally path connected. Since a 

covering is a local homeomorphism, the total space £ of a covering of B is locally 
path connected. Let E' be a component of E and p' : E' —> B the restriction of 
p. Then p' is also a covering: The sets U, over which p is trivial, can be taken as 
path connected, and then a sheet over U is either contained in E' or disjoint to E'. 
Since B is path connected, we see by path lifting (3.2.9) that p' is surjective. By 
(3.1.5), E is the topological sum of its components. O 

A left action G x E —>■ E, (g, x) m- gx of a discrete group G on E is called 
properly discontinuous if each x e E has an open neighbourhood U such that 
U Fl gU — 0 for g f e. A properly discontinuous action is free. For more details 
about this notion see the chapter on bundle theory, in particular (14.1.12). 

A left G-principal covering consists of a covering p.E^-B and a properly 
discontinuous action of G on E such that p(gx) = p(x) for (g. x) e G x E and 
such that the induced action on each fibre is transitive. 
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(3.1.7) Example. A left G -principal covering p.E^-B induces a homeomor- 

phism of the orbit space E/G with B. The orbit map E —> E/G of a properly 
discontinuous action is a G -principal covering. O 

A covering p.E^-B has an automorphism group Aut( p). An automorphism 
is a homeomorphism or. E —E such that p o a — p. Maps of this type are also 
called deck transformations of p. If p is a left G -principal covering, then each 
left translation l g : E — E, x i-> gx is an automorphism of p. We thus obtain a 
homomorphism 1: G Aut( p). Let E be connected. Then an automorphism a 
is determined by its value at a single point x e E, and a(x) is a point in the fibre 
p~ 1 (p(x)). Since G acts transitively on each fibre, the map / is an isomorphism. 
Thus the connected principal coverings are the connected coverings with the largest 
possible automorphism group. Conversely, we can try to find principal coverings 
by studying the action of the automorphism group. 

(3.1.8) Proposition. Let p: E —> B be a covering. 

(1) IfE is connected, then the action ofAut(p) (and of each subgroup of Aut( p)) 
on E is properly discontinuous. 

(2) Let B be locally path connected and let H be a subgroup of Aut( p). Then 
the map q : E /II —>■ B induced by p is a covering. 

Proof. (1) Let x e E and g € Aut( p). Let U be a neighbourhood of p(x) which is 
evenly covered, and let U x be a sheet over U containing x. For y e U x fl gU x we 
have p(y) — p(g~ 1 y), since g~ 1 is an automorphism. Hence y = g ~ 1 y, since 
both elements are contained in U x - This shows g _1 = id, hence U x Cl gU x = 0 
for g ^ e, and we see that the action is properly discontinuous. 

(2) Let U C B be open, path connected, and evenly covered. Let p~ l (U) = 
(Jy eJ Uj ^e decomposition into the sheets over U. An element h e // permutes 
the sheets, since they are the path components of p~ l (U). The equivalence classes 
with respect to H are therefore open in the quotient topology of E/H and are 
mapped bijectively and continuously under q. Since p is open, so is q. Hence q is 
trivial over U. Since B is locally path connected, it has an open covering by such 
sets U. □ 

A right G -principal covering p.E^-B gives rise to associated coverings. 
Let F be a set with left G -action. Denote by E xq E the quotient space of' E x E 
under the equivalence relation (x, f) (xg \gf) for x e E, f e F,g e G. 
The continuous map pp\ E Xg E -x B, (x, f ) i-^* p(x) is a covering with typical 
fibre F. 

A G-map f : E\ -x If induces a morphism of coverings 

id x G f : E x G Fi ->• E x G F 2 , (x, /) (x, f(f)). 
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We thus have obtained a functor “associated coverings” 

A(p): G-SET^COVb 

from the category G-SET of left G-sets and G-equivariant maps. We call a G -prin¬ 
cipal covering p.E^B over the path connected space B universal if the functor 
A{p) is an equivalence of categories. 
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The relation of a covering space to the fundamental groupoid is obtained via path 
lifting. For this purpose we now introduce the notion of a hbration which will be 
studied later in detail. A map p : E -x B has the homotopy lifting property (HLP) 
for the space X if the following holds: For each homotopy h: X x 7 —>■ B and each 
map a\ X -x E such that pa(x) = hi (x), i (x) = (x, 0) there exists a homotopy 
77: X x I * E with pH — h and Hi — ci. Wc call H a lifting of h with initial 
condition a. The map p is called a fibration if it has the HLP for all spaces. 

(3.2.1) Example. A projection p.BxF —>■ B is a fibration. Let a(x) = 

(ai(x),a 2 (x)). The condition pa = hi sayszzi(x) = h(x, 0). If we set H(x, t) = 
(li(x, l), U 2 (x)), then H is a lifting of h with initial condition a. O 

(3.2.2) Theorem. A covering p\ E -x B is a fibration. 

Proof. Let the homotopy h: X x I -x B and the initial condition a be given. 
Since 7 is connected, a lifting with given initial condition is uniquely determined 
(see (3.1.3)). Therefore it suffices to find for each x e X an open neighbourhood 
V x such that h\V x x I admits a lifting with initial condition a\V x . By uniqueness 

(3.1.3) , these partial liftings combine to a well-defined continuous map. 

By (3.2.3) there exists for each x e B an open neighbourhood V x and an 
n e N such that h maps V x x [i/n, (i + l)/«] into a set U over which p is trivial. 
Since p: p~ l (U) -x U is, by (3.2.1), a fibration, h\V x x [i/n, (i + l)/«] has a 
lifting for each initial condition. Therefore we find by induction over i a lifting of 
h\V x x [0, i/n\ with initial condition a\V X . □ 

(3.2.3) Lemma. Let XL be an open covering of B x [0, 1]. For each b e B there 

exists an open neighbourhood V(b) of b in B and n — n(b) € N such that for 
0 < i < n the set V(b) x [z /n , i/(n + 1)] is contained in some member of V.. □ 

The fact that the lifted homotopy is uniquely determined implies that for a 
covering p\ E —>■ B the diagram 


E 1 



i 



E 


p 


e 

> r 

> B 


,o 

B 
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is a pullback of topological spaces. Here E 1 is the space of paths in E with 
compact-open topology and e () E (w) = u;(0). 

The homeomorphism (2.3.6) k: (/", 37”) x (7,0) —»• I n x (7,0) of pairs is 
used to solve the next homotopy lifting problem with a modified initial condition. 
It reduces the problem to the HLP for I n . 

(3.2.4) Proposition. Let p : E B have the HLP for the cube 7”. For each 
commutative diagram 


7” x 0 U 37” x 7 — 

He 




n 

i s 



/ 


i n 

f h 

x 7 

-> B 


there exists 77 : 7" x 7 —> E with Hi — a and pH — h. □ 

Let p: E —> B be a map which has the HLP for a point and for 7. Write F b = 
p~ l {b). We associate to each path v: 7 —>■ B from b to c a map v #: Jto(F b ) 
jT()(Fc) which only depends on [u] e W(B). Let x e F b ■ Choose a lifting 
V: I —»• E of v with L(0) = x. We set v#[x ] = [L( 1)]. We have to show that this 
assignment is well-defined. For this purpose assume given: 

(1) u: I ^ F b - 

(2) h: I x 7 —»• B a homotopy of paths from h to c ; 

(3) Vo,V\: I —»• E liftings of ho, hi with initial points u(0), u (1). 

These data yield a map a: 7 x 37 U0 x 7 defined by a(s, e) = V e (s) and 

<3(0, t) — u(t). The lifting 77 of h with initial condition a , according to (3.2.4), 
yieldsapath? i-> 77(1, t) in F c from Fo(l) to Li(l). This shows that the map v# is 
well-defined and depends only on the morphism [u] in the fundamental groupoid. 
The rule w#v# = (v * w)# is easily verified from the definitions. Thus we have 
shown: 

(3.2.5) Proposition. The assignments b i-> tto (7),) and [i;] i-> v# yield a functor 
T p : n(5) —>• SET. □ 

We call T p = T (p) the transport functor associated to p. 

The functor T p provides us with 

no{F b ) x ni(B,b) -+ n 0 (F b ), (x, [u]) v#(x) = x ■ [t>], 

a right action of the fundamental group on the set jio(F b ). We write tto( F. x) if [jc] 
is chosen as base point of the set tt 0 (F). We use the action to define 

d x : 7ti(B,b) ->■ 7to(F b ,x), [u] \-+ x • [u]. 

The map 3 X is Tt\(B, b)-equivariant, i.e., d x [v * w] — (3 x [u]) • [io]. 
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Recall that a sequence A —>• B —> C of pointed maps is exact at B if the image 
of a equals the kernel /)“' (*) of f. Similarly for longer sequences. In this context 
a group is pointed by its neutral element. 

(3.2.6) Theorem. Let p(x) = b and i: b\ C E. The sequence 

7ti(Fb,x) > n\(E, x) b) no(Fb,x) '* > no(E, x) no(B. b) 

is exact. 

Proof. It is easily verified from the definitions that the composition of two maps is 
the constant map. We consider the remaining four cases: kernel C image. 

Let [u] e 7ri ( E, x) and h: I x I —> B a null homotopy of pu. Consider 
the lifting problem for h with initial condition a : I x 0 U 9 / x / — E with 
a (,y. 0) = u(s) and a(e, t ) = x. The lifting H of h is then a homotopy of loops 
from u to a loop in the image of i. 

Let 9 x [n] = [jc]. This means: There exists a lifting V of v from x to V( \) e [a]. 
Choose a path U : I Fb from V(l) to x. Then V * U is a loop in E, and its 
class maps under n\(p) to [n], since pU is constant. 

Letjro(i)[j] — M- There exists a path w: I —>■ E from a toy. The projection 
v = pw is a loop and d x [v\ = [y], by definition of d x - 

Let 7T 0 O)[y] = [b\- Thus there exists a path v : I —> B from p(y) to x. Let 
V: / E he a lifting of v with initial point y. Then L(1) e Fb, and V shows 
nomva)] = [y]. ' □ 

There is more algebraic structure in the sequence. 

(3.2.7) Proposition. The pre-images of elements under d x are the left cosets of 
ni(B,b) with respectto p*ni(E,x). The pre-images of no(i) are the orbits of the 
ii\(B, b)-action on Tto(Fb, x). 

Proof. Let 9 x [n] = d x [v]. Choose liftings U, L of u, v which start in x, and let 
W : I —>• Fb be a path from U( 1) to V(l). Then U *W * V~ is a loop in E, and 
p(U * W * V~) * v — u, i.e., the elements [u] and [t>] are contained in the same 
left coset. Conversely, elements in the same coset have the same image under d x . 
(A similar assertion holds for right cosets.) 

Suppose no(i)[a] — tto(/ )[/:;]. Then there exists a path w: I — ^ E from a to b. 
Set v = pw. Then [a] • [n] = [b\. Conversely, elements in the same orbit have 
equal image under n 0 (/). □ 

We can apply (3.2.6) to a covering p: E IT The fibres are discrete. There¬ 
fore 7x | ( If, x) is the trivial group 1. Hence />* : ii\{E,x) —»• Jti(B.b) is injective. 
We state (3.2.6) for a covering: 
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(3.2.8) Proposition. Let p : E B be a covering over a path connected space B. 
Then the sequence 

1 n\{E,x) —>■ 7t\(B,b) -f- 7to(F{,,x ) -—>■ n 0 (E,x) 

is exact and /* is surjective. (The sets Ft, = Jto(Fb) and jtq(E) have x as base point, 
and i: Ft, C. E.) Thus E is path connected if and only if n \ (B, b) acts transitively 
on Ft,. The isotropy group of x e Ft, is the image of p*\ Jti(E,x) —> ni(B,b). □ 

(3.2.9) Proposition (Path lifting). Let p\ E —>• B be a covering. Let w: I —>• B 
be a path which begins at p(e) = w(0). Then there exists a unique lifting of w 
which begins in e. Two paths in E which start in the same point are homotopic if 
and only if their images in B are homotopic. 

Proof. The existence of the lifting follows from (3.2.2), applied to a point X , and 
the uniqueness holds by (3.1.3). 

Let h : I x / — > B be a homotopy of paths and H: I x I —> E a lifting 
of h. Since t i-> H(s, t) are continuous maps into a discrete fibre, they are constant 
(e = 0,1). Hence H is a homotopy of paths. 

Let Uq,U\\ I —»• E be paths which start in x, and suppose that pu 0 and pit i 
are homotopic. If we lift a homotopy between them with constant initial condition, 
then the result is a homotopy between no and it \. □ 

Let p: E —> B be a right G -principal covering. Each fibre If carries a free 
right transitive G -action. From the construction of the transport functor it is im¬ 
mediate that the fibre transport T p [ui ]: Ft, If is G-equivariant. The left action 
( a,x ) i—> a ■ x — a#(x) of tt/, = Tl(B)(b,b) on If commutes with the right 
G-action; we say in this case that Ft, is a (rr*, G)-set. Fix x e Ft,. For each 
a e 7Tb there exists a unique y x (a) e G such that a ■ x = x ■ y x (a), since 
the action of G is free and transitive. The assignment a m- y x (a) is a homo¬ 
morphism y x : Ttb —*■ G. Since tt\ (B. b) is the opposite group to jtb, we set 
8 x (a) = y x (a)- ] . Then 8 X : tt\(B,b) —> G is a homomorphism. Recall the 
map d x : n f B. p(x)) —> Fb- If we compose it with the bijection p x \ G —>■ Fb, 
g i—^ xg, we obtain p x 8 x = d x . Then (3.2.8) yields: 

(3.2.10) Proposition. Let p\ F —> B be a right G -principal covering with path 
connected total space. Then the sequence of groups and homomorphisms 

1 n\(E,x) tt\(B, p(x)) —G —> 1 

is exact (for each x e F). The image of p* is a normal subgroup. The space 
E is simply connected if and only if 8 X is an isomorphism. Thus, if E is simply 
connected, then G is isomorphic to the fundamental group of B. □ 
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If we apply this to the exponential covering R —> S 1 , a Z-principal covering, 
we again obtain tt i (S 1 ) = Z. 

The transport functor T p has an additional property, it is locally trivial in the 
following sense. Let p be trivial over U, and let b,c e U. Then T p [w ]: Ef, — F c 
is independent of the path w: I U from b to c. This is due to the fact that lifts 
of paths inside U stay within a sheet over U. 


3.3 Classification of Coverings 

Let TRA/j = [ (I (/i), SET] denote the category of functors 11(5) SET (objects) 
and natural transformations between them (morphisms). We call this category the 
transport category. 

Let />:£—>• B be a covering. We have constructed the associated transport 
functor T p = T(p): l\(B) —SET. For a morphism a: p —> q between coverings 
the restrictions a* : p~ x (b) —> q~ x {b) of a to the fibres yield a natural transfor¬ 
mation T(a): T(p) —> T{q) between the corresponding transport functors. So we 
have obtained a functor 

T : C0V 5 ->• TRAb. 

A path connected space B is called a transport space if T is an equivalence of 
categories. 

The main theorem of this section gives conditions under which the transport 
functor T is an equivalence. 

(3.3.1) Note. Let p: E —> B be a covering with simply connected E. Then B is 
path connected. If p is trivial over U, then two paths in U between the same points 
are homotopic in B. 

Proof. The space B is path connected, since p is assumed to be surjective and E is 
path connected. Let u 0 , U\ be paths in U between the same points. By (3.2.9) they 
have liftings i>o, tq which connect the same points. Since E is simply connected, 
no, Ui are homotopic in E and hence uq. u\ are homotopic in B. □ 

A set U C B is transport-simple if two paths in U between the same points are 
homotopic within B. A space B is semi-locally simply connected if it has an open 
covering by transport-simple sets. We have just seen that this condition is implied 
by the existence of a simply connected covering. We call B transport-local , if B 
is path connected, locally path connected and semi-locally simply connected. 

(3.3.2) Theorem (Classification I). Let B be path connected, locally path connected 
and semi-locally simply connected. Then B is a transport space, i.e., T is an 
equivalence of categories. 


3.3. Classification of Coverings 71 


Proof. We begin by constructing a functor 

X : TRAg -* CO W B 

in the opposite direction. Let <!>: 11(5) —> SET be a functor. We construct an 
associated covering p — p(9)\ X(O) —> B. As a set, X(O) = <!>(£), and 

p(9) sends 9(h) to b. Let U be the set of open, path connected and transport- 
simple subsets of B. We define bundle charts over sets U e U. For b € U we 
define 

(pu.b- U x 9(b) -> p~ l (U). (u,z) h* <l>(in)z 

with some path w in U from b ion. By our assumption on U , the map (pup is well- 
defined, i.e., the choice of w does not matter. By construction, (pup is bijective. 
We claim: There exists a unique topology on T(T>) such that the <fup °f this type 
are homeomorphisms onto open subsets. By general principles of gluing, we have 
to verify that the transition maps 

<Pv) c o (pup : ( U n V) x 9(b) -+ ( U n V) x 9(c) 

are homeomorphisms. Let x e U D V and let IT C U Cl V be an open, path 
connected neighbourhood of x. Let u x be a path from b to x inside U, and v x a 
path from c to x inside V. Then for all y € W 


<Pv}c ° <Pu,b(y, z) = <P V }c ° <Pu,b( x > z )> 

because in order to define (pu,b(y , z ) we can take the product of u x with a path w y 
in W from x to y, and similarly for (pv,c, so that the contribution of the piece w y 
cancels. This shows that the second component of cpy 1 o (pup is on W x 9(b) 
independent of x e W. The continuity of the transition map is a consequence. 

If a : <f>i —>• d> 2 is a natural transformation, then the morphism 

X(a): X(90 -+ X(9 2 ), x e 9i(b ) a(x) e 9 2 (b), 

induced by a , is continuous with respect to the topologies just constructed and 
hence a morphism of coverings. The continuity of X(a) follows from the fact, that 
bundle charts 9up for T(O i) and X(9 2 ) transform X(a) into 

id xa(b): U x U x 9 2 (b). 

This finishes the construction of the functor X: TRAg —> COWb- 

We now show that the functors T and X are mutually inverse equivalences of cat¬ 
egories, i.e., that X T and TX are naturally isomorphic to the identity functor. From 
our constructions we see immediately a canonical homeomorphism p: X(T (/;)) = 
E(p) over B for each covering p: E(p) —>• B, namely set-theoretically the iden¬ 
tity. We have to show that p is continuous. Let v e Fb C X(T(p)). Let IT be a 
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neighbourhood of v in E(p). Then there exists an open neighbourhood V C W of 
v in E ( p ) such that V is path connected and U = p(V) € XL. Let b — p ( v) . Then 
we have the bundle charts (fu,b^ nnd W — <Pu,b(U x v) is a neighbourhood of v in 
X(T(p)). From the construction of cpu, v we see that p( IV) C V. This shows the 
continuity at v. It is easily verified that the homeomorphisms p constitute a natural 
transformation. Conversely, we have to verify that the transport functor of /?(<£) 
is <t>. Using the bundle charts (pu,h this is first verified for paths in U. But each 
morphism in 11(5) is a composition of morphisms represented by paths in such 
sets U. □ 

Fix b e 5. A canonical functor is the Hom-functor 11(5, —) of the category 
11(5). Let p b : E b —>• 5 denote the associated covering. We still assume that 5 is 
transport-local. The automorphism group nj, = 11(5, b) of b in 11(5), the opposite 
fundamental group it\ (5, b), acts on E b fibrewise from the right by composition of 
morphisms. The action is free and transitive on each fibre. Via our bundle charts it 
is easily verified that the action on E b is continuous. Thus p b is a right tt/,- principal 
covering. From (3.2.8) we see that E b is simply connected. Thus we have shown: 

(3.3.3) Theorem. The canonical covering p b : E b B associated to the Hom- 
fnnctor 11 (b, —) has a simply connected toted space. The right action ofTl(b. b ) on 
the fibres by composition of morphisms is the structure of a right principal covering 
on p b . □ 

Problems 

1. Let S be the pseudo-circle. The space S is simply connected. But S has non-trivial 
connected principal coverings. They can be obtained by a pullback along suitable maps 
S —> S 1 from Z/h- principal or Z-principal coverings of S 1 . In this sense S behaves like 
■S' 1 . We see that certain local properties of B are necessary in order that T is an equivalence. 

2. Let /: B —> C be a continuous map. The pullback p: X —> B of a covering q: Y —► C 
along / is a covering. Pulling back morphisms yields a functor/* = COV(/): COVc —^► 
COWb- The map / induces a functor II(/): 11(5) —>■ n(C), and composition with 
functors 11(C) —> SET yields a functor TRA(/): TRAc —>■ TRA a. These functors are 
compatible T, } o COV(/) = TRA(/) o T c : COV c -> TRA S . 


3.4 Connected Groupoids 

In this section the space 5 is assumed to be path connected. 

A functor 11(5) —»• SET is an algebraic object. The category of these functors 
has an equivalent description in terms of more familiar algebraic objects, namely 
group actions. We explain this equivalence. 

Let II be a connected groupoid (i.e. there exists at least one morphism between 
any two objects) with object set 5, e.g., II = 11(5) for a path connected space 5. 
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Let 11 (x , v) denote the set of morphisms x —> y and n = ji b — Y\(b,b), the 
automorphism group of b with respect to composition of morphisms. A functor 
F : IT —> SET has an associated set I' (b) with left 7r/,-action 

jib x F(b) -> F(b), (a, x) (->• F(a)(x). 

A natural transformation a: F —»• G yields a map a(b ): F(b) —*■ G(b) which is 
7r/,-cquivariant. In this manner we obtain a functor 

Sb ■ [IT SET] —»• tt/,-SET 

from the functor category of functors n -> SET into the category of left 7r/,-sets 
and equivariant maps. 

We construct a functor rjb in the opposite direction. So let A be a Ji b - set. The 
Hom-functor n (b, ?) is a functor into the right jt /,-sets, namely Jib acts on n (b, x) 
by composition of morphisms. These data yield the functor 0(A) = Y\(h. ?) x n A. 
(Elere again A x n B denotes the quotient of A x B by the equivalence relation 
(ag.b) (a, gb), (a, g,b) e A x n x B for left ^--sets A and right rr-sets B.) A 
Jib -map /: A —>■ B induces a natural transformation <f>( / ): 0(A) —>• O (B). This 
finishes the definition of rjb. 

(3.4.1) Proposition. The functors Sb and rjb are mutually inverse equivalences of 
categories. 

Proof. The composition Sbtjb associates to a 7r/,-sct A the 7r/,-sct Tlfb.b) x„ A, 
with Tib -action g • (f,z). The isomorphisms 

i A \ U(b.b) x n A -> A, (fz)h^f-z 

form a natural equivalence i : £/, r//, ~ Id. 

The composition r)b£b associates to a functor F: II —>■ SET the functor 
U(b, —) x„ F(b). The maps 

Pf&): Tl(b.x) x F(b) -> F(x), (. fz ) ^ F(f)z 

form a natural transformation, i.e., a morphism ftr : rjb £ b(F) * F in [n, SET]. 
Since II is a connected groupoid, the ftp (x) are bijective, and therefore constitute 
an isomorphism in the functor category. The ftp ate a natural equivalence 
ft ■ rjb £ b — Id. □ 

In our previous notation TRAg = [11(5), SET]. From (3.3.2) and (3.4.1) 
we obtain for each transport-local space an equivalence of categories COWb — 
7T/,-SET, the composition of the transport functor T with e*. It associates to a 
covering p\ E ^ B the 7r/,-set If. The inverse equivalence associates to a 7r/,-sct 
A the covering 


X(Tj b A) = U xeB n (B)(b,x) A -> B. 
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It is the covering E b A —x B associated to the ^-principal covering (3.3.3). 

Let p.E^-B be a right G -principal covering with path connected B. Then 
we have the functors 

G- SET COVg —^ TRAg n b - SET. 

The composition associates to a G-set F the 777 ,-set F b Xg F, where the 777 ,-act ion 
is induced from the left n b -action on F b . 

Now suppose in addition that E is simply connected. Then we have a bijection 
(p£ : F — > F b X(j F , z hx [x, z] for a fixed x e F b as well as the isomorphism 
Yx ■ tt b —■* G, see (3.2.10). The relation y x (a) ■ z = a • [x, z] holds. So if we view 
G-sets via y x as Tr^-sets, then the above composition of functors is the identity. 
Thus we have shown: 

(3.4.2) Proposition. Let p: E —> B be a simply connected G -principal covering. 

Then A(p ) is an equivalence of categories if and only if T is an equivalence of 
categories. □ 

(3.4.3) Theorem. The following properties of B are equivalent: 

(1 ) B is a transport space, i. e., T is an equivalence of categories. 

(2) B has a universal right G-principal covering p : E —»■ B with simply con¬ 
nected total space E. 

Proof. (1) =7 (2). Since s b o T is an equivalence of categories, each object of 
rt b - SET is isomorphic to an object in the image of e b o T. Thus there exists a 
covering p.E^B such that its 7 r/,-sct F b is isomorphic to the 777 ,-set n b . By 
another property of an equivalence of categories, the morphisms p —»■ p correspond 
under e b oT bijectively to the 7r/,-maps F b F b . The n b -morphisms ir b n b 
are the right translations by elements of n b . Thus n b acts simply and transitively 
on E. From (3.2.8) we see that E is simply connected. 

The left action of the automorphism group Aut(p) on E is properly discon¬ 
tinuous and the induced action on each fibre is transitive. If we rewrite this as 
a right action of the opposite group G, we obtain a right G-principal covering. 
Proposition (3.4.2) now says that p is universal. 

(2) =>■ (1) is a consequence of (3.4.2). □ 

From a geometric view point the interesting coverings are those with connected 
total space. 

Let —x 5 be a universal right G-principal covering. A left G-set A is 

the disjoint sum of its orbits. We have a corresponding sum decomposition of the 
total space E xg A into the sum of E xq C, where C runs through the orbits 
of A. An orbit is a transitive G-set and isomorphic to a homogeneous set G/H 
for some subgroup H of G. The homeomorphism E Xg G/H = E/H shows 
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that the summands E xg C are path connected. The action of II on E is properly 
discontinuous and therefore E — E/H an //-principal covering. Also the induced 
map Ph' E/H B is a covering. 

The category of homogeneous G-sets and G-maps is the orbit category Or(G) 
of G. The sets G/K and G/L are isomorphic if and only if the subgroups K and L 
are conjugate in G. The isotropy groups of G/H are conjugate to H. The inclusion 
of the subcategory Or(G) into the category of transitive G-sets is an equivalence. 

Let p . E —>• B be a universal right G -principal covering with simply con¬ 
nected E. Then the functor A(p) induces an equivalence of Or(G) with the cate¬ 
gory of connected coverings of B. Each covering is thus isomorphic to a covering 
of the form pn : E/H —> Z? for a subgroup H of G. 

We fix z e p~ x (b) C E and obtain an isomorphism 5 Z : G — n\(B,b). It 
sends g e G to the loop [p o w g ] where w g : I —> E is a path from z to zg~ l . 

Let q : X —> B be a connected covering. We know that the induced homomor¬ 
phism p* : 7i i (X, x) —> Ti\ (B, b) is injective. The image is called the characteris¬ 
tic subgroup C(p, x) of p with respect to x. Let u : / —> X be a path from x to 
y e p~ l (b). Then w — pu is a loop and C(p,y) = [w\C{p,x)[w]~ l , thus dif¬ 
ferent base points in p~ x (b) yield conjugate characteristic subgroups. Conversely, 
each subgroup conjugate to C(p , x) arises this way. 

We apply this to the covering pu with z = zH e E/H. Then 

(. Ph)*(jti(E/H,z ) = 8 Z (H) = C(p H ,z). 

We collect the results in the next theorem. 

(3.4.4) Theorem (Classification II). Let B be a transport space. The category of 
connected coverings of B is equivalent to the orbit category Or(7Ti (B,b)). The 
isomorphism class of a connected covering q : X -x B corresponds under this 
equivalence to the isomorphism class of tti(B , b) / C {q. x) for any x € p~ l (b). 
The isomorphism class of a connected covering is determined by the conjugacy 
class of its characteristic subgroup. □ 


Problems 

1. The automorphism group of pu : E/H —>■ B is NH/H , where NH denotes the normal- 
izer of H in ic\ (B , b). The covering is a principal covering (also called regular covering), 
if and only if H is a normal subgroup of jti {B, b). 

2. The connected coverings of S 1 are, up to isomorphism, the maps p n : z z n for n e N 
and p\ R —> S 1 , t i-> exp(2jn t ). These coverings are principal coverings. 

3. Let B be a contractible space. Is the identity id: B ^ B a universal G-principal covering 
for the trivial group G? 
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3.5 Existence of Liftings 


The following theorem (3.5.2) is interesting and important, because it asserts the ex¬ 
istence of liftings under only the necessary algebraic conditions on the fundamental 
groups. 

(3.5.1) Lemma. Let w o and w i be paths in E beginning in x. Let Uj = put,. 
Then iuo(l) = u>i(l) if and only ifuo(l) — u i(l) and [mo * uf] is contained in 
p*7ti(E,x). 

Proof. If tt>o(l) = uh(l), then p*[wo * u)j“] = [uo * uf]. Conversely: We lift 
Mo *tii with initial point x. Since [m 0 *m^] e p*Jti(E,x) there exists a loop which 
is homotopic to m 0 * u j", and which has a lifting with initial point x. By (3.2.9), 
Mo * u~ itself has a lifting as a loop. Therefore Mo and Mi have liftings with initial 
point x and the same end point. These liftings are then necessarily u>o and w i. □ 

(3.5.2) Theorem. Let p: E —»• B be a covering. Suppose Z is path connected 
and locally path connected. Let f: Z —»• B be a map with f(z) — p(x). Then 
there exists a lifting <&: Z —>• E of f with 0(2) = x if and only if f*Tti(Z, z) is 
contained in p*ni(E , x). 

Proof. If a lifting exists, then the inclusion of groups holds by functoriality of jt\. 

Suppose /*7n(Z,z) C p*7ti(E, x). We begin by constructing $ as a set map. 
Then we show its continuity. 

Let z 0 e Z. There exists a path w from z to z 0 . Let v: I —> E be a lifting of 
/ w starting in x. We want to define $ by Olz) = v (1). Let w\ be another path 
from z to zo and ui a lifting of fw\ starting in x. Then 

pv( 1) = fw( 1) = /(z 0 ) = fwi(\) = pvi( 1); 


moreover 

[pv * pvf] = f*[w * iuj“] e p*tti{E,x). 

By (3.5.1) we have u(l) = i>i(l); this shows that O is well-defined if we set 
<f>(2) = u(l). 

Continuity of $. Let U be an open neighbourhood of <f>(i 0 ), such that p is trivial 
over p(U) = V. and let p: U ^ V have the inverse homeomorphism q : V —>■ U. 
Let IT be a path connected neighbourhood of zq such that / ( W) C V. We claim 
<f>(IL) C U. Let zi e W and let ici be a path in W from zo to z\. Then w * W\ 
is a path from z to z\, and V\ = v * qfwi a path with pv\ = f o (w * wti) and 
uj(0) = x. Thus t>i(l) e U. □ 

(3.5.3) Theorem. Let X be a topological group with neutral element x and let 
p: E —* X be a covering with path connected and locally path connected E. For 
each e e p~ l (x) there exists a unique group structure on E which makes E into a 
topological group with neutral element e and such that p is a homomorphism. 
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Proof. Construction of a group structure on E. Let m: IxI-^Ibe the group 
multiplication. We try to find M : E x E —> £ as a lift m (p x p) along p with 
M(e , e) — e. This can be done, by (3.5.2), if m*{p x p)*n\(E x E) C p*n\(E). 
This inclusion holds, since (using (2.7.3)) 

m*(/>x/?)*[(ini, w 2 )] = [pw v pw 2 \ = = [ p(wi*w 2 )] = p*[wi*w 2 ]. 

From the uniqueness of liftings one shows that M is associative. In a similar manner 
we see that (passage to) the inverse in X has a lifting to E, and uniqueness of liftings 
shows that the result is an inverse for the structure M. □ 

A well-known result of Hermann Weyl is that a compact, connected, semi-simple 
Lie group has a finite simply connected covering. See [29, V.7] about fundamental 
groups of compact Lie groups. The group O (n) has two different two-fold coverings 
which are non-trivial over SO(«). They are distinguished by the property that the 
elements over the reflections at hyperplanes have order 2 or 4 (n >1). We will see 
that 7i] (SO( 11 )) = Z/2 for n > 3. The corresponding simply connected covering 
groups are the spinor groups Spin(n); see e.g., [29, 1.6]. 

We repeat an earlier result in a different context. We do not assume that B has 
a universal covering. 

(3.5.4) Proposition. Let B be path connected and locally path connected. Cover¬ 
ings pi : (X i , x,) —> (B , b ) with path connected toted space are isomorphic if and 
only if their characteristic subgroups are conjugate in Ti] ( B. b). 

Proof. Since C{p\. x\ ) and C(p 2 . x 2 ) are conjugate we can change the base point 
x 2 such that the groups are equal. By (3.5.2), there exist morphisms f\ : (Xi,xi) —>■ 
(X 2 ,x 2 ) and f 2 : (X 2 ,x 2 ) (X] , x\), and since / 2 /i(xi) = x u fif 2 (x 2 ) = x 2 

both compositions are the identity. 

By functoriality of ji \ we see that isomorphic coverings have conjugate charac¬ 
teristic subgroups. □ 

Problems 

1. We have given a direct proof of (3.5.2), although it can also be derived from our previous 
classification results. The existence of a lift <E> is equivalent to the existence of a section in 
the covering which is obtained by pullback along /. The n\ (Z, reaction on the fibre £& 
of the pullback is obtained from the tt\ ( B , fe)-action via /* : jt\ (Z, z) —> n\ (B, b). The 
existence of a section is equivalent to Ef, having a fixed point under the n\ (Z, z)-action. 
If the inclusion of groups holds as in the statement of the theorem, then a fixed point exists 
because the image of p * is the isotropy group of the jt\(B, fo)-action. 

2. Let p: E —> B be a covering with path connected and locally path connected total space. 
The following are equivalent: (1) Aut(/>) acts transitively on each fibre of p. (2) Aut(/>) 
acts transitively on some fibre of p. (3) The characteristic subgroup is normal in n\ ( B. b). 
(4) p is an Aut(p)-principal covering. 
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3.6 The Universal Covering 

We collect some of our results for the standard situation that B is path connected, 
locally path connected and semi-locally simply connected space. Let us now call a 
covering p\ E —> B a universal covering if E is simply connected. 

(3.6.1) Theorem (Universal covering). Let B be as above. 

(1) There exists up to isomorphism a unique universal covering p : E -a B. 

(2) The action of the automorphism group Aut(/t) on E furnishes p with the 
structure of a left Aut (p)-principal covering. 

(3) The group Aut(p) is isomorphic to tt\{B, b). Given x € (h), an isomor¬ 

phism i x : Aut( p) —> iti(B.b) is obtained, if we assign to a e Aut(p) the 
class of the loop pw for a path w from x to a(x). 

(4) The space E b is simply connected. 

Proof. (1) Existence is shown in (3.3.3). Since B is locally path connected, the 
total space of each covering has the same property. Let pj: If -a B be simply 
connected coverings with base points A', e pf A (b). By (3.5.2), there exist mor- 
phisms a: p\ -»• p 2 and ft: p 2 -»• p\ such that qt(jci ) = x 2 and f(x 2 ) = X\ . By 
uniqueness of liftings, af and fa are the identity, i.e., a and f are isomorphisms. 
This shows uniqueness. 

(2) By (3.1.8), the action of Aut (p) on E is properly discontinuous. As in (1) one 
shows that Aut( p) acts transitively on each fibre of p. The map Aut (p)\E B, 
induced by p, is therefore a homeomorphism. Since E Aut( p)\E is a principal 
covering, so is p. 

(3) Since E is simply connected, there exists a unique homotopy class of paths 
w from x to a(x). Since x and a(x) are contained in the same fibre, pw is a loop. 
Therefore l x is well-defined. If we lift a loop u based at h to a path w beginning 
in x, then there exists a e Aut(p) such that a(x) = w(l). Hence i x is surjective. 
Two paths starting in x have the same end point if and only if their images in B are 
homotopic. Hence i x is injective. If v is a path from x to a(x) and w a path from 
x to f(x), then v * fw is a path from x to af(x). Hence i x is a homomorphism. 

(4) is shown in (3.3.3). □ 

(3.6.2) Theorem (Classification III). Suppose that B has a universal covering 

p: E B. Then p is a n\{B, b)-principal covering. Each connected cover¬ 
ing of B is isomorphic to a covering of the form E/H —> B, H C n\{B,b) a 
subgroup. This covering has H as a characteristic subgroup. Two such cover¬ 
ings are isomorphic if and only if the corresponding subgroups of Tti(B.b) are 
conjugate. □ 
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Problems 

1. The product S 1 is not semi-locally simply connected. 

2. Is the product of a countably infinite number of the universal covering of S 1 a covering? 

3. Identify in S 1 the open upper and the open lower hemi-sphere to a point. The resulting 
space X has four points. Show n\ (X ) ^ Z. Does X have a universal covering? 

4. The quotient map p: IR" —*■ R”/Z” is a universal covering. The map q: R" —> T n , 
(xj ) i->- (exp 2jt ixj) is a universal covering of the n -dimensional toms T n = S 1 x • ■ ■ x S 1 . 
Let / : T n —> T n be a continuous automorphism, and let F : R" —> R" be a lifting of fq 
along q with F(0) = 0. The assignments x i-> F(x ) + F(y) and x i-> F(x + y) are liftings 
of the same map with the same value for x = 0. Hence F(x + y) = F(x) + F(y). From 
this relation one deduces that F is a linear map. Since F( Z' ! ) C Z", the map F is given 
by a matrix A e GL„(Z). Conversely, each matrix in GL„(Z) gives us an automorphism 
of T n . The group of continuous automorphisms of T n is therefore isomorphic to GL„ (Z). 

5. Classify the 2-fold coverings of S 1 V S ’ 1 and of S 1 V S 1 vS 1 . (Note that a subgroup of 
index 2 is normal.) 

6 . The L-fold (k e IN) coverings of S 1 V 5 1 correspond to isomorphism classes of it = 

jtUS 1 V S 1 ) = (w) * (u)-sets of cardinality k. An action of jt on (1.A:} is determined 

by the action of u and v, and these actions can be arbitrary permutations of {1 




Figure 3.1. The 3-fold regular coverings of S 1 V S 1 . 


Hence these actions correspond bijectively to the elements of 5* x S/c (Sk the symmetric 

group). A bijection a of {1. k} is an isomorphism of the actions corresponding to (m, v) 

and (t/, v') if and only if a~ 1 u'a = u,ot~ 1 v'a = v. The isomorphism classes of A-fold 
coverings correspond therefore to the orbit set of the action 

Sk x ( S/c x S/c ) —> Sk x Sk, (a, u, v ) i-> (awa -1 , and! -1 ). 

Consider the case A: = 3 and ^3 = (A,B \ A 3 = 1 , B 2 = 1 ,BAB~ l = A -1 }. The 
three conjugacy classes are represented by 1, A, B. We can normalize the first component 
of each orbit correspondingly. If we fix u, then the centralizer Z(u) of u acts on the second 
component. We have Z( 1) = S 3 , Z(B ) = {1, B}, and Z(A) = {1, A, A 2 }. This yields the 
following representing pairs for the orbits: 


(1,1), (1, A)cn, (1 ,B), 

(A,l)cn, (A, A)cn, (A,A 2 )cn, (A,B)c, 

(B, 1), (. B,A)c , (B,B), (B, AB)c. 
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The transitive actions (which yield connected coverings) have the addition c, the normal 
subgroups (which yield regular coverings) have the addition n. 

Draw figures for the connected coverings. For this purpose study the restrictions of the 
coverings to the two summands S 1 ; note that under restriction a connected covering may 
become disconnected. Over each summand one has a 3-fold covering of S 1 ; there are three 
of them. 

7. Classify the regular 4-fold coverings of S 1 V S 1 . 

8 . The Klein bottle has three 2-fold connected coverings. One of them is a torus, the other 
two are Klein bottles. 

9. Let X be path connected and set Y = X x I/X x 97. Show n\ (Y ) = Z. Show that Y 
has a simply connected universal Z-principal covering. Is Y always locally path connected? 

10. Construct a transport space which is not locally path connected. 

11. The space R" with two origins is obtained from R" + R" by identifying x / 0 in the 
first summand with the same element in the second summand. Let M be the line with two 
origins. Construct a universal covering of M and determine n\(M). What can you say 
about 7T i of R" with two origins for n > 1? 

12. Make the fundamental groupoid Tl(7?) into a topological groupoid with object space B. 
(Hypothesis (3.6.1). Use (14.1.17).) 

13. Let X be a compact Hausdorff space and H(X) the group of homeomorphism. Then 
H{X) together with the CO-topology is a topological group and H(X) x X —> X, (/, x) h>- 
/( x ) a continuous group action. 

14. The space CiS 1 ,S 1 ) with CO-topology becomes a topological group under pointwise 
multiplication of maps. 

15. There are two continuous homomorphisms e: CiS 1 .S 1 ) —>■ S 1 , f i-> /(1) and 
d: COS 1 , S 1 ) —» Z, / i-> degree(/). Let M°{S 1 ) be the kernel of (e,d). Let fur¬ 
ther /„ : S 1 —> S 1 , z i-> z n . The homomorphism s: S 1 x Z —> C(S 1 , S 1 ), (a,n) af n 
is continuous. The map 

M^S 1 ) x (S 1 x Z) -► C^.S 1 ), (/, (a ,«)) f-s(a,n) 

is an isomorphism of topological groups. The space M°(S 1 ) is isomorphic to the space V 
of continuous functions <j>\ R —> R with <p( 0) = 0 and <p(x + 2jt) = <p(x) or, equivalently, 
to the space of continuous functions a : S 1 —>■ R with a(l) = 0. The space V carries the 
sup-norm and the induced CO-topology. 

16. Let M(S X ) be the group of homeomorphisms S l —> S 1 of degree 1 with CO-topology. 
Each A e S l yields a homeomorphism f\ \ z k> Ax. In this way S 1 becomes a subgroup 
ofA7(S 1 ). Let M\ (S 1 ) be the subgroup of homeomorphisms / with/(l) = 1. Then 

S 1 x MiiS 1 ) ^ MiS 1 ), (X,h) t-*- /a o h 

is a homomorphism. The space Mi (S 1 ) is homeomorphic to the space H of homeomorphism 
/: [0,1] —>■ [0, 1] with /(0) = 0. The space H is contractible; a contraction is ft(x) = 
(1 — t)f(x) + tx. Therefore the inclusion S 1 —>■ MjS 1 ) is an h-equivalence. The space 
HIS 1 ) of homeomorphisms of S 1 is h-equivalent to 0 ( 2 ). 


Chapter 4 

Elementary Homotopy Theory 


Further analysis and applications of the homotopy notion require a certain amount 
of formal consideration. We deal with several related topics. 

(1) The construction of auxiliary spaces from the basic “homotopy cylinder” 
X x I: mapping cylinders, mapping cones, suspensions; and dual construc¬ 
tions based on the “path space” X 1 . These elementary constructions are 
related to the general problem of defining homotopy limits and homotopy 
colimits. 

(2) Natural group structures on Hom-functors in TOP 0 . By category theory they 
arise from group and cogroup objects in this category. But we mainly work 
with the explicit constructions: suspension and loop space. 

(3) Exact sequences involving homotopy functors based on “exact sequences” 
among pointed spaces (“space level”). These so-called cofibre and fibre se¬ 
quences are a fundamental contribution of D. Puppe to homotopy theory 
[155]. The exact sequences have a three-periodic structure, and it has by now 
become clear that data of this type are an important structure in categories 
with (formal) homotopy (triangulated categories). 

As an application, we use a theorem about homotopy equivalences of mapping 
cylinders to prove a gluing theorem for homotopy equivalences. The reader may 
have seen partitions of unity. In homotopy theory they are used to reduce homotopy 
colimits to ordinary colimits. Here we treat the simplest case: pushouts. 


4.1 The Mapping Cylinder 

Let /: X —»• Y be a map. We construct the mapping cylinder Z = Z(/) of / 
via the pushout 


id +/ 

Z + Z- Ux + Y 


(*o/i) 


(j,J) 


x x i - > z(f) 


Z(f ) = Z x / + Y/f(x) ~ (x, 1), 
J(y) = y, j(x) = (x,0). 


Hereif(x) = (x,i). Since (io, i\) is aclosed embedding, the maps (j, J), j and/ 
are closed embeddings. We also have the projection q: Z(f) — Y,(x,t ) i->- /(x), 
y i-> y. The relations qj = / and qj = id hold. We denote elements in Z(/) by 
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their representatives in X x / + Y. 



Y 

fix) 


The map Jq is homotopic to the identity relative to Y. The homotopy is the 
identity on Y and contracts I relative 1 to 1. 

We thus have a decomposition of / into a closed embedding J and a homotopy 
equivalence q. From the pushout property we see: 

Continuous maps : Z(f) —> B correspond bijectively to pairs h: X x I —> B 
and a: Y —> B such that h (x . 1) = af (x). 

In the following we consider Z (/) as a space under X + Y via the embedding 
(inclusion) {j, J). We now study homotopy commutative diagrams 


z - 

-Ur 

1 " 

J/ 

4- 

X'- 

ff 4- 

——> y' 


together with homotopies O: fa ~ [if . In the case that the diagram is commu¬ 
tative, the pair (a, /3) is a morphism from / to f in the category of arrows in TOP. 
We consider the data (a, fi. | t>) as a generalized morphism. These data induce a 
map x = Z(a. f <T): Z(f ) —> Z(f') defined by 


x(y) = P(y)> y e x(x,s) 


(a(x),2s), x e X, s < 1/2, 
$ 2 j-iW, x e X, s > 1/2. 


The diagram 


X + Y -> Z(f) 

a+P ^Z(a,P,<S>) 

X I + Y' -> Z(/0 


is commutative. The composition of two such morphisms between mapping 
cylinders is homotopic to a morphism of the same type. Suppose we are given 
/". x n Y „ t a , . X’ x", f : Y' -+ Y", and a homotopy O': f"a’ ~ ff. 
These data yield a composed homotopy O' o $: f'a'a — [f ji f defined by 


(O' o 0) f = 


O f ° 

f ° 02 ? — 1 , 


t < 1/2, 
t > 1/2. 


(This is the product of the homotopies & t a and /TO,.) 
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(4.1.1) Lemma. There exists a homotopy 

Z(a', ft, $') o Z(a, yS. <D) ~ Z(a'a , ftp, O' o O) 
which is constant on X + Y. 

Proof. Both maps coincide on Y and differ on X x 7 by a parameter transformation 
of 7. □ 

We also change a and ft by a homotopy. Suppose given homotopies A ( : X —> 
X'andTF: Y —K' and a homotopy T': /'/l' ~ B* f. We assume, of course, that 
= (r')iscontinuousonXx7x7. We get a homotopy Z(A l , B r , T f ): Z(/) —>• 
Z(f') which equals A* + 7F: X + 7 —> X' + 7' on these subspaces. 

We use the fact that A‘, B r , O induce a homotopy P'. 

(4.1.2) Lemma. Suppose A‘ : B‘ with /l° = a. B () — ft and <t>: f'A° — B° f are 
given.Then there exists P' with F° = O. 

Proof. One applies a retraction Xxlxl^-Xx (37 x 7 U 7 x 0) to the map 
y: Xx(37x7U7xO) —»• Y' defined by y(x, s, 0) = d>(x, s), y(x, 0, t) = f'A t {x) 
and y(x, 1, t) — B'f{x). □ 

Suppose now that X" = X, Y" = Y, f" = / and a'a ~ id, ftp ~ id, 
fa' — P' ft. We choose homotopies 

A‘: a'a ~ id, : ftp ~ id, O': /a' ~ ft ft. 

As before, we have the composition O = $'o$. We use (4. 1 .2) to find a homotopy 
with f° = O and T': //I' ~ B' f . Let ri be the inverse homotopy of T 1 . 
Let £2 = Z(\x , ly, ri) o Z(a', O'): Z(/') —> Z(/); this morphism restricts 

to a' + ft\ X' + Y' -* X + Y. 

(4.1.3) Proposition. There exists a homotopy from Q o Z(q!, /). O) to the identity 
which equals ((k * A 1 ) * k + (k * B ( ) * k) on X + Y; here k denotes a constant 
homotopy. 

Proof. By (4.1.1) there exists a homotopy relative to X + Y of the composition in 
question to Z(ly, ly, Fi) o Z(a'a, ft p, O). By (4.1.2) we have a further homo¬ 
topy to Z( lx, ly, ri) oZ(l x . ly, T 1 ), which equals A‘ + B 1 on X + Y , and then 
by (4.1.1) a homotopy to Z(ly, ly, ri o T 1 ), which is constant on X + Y. The 
homotopy ri o T 1 : / ~ / is homotopic relative to X x 37 to the constant homo¬ 
topy kf of /. We thus have an induced homotopy relative X + Y to Z (1 y. I y, kf ) 
and finally a homotopy to the identity (Problems 1 and 2). □ 

(4.1.4) Theorem. Suppose a and f are homotopy equivalences. Then the map 
Z(a, f. O) is a homotopy equivalence. 
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Proof. The morphism in (4.1.3) has a right homotopy inverse. We can apply 
(4.1.1) and (4.1.3) to G and see that Q also has a left homotopy inverse. Hence 
£2 is a homotopy equivalence. From Q o Z(a. fl. <t>) ~ id we now conclude that 
Z(a, fi, O) is a homotopy equivalence. □ 

Problems 

1. Suppose O and 4< are homotopic relative to X x 3/. Then Z(a, fi, 4>) and Z(a, fi, 4') are 
homotopic relative to X + Y. 

2. In the case that fa = fif we have the map Z(a,fi): Z{f) —> Z(f') induced by 
a x id +fi. Let k be the constant homotopy. Then Z(u, fi,k) ~ Z(a, fi) relative to X + Y. 

3. Let [<f>] denote the morphism in I1(X, Y') represented by 4>. We think of (a, fi, [<&]) 
as a morphism from a to fi. The composition is defined by (a', fi', [<J> / ]) o (a, fi, [<f>]) = 
(a'a, fi'fi, [4>' o 4>]). Show that we obtain in this manner a well-defined category. (This 
definition works in any 2-category.) 


4.2 The Double Mapping Cylinder 

Given a pair of maps /: A —»• B and g: A C. The double mapping cylinder 

f s 

Z(f g) = Z(B < — A —C) is the quotient of B + A x I + C with respect to 
the relations f(a) ~ (a, 0) and (a, 1) ~ g(a) for each a e A. We can also define 
it via a pushout 

i + + c 

(io4i) J^< To.yT) 

Ax I -> Z(fg). 

The map (jo,ji) is a closed embedding. In the case that / = id(H), we can 
identify Z(id(H), g) = Z(g). We can also glue Z( f) and Z(g) along the common 
subspace A and obtain essentially Z( f,g) (up to / U{ 0 ) / = /). A commutative 
diagram 


B < 

/ 

A 

#ic 

[P 


1 “ 

[y 

B' ^ 

f 

-A! - 

g' 


induces Z(/3, a, y): Zff, g) —»• Z{f , g'), the quotient of f + a x id +y. We can 
also generalize to an h-commutative diagram as in the previous section. 

(4.2.1) Theorem. Suppose fi, a, y are h-equivalences. Then Z(fi,a,y) is an 
h-equivalence. 
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In order to use the results about the mapping cylinder, we present Z(f,g), 
up to canonical homeomorphism, also as the pushout of j A : A —> Z(/) and 
j B : A —*■ Z(g). Here the subspace Z(/) corresponds to the image of B + A x 
[0,1/2] in Z(f g) and Z(g) to the image of A x [1/2,1] + C. We view Z(f g) 
as a space under B + A + C. If we are given homotopies A > B : fa — ftf, 
$ c : g'a — yg, we obtain an induced map 

* = Z(a, ft. 4> B ) LU Z(a, y, <D C ): Z(f g ) Z(/', g') 

which extends ft + a + y. 

(4.2.2) Theorem. Let a be an h-equivalence with h-inverse a' and suppose ft and y 
have left h-inverses ft'.y'. Choose homotopies A 1 : a'a — id, B *: ft'ft — id, 
C { : y'y — id. Then there exists £2: Z( fftg') —> Z( f,g) and a homotopy from 
£2 o vp to the identity which extends ((k * B‘) * k + (k * A 1 ) * k + (k * C l ) * k). 

Proof. The hypotheses imply ft' f — fa. and y'g' — ga. We can apply (4.1.3) 
and find left homotopy inverses Li B of Z(a. ft. <t> B ) and f2 c of Z{a. y. <t> c ). Then 
f2 = Q b Da £2 c has the desired properties. □ 

Theorem (4.2.1) is now a consequence of (4.2.2). The reasoning is as for (4. 1 .4). 
In general, the ordinary pushout of a pair of maps /, g does not have good homo¬ 
topy properties. One cannot expect to have a pushout in the homotopy category. A 
pushout is a colimit, in the terminology of category theory. In homotopy theory one 
replaces colimits by so-called homotopy colimits. We discuss this in the simplest 
case of pushouts. 

Given a diagram 

Io^I+ 

, 1 7+ 0) 
X- —--5- X 

and a homotopy h : /_/_ ~ j + f + . We obtain an induced map (p : Z(/_,/+) —X 
which is the quotient of ( /_, h , /+): X- + Xo x / + X+ —*■ X. We define: 
The diagram (1) together with the homotopy h is called a homotopy pushout or 
homotopy cocartesian if the map (p is a homotopy equivalence. This definition is 
in particular important if the diagram is commutative and h the constant homotopy. 

Suppose we have inclusions f±\ X o C X± and j ±: X± C X such that X — 
X- U X+. In the case that the interiors Xft cover X, the space A is a pushout in the 
category TOP. In many cases it is also the homotopy pushout; the next proposition 
is implied by (4.2.4) and (4.2.5). 

(4.2.3) Proposition. Suppose the covering X± of X is numerable (defined below). 
Then X is the homotopy pushout of f±: X o C X±. 
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For the proof we first compare Z(/_, /+) with the subspace N(X-, X+) = 
X- xOUIqx/U X+ x 1 of X x I . We have a canonical bijective map 
a: Z(f-,f+) N(X-,X + ). Both spaces have a canonical projection to X 

(denoted pz, Pn)> and a is a map over X with respect to these projections. 

(4.2.4) Lemma. The map a is an h-equivalence over X and under X±. 

Proof. Let y : I —> I be defined by y(t) — 0 for t < 1/3, y(t) = 1 for t > 2/3 
and y(t) = 3f — 1 for 1/3 < t < 2/3. We define f>: N(X-X + ) —> Z(f ./+) 
as id(A'o) x y on X 0 x / and the identity otherwise. Homotopies af> ~ id and 
fa ~ id are induced by a linear homotopy in the /-coordinate. The reader should 
verify that ft and the homotopies are continuous. □ 

The covering X± of X is numerable if the projection p,\r has a section. A 
section a is determined by its second component s: X —>■ [0,1], and a function of 
this type defines a section if and only if X \ X- C 5 _1 (0), X \ X+ C i _1 (l). 

(4.2.5) Lemma. Suppose pn has a section o. Then p n is shrinkable. 

Proof. A homotopy a o p N ~ id over X is given by a linear homotopy in the 
/-coordinate. □ 

(4.2.6) Corollary. Suppose the covering X± is numerable. Then pz is shrinkable. 

□ 

(4.2.7) Theorem. Let ( X , X± ) and (Y. Y±) be numerable coverings. Suppose that 
F: X —> Y is a map with F(X±) C Y±. Assume that the induced partial maps 
F±: X± —> Y± and F () : X () —> Yq are h-equivalences. Then F is an h-equivalence. 

Proof. This is a consequence of (4.2.1) and (4.2.6). □ 

The double mapping cylinder of the projections I<-Txf -xf is called the 
join X * Y of X and Y. It is the quotient space of X x / x Y under the relations 
(x, 0, y) ( x , 0, y') and (x, 1. y) ~ (x 1 , 1, y). Intuitively it says that each point 
of X is connected with each point of Y by a unit interval. The reader should verify 
s m * s n ^ s m+n +1 . One can also think of the join as CX x Y Lfy x y X x CY 
where CX denotes the cone on X. 


4.3 Suspension. Homotopy Groups 

We work with pointed spaces. Each object in the homotopy groupoid II 0 (A, Y) 
for TOP 0 has an automorphism group. We describe the automorphism group of the 
constant map in a different manner. 
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A map A':Ix/->7isa pointed homotopy from the constant map to itself 
if and only if it sends the subspace A x 3/ U {x} x 7 to the base point y of Y. The 
quotient space 

SI = Ix 7/(A x 9/ U {x} x 7) 

is called the suspension of the pointed space (X, x). The base point of the suspen¬ 
sion is the set which we identified to a point. 



XA 


A homotopy K : X x 7 —> Y from the constant map to itself thus corresponds 
to a pointed map K : XX —> Y, and homotopies relative to X x 9/ correspond to 
pointed homotopies XX —> Y. This leads us to the homotopy set [X X, Y]°. This 
set carries a group structure (written additively) which is defined for representing 
maps by 


f + g: (x,0 


f{x,2t), t <\ 
g(x,2t — 1), \<t. 


(Again we consider the group opposite to the categorically defined group.) The 
inverse of [/] is represented by (x, t) i-»- /(x, 1 — t). For this definition we do not 
need the categorical considerations, but we have verified the group axioms. 

If /: X — > Y is a pointed map, then / x id(7) is compatible with passing to 
the suspensions and induces X/: X A —>• XT, (x, t) ha (/(x), t). In this manner 
the suspension becomes a functor X: TOP 0 —TOP 0 . This functor is compatible 
with homotopies: a pointed homotopy H t induces a pointed homotopy X (//, ). 

There exists a canonical homeomorphism i k + l — I k /dl k A I 1 /dl 1 
which is the identity on representing elements in I k+l = I k x I 1 . We have for 
each pointed space A canonical homeomorphisms 


(A A I k /dl k ) A I l /dl l = A A I k+l /dl k+l , S ? (E fe A) ^ T, k+l X. 


We define the fc-fold suspension by S*A = A A {I k /dl k ). Note that X”A is 
canonically homeomorphic to A x /"/A x 97” U {x} x 97". In the homotopy set 
[X* A, F]° we have k composition laws, depending on which of the 7-coordinates 
we use: 


(/ +/ g)(x,t) 


f(x,h,... ,ti-i,2ti,t i+ i,...), ti < 
g(x,h,...,ti-i,2ti - l,fi+i,...), \ < t t . 
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We show in a moment that all these group structures coincide and that they are 
abelian (n > 2 ). For the purpose of the proof one verifies directly the commutation 
rule (unravel the definitions) 

(a +i b) +2 (c +i d ) = ( a +2 c) +1 (b +2 d ). 


c 

d 

a 

b 


-► h 


( 4 . 3 . 1 ) Proposition. Suppose the set M carries two composition laws +j and 
+2 with neutral elements eSuppose further that the commutation rule holds. 
Then +1 = +2 = +, Ci = c 2 = c, and the composition + is associative and 
commutative. 

Proof. The chain of equalities 

a = a +2 c 2 = (ct +1 ci) +2 (ei +1 c 2 ) = {ft +2 ci) +1 (£1 +2 £2) 

= (a +2 Ci) +1 Ci = a +2 Ci 

shows that Ci is a right unit for + 2 . In a similar manner one shows that c 1 is a left 
unit and that e2 is a left and right unit for +1. Therefore e\ = ei +2 e2 = e 2 . The 
equalities a + 2 b — ( a +1 c) +2 (e +1 b) = (ci + 2 c) +1 (c + 2 6 ) = a +1 b show 
+1 = +2 = +■ From b + c = (e + b) + (c + e) = (e + c) + (b + e) = c + (1 
we obtain the commutativity. Finally a + (b + c) = (a + c) + (6 + c) = 
(a + b) + (e + c) = (a + 6 ) + c shows associativity. □ 

The suspension induces a map E*: [A, T]° —> [EA, ET]°, [/] h* [E/], also 
called suspension. If A — EX, then £* is a homomorphism, because the addition 
in [EX, Y ] 0 is transformed by E* into +1. 

Suppose X — S° — {±Ci} with base point ei. We have a canonical homeo- 
morphism 

I n /dl n E"S° ^ S° X I n /S° X a/" U ei X I n 

which sends x e I n to (—ei,x). 

The classical homotopy groups of a pointed space are important algebraic in¬ 
variants. The n-th homotopy group is 

n„ (X) = n H (X,x) = [I n /dI n ,X]° = [( 7 n ,a/ n ),(X,x)], n > 1. 

These groups are abelian for n > 2 . We can use each of the n coordinates to define 
the group structure. 
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4.4 Loop Space 

We now dualize the concepts of the previous section. Let (7, _y) be a pointed space. 
The loop space £27 of 7 is the subspace of the path space 7 1 (with compact-open 
topology) consisting of the loops in Y with base point y, i.e., 

£27 = {w e Y 1 | u>(0) = n>(l) = y}. 

The constant loop k is the base point. A pointed map /: Y —> Z induces a pointed 
map £2/: £27 —£2Z, u; m- f o w. This yields the functor £2: TOP 0 —TOP 0 . It 
is compatible with homotopies: A pointed homotopy H, yields a pointed homotopy 
£2// f . We can also define the loop space as the space of pointed maps F°(I / 3/ ,Y). 
The quotient map p : I —*■ I/dl induces Y p : Y — > Y ! and a homeomorphism 
F°(I/dl, Y) —»• £2 Y of the corresponding subspaces. 

(4.4.1) Proposition. The product of loops defines a multiplication 

m: £27 x £27 —£27, (m, v) i->- u * v. 

It has the following properties: 

(1) m is continuous. 

(2) The maps u (->• k * u and u i->- u * k are pointed homotopic to the identity. 

(3) m(m x id) and m (id xm) are pointed homotopic. 

(4) The maps u i-> u * u~ and it m- u~ * u are pointed homotopic to the constant 
map. 

Proof. (1) By (2.4.3) it suffices to prove continuity of the adjoint map 

£2T x £27 x I Y, (: u, v, t ) i-^- (u * v)(t). 

This map equals on the closed subspace £27x£2Fx[0,i] the evaluation ( u.v,t) h>- 
u(2t) and is therefore continuous. 

(2) Let h t : I —>• I, s i->- (1 — t)min(25,1) + t. Then £27 x I —^ £27, 
(u, t) i—> uh, is a homotopy from u u * k to the identity. Continuity is again 
proved by passing to the adjoint. 

(3) and (4) are proved in a similar manner; universal formulae for associativity 

and the inverse do the job. □ 

The loop product induces the m-sum on [ X , £27]° 

[/] +m [g] = [m °(f xg)od] 

with the diagonal d = (id. id): X X x X. The functors E and £2 are adjoint, 
see (2.4.10). We compose a map Y.X —>• 7 with the quotient map X x I —>■ EX. 
The adjoint X —> Y 1 has an image contained in £27. In this manner we obtain a 
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bijection between morphisms XX —> Y and X —>■ YlY in TOP 0 . Moreover, this 
adjunction induces a bijection [XX, T]° = [X, Q K] 0 , see (2.4.11). It transforms 
the /x-sum (see the next section) into the m -sum, and it is natural in the variables 
X and Y. 

In [XX, O T] 0 we have two composition laws + fL and + m . They coincide and 
are commutative. We prove this in a formal context in the next section. 

4.5 Groups and Cogroups 

We work in the category TOP 0 . A monoid in h-TOP° is a pointed space M together 
with a pointed map (multiplication) m : M x M —> M such that x m- (*, x) and 
x i—> (x, *) are pointed homotopic to the identity. Spaces with this structure 
are called Hopf spaces or H-spaces, in honour of H. Hopf [91]. In [X, M]° 
we have the composition law + m , defined as above for M = O Y ; the constant 
map represents the neutral element; and [—, M]° is a contravariant functor into the 
category of monoids. A monoid is a set together with a composition law with neutral 
element. An //-space is associative if m(m x id) ~ m(id xm) and commutative 
if m — mx with the interchange x(x, y) = ( y,x ). An inverse for an //-space 
is a map t: M —>■ M such that m(i x id)c/ and m (id xi)d are homotopic to the 
constant map ( d the diagonal). An associative H- space with inverse is a group 
object in / 7 -TOP 0 . By a general principle we have spelled out the definition in 
TOP 0 . The axioms of a group are satisfied up to homotopy. A homomorphism (up 
to homotopy) between //-spaces (M, m) and (N, n) is a map A: M —A such that 
/?(A xA) ~ Xm. A subtle point in this context is the problem of “coherence”, e.g., 
can a homotopy-associative //-space be h-equivalent to a strictly associative one 
(by a homomorphism up to homotopy)? 

The loop space (£2(X), m) is a group object in li- TOP 0 . 

One can try other algebraic notions “up to homotopy”. Let (M, m) be an as¬ 
sociative //-space and X a space. A left action of M on X in / 7 -TOP 0 is a map 
r:MxX-tX such that r(m x id) ~ r (id xr) and xh>r(*, x) is homotopic to 
the identity. 

A comonoid in h-TOP° is a pointed space C together with a pointed map 
(comultiplication) /x: C -x C V C such that pr, /x and pr 2 /x are pointed homotopic 
to the identity. In [C, T]° we have the composition law + /( defined as 

[/] +n L?] = [& 0 (/ v g) o /x] 

with the codiagonal (also called the folding map) 8 = (id, id): Y V Y Y. The 
functor [C, —]° is a covariant functor into the category of monoids. The comultipli¬ 
cation is coassociative up to homotopy if (id(C) V /x) o /x and (/x V id(C)) o p. are 
pointed homotopic; it is cocommutative up to homotopy if /x and t/x are pointed 
homotopic, with r: CvC —>• C V C the interchange map. Let (C, /x) and ( 1). v) be 
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monoids in h-TOP°; a cohomomorphism up to homotopy (p: C D is a pointed 
map such that (<p V cp)p and vcp are pointed homotopic. A coinverse l : C —>■ C for 
the comonoid C is a map such that <5(id Vt)/x and S(l V id )/x are both pointed ho¬ 
motopic to the constant map. A coassociative comonoid with coinverse in h-TOP° 
is called a cogroup in h-TOP°. Let (C, /x) be a coassociative comonoid and Y a 
space. A left coaction of C on Y (up to homotopy) is a map p: Y ->Cvf such 
that (id vp)p ~ (/x V id)p and pry p ~ id. 

The suspension EA is such a cogroup. We define the comultiplication 


/x i EA —-> EA V EA, /x — i\ ~\~ 12 


as the sum of the two injections i\, i 2 : SA — > EA V EA. Explicitly, /x(.x\ t) = 
(x, 2 1) in the first summand for t < and /x(x, /) = (x, 2/ — I) in the second 
summand for \ < t. 



The previously defined group structure on [EA, T]° is the /x-sum. 

(4.5.1) Proposition. Let (C, /x) be a comonoid and (M, m) a monoid in h-TOP°. 
The composition laws and + m in [C, M]° coincide and are associative and 
commutative. 

Proof. We work in h-TOP°, as we should; thus morph isms are pointed homotopy 
classes. We have the projections p^: M x M —>■ M and the injections i[: C —»• 
C vC. Given /: C vC -> MxM we set fki — PkfU ■ Then mf — Pif +mPif 
and fp. — fix + jL f i 2 . From these relations we derive the commutation rule 


(mf )/x — (/n /12) + m (/21 H-/x fn), 

— (/n + m /21) (/12 +m fn)- 


Now apply (4.3.1). 


□ 


Problems 

1. Let A be a pointed space and suppose that the Hom-functor [—, A] 0 takes values in the 
category of monoids. Then A carries, up to homotopy, a unique H -space structure m which 
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induces the monoid structures on [A, 7]° as + m . There is a similar result for Hom-functors 
[C, —]° and comonoid structures on C . 

2. Let S(k) = I k /dl k . We have canonical homeomorphisms 

£2* (7) = F°(S(k ), 7) ss F{(I k ,dI k ), (7, *)) and Q k £l l (Y) ^ £2 fc+/ (7). 

3. The space -F((7, 0), (7, *)) C 7 7 is pointed contractible. 

4. Let F 2 (FX) = {(m,u) e X 1 x X 1 | m(1) = u(0)}. The map /i 2 : F 2 (FX) -> 
7^(7, 7), (w, v) i-> w * v is continuous. 

5. Let F 3 (7, 7) = {(m, u, w) | m( 1) = u(0), u(l) = u>(0)}. The two maps 

/x 3 , p/ 3 : 7*^(7, 7) — F(I, 7), (m, u, w ) i->- (m * v) * w,u * (v * w) 

are homotopic over 7x7 where the projection onto 7 x 7 is given by ( u,v,w ) i-> 
(w(0),w(l)). 

6. Verify the homeomorphism F°(I /37, 7) = £27. 


4.6 The Cofibre Sequence 

A pointed map /: (7, *) —(7, *) induces a pointed set map 
/*: [Y,B]°^[X,B]°, [a]^[af]. 

The kernel of /* consists of the classes [a] such that af is pointed null homotopic. 
We work in the category TOP 0 and often omit "pointed” in the sequel. A homotopy 
set [7, B]° is pointed by the constant map. A base point is often denoted by *. 

CL 1 

A sequence A — > B — > C of pointed set maps is exact if a (A) = j$ (*). A 
f s 

sequence U —> V —> W in TOP 0 is called h-coexact if for each B the sequence 

[17, B]° [V, B]° — [W, B]° 

is exact. If we apply this to id(!7), we see that gf is null homotopic. 

A pointed homotopy X x I — >• B sends * x I to the base point. Therefore 
we use the cylinder XI = 7x//*x/in TOP 0 together with the embeddings 
i t \ X — XI, x 1 —> (x,t) and the projection p: XI —>• X, ( x,t ) x, and we 
consider morphisms XI —> Y in TOP 0 as homotopies in TOP 0 . 

The (pointed) cone C X over X is now defined asC7 = 7x//7x0U*x/ 
with base point the identified set. The inclusion i* = ; 1 : X —> CX, x (x, 1) 
is an embedding. The maps h: CX — > B correspond to the homotopies of the 
constant map to hi\ (by composition with the projection XI -x CX). 
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The mapping cone of / is defined as C(f) = CX V Y / (x. 1) fix), or, 
more formally, via a pushout 




We denote the points of C(f) by their representing elements in X x / + Y . The 
inclusionT C CX + Y induces an embedding f\ : Y —> C(/),andCX C CX + Y 
induces j : CX —C(/). The pushout property says: The pairs a : Y — B, 
h \ CX —>• 5 with af = hi\, i.e., the pairs of a and null homotopies of a/, 
correspond to maps ft : C(/) —> 5 with ftj = h. If [cy] is contained in the kernel 
of /*, then there exists /t: C(/) —>• 5 with [3j\ = a, i.e., [a] is contained in the 
image of /j*. Moreover, f\f : X —C(/) is null homotopic with null homotopy j. 


This shows that the sequence X 


C(f) is h-coexact. 


We iterate the passage from / to f\ and obtain the h-coexact sequence 


C(J\) 


Cih) 


The further investigations replace the iterated mapping cones with homotopy equiv¬ 
alent spaces which are more appealing. This uses the suspension. It will be impor¬ 
tant that the suspension of a space arises in several ways as a quotient space; certain 
canonical bijections have to be proved to be homeomorphisms. 

In the next diagram the left squares are pushout squares and p, p(f ), </(/) are 
quotient maps. The right vertical maps are homeomorphisms, see Problem 1. Now 
EX = CX/r'iX, by the identity on representatives. Therefore we view p, p(f ), 
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and q(f) as morphisms to EZ. 


X --- >CX --- >CX/i x X = EZ 

f j 

Y h > C(/) P(/> 1 C(/)//i 7 = EZ 

*t fi 

CY C(J\) C( f\ )/j] C Y = SZ 


(4.6.1) Note. The quotient map q(f) is a homotopy equivalence. 


Proof. We define a homotopy h t of the identity of C(/i) which contracts C Y along 
the cone fines to the cone point and drags CX correspondingly 


h t (x,s ) = 


(x, (1 + t)s), (1 + t)s < 1, 

(/(*). 2-(1 +t)s), (1 + t)s > 1, 


h t {y,s) = (y,(l -t)s). 


In order to verify continuity, one checks that the definition is compatible with the 
equivalence relation needed to define C(/i). The end h\ of the homotopy has the 
form s(f) o q( f) withs(/): £Z —»• C(/i), (x,s) h\(x,s). The composition 

q( f ) o s(f ): (x. s) i-> (x. min(2.y. 1)) is also homotopic to the identity, as we 
know from the discussion of the suspension. This shows that s(f) is h-inverse to 
q(f). □ 


We treat the next step in the same manner: 


C(f) C(f i) C(/ 2 ) 



EZ- > 'EY 

S(/)o, 


with an h-equivalence q(fi). Let i: EZ —> EZ, (x, t ) i-> (x, 1 — t) be the inverse 
of the cogroup EZ. The last diagram is not commutative if we add the morphism 
E/ to it. Rather the following holds: 

(4.6.2) Note. £(/)o t o q{f) ~ p(f{). 


Proof. By (4.6.1) it suffices to study the composition with s( f ). We know already 
that p{ fi)s(f): (x,j)i->- (/(x), min(l, 2(1— s)) is homotopic to £/oi: (x,i) i->- 
(/(x),l-s). □ 
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An h-coexact sequence remains h-coexact if we replace some of its spaces by 
h-equivalent ones. Since the homeomorphism i does not destroy exactness of a 
sequence, we obtain from the preceding discussion that the sequence 


X 


-> Y 


fi 


>C(f) 


P(f ) 


> EX 


£/ 


> E Y 


is h-coexact. 

We can continue this coexact sequence if we apply the procedure above to E/ 
instead of /. The next step is then (E/)i: E Y —C(E/). But it turns out that we 
can also use the suspension of the original map E(/i): E Y —> EC(/) in order to 
continue with an h-coexact sequence. This is due to the next lemma. 

(4.6.3) Lemma. There exists a homeomorphism z\ : C(E/) — > EC(/) which 
satisfies r, o (E f) x = E(/i). 

Proof. CEX and ECX are both quotients of X x 7 x 7. Interchange of 7- 
coordinates induces a homeomorphism r: CEX —*■ ECX which satisfies r o 
if x — E(zj^). We insert this into the pushout diagrams for C(E/) and EC(/) 
and obtain an induced t\. We use that a pushout in TOP 0 becomes a pushout again 
if we apply E (use ^-E-adjunction). □ 


We now continue in this manner and obtain altogether an infinite h-coexact 
sequence. 

(4.6.4) Theorem. The sequence 


X 


-> Y 


h 


*C(/) 


P(f) 


> EX 


s/ 


> ET 


->■ EC(/)-> £2 Z 


s 2 / 


A h-coexact. We call it the Puppe-sequence or the cofibre sequence of f ([155]). 
The functor , 7?]° applied to the Puppe-sequence yields an exact sequence of 
pointed sets; it consists from the fourth place onwards of groups and homomor- 
phisms and from the seventh place onwards of abelian groups. See [49] for an 
introduction to some other aspects of the cofibre sequence. □ 

The derivation of the cofibre sequence uses only formal properties of the ho- 
motopy notion. There exist several generalizations in an axiomatic context; for an 
introduction see [69], [101], [18]. 

Let / : X —>■ Y be a pointed map. Define p\ C{f) EX V C(f) by 
p(x,t) = ((x,2 1),*) for 2 1 < 1 , p(x,t) = (*,(x,2 1 — 1)) for 2 1 > 1 , and 
H(y) = y. This map is called the h-coaction of the h-cogroup EX on C(/). This 
terminology is justified by the next proposition. 
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C(f) 


u 


XX v C(/) 



(4.6.5) Proposition. The map jt induces a left action 


[£X, B]° x [C(/), B]° [EX v C(/), 5]° ^ [C(/), 5]°, (a, /?) ^ a Oj8. 

This action satisfies a\Q p{f)* ot 2 = p(.f)*(ot\a 2 ). Moreover, f*(/3 1 ) = ffifii) 
if and only if there exists a such that a Q = fi 2 - Thus f* induces an injective 
map of the orbits of the action. 

Proof. That pt* satisfies the axioms of a group action is proved as for the group 
axioms involving EX. Also the property involving p(f) is proved in the same 
manner. It remains to verify the last statement. 

Assume that /, g: C(f ) — > B are maps which become homotopic when re¬ 
stricted to Y. Consider the subspaces Co = {( x,t ) | 2t < 1} C C(f) and 
Ci = {(x,t) | 2t > 1} U Y C C(f ). These inclusions are cofibrations (see the 
next chapter). Therefore we can change / and g within their homotopy classes 
such that /|Co is constant and g\C\ — /|Ci. Then g is constant on Co D Ci. 
Therefore there exists h : EX V C(/) —> Y such that h/i = g and h\C(f) = f. 
Let k = /t|EX. Then [&] © [/] = [g]. Conversely, po (a,b) and h have the same 
restriction to Y. □ 


Problems 

1. Let the left square in the next diagram be a pushout with an embedding j and hence an 
embedding J. Then F induces a homeomorphism F of the quotient spaces. 


B 


> X 


-T Y 


SX/A 

i F 

A Y/B 


2. The map />(/)* : [EX, B]° —> [C(/), B}° induces an injective map of the left (or right) 
cosets of [EX, B]° modulo the subgroup Im E(/)*. 
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4.7 The Fibre Sequence 

The investigations in this section are dual to those of the preceding section. For 
the purpose of this section we describe homotopies B x I —> Y in a dual (adjoint) 
form B —> Y 1 as maps into function spaces. A pointed map /: ( X, *) — (Y, *) 
induces a pointed set map 

/*: [B.X}° ^[B.Y]f [a]»[fa]. 

f g 

A sequence U —> V —> W in TOP 0 is called h-exact, if for each B the sequence 

[B. L'f; [B , V]° [B. W]° 

is exact. If we apply this to id(C7), we see that gf is null homotopic. 

We need the dual form of the cone. Let F(Y) = {w e Y 1 \ w( 0) = *} be the 
space of paths which start in the base point of Y, with the constant path k*(t) = * 
as base point, and evaluation e 1 : FY —>• Y, w w;( I). Via adjunction we have 
F°(B, FY) = F () (CB. Y). The pointed maps h : B —> FY correspond to pointed 
homotopies from the constant map to e 1 /?, if we pass from h to the adjoint map 
5x/->7. We define F( f ) via a pullback 

F(f) ——x FY 

F(f ) = {(x , w) € X X FY I fix) = tn(l)} 
f 1 (x, w) = x, q(x, w ) = w. 

X —--> Y 

The maps B —> F(f) correspond to pairs a = / 1 j J >: B X together with 

the null homotopies \ B —>• FY of fa. This shows that F(f) X Y is 
h-exact. 

We now iterate the passage from / to / 1 

f 4 f 3 f 2 f 1 f 

■ ■ ■ F if 2 ) -> /••</') > Fif) > A ' >F 

and show that Fif 1 ) and Fif 2 ) can be replaced, up to h-equivalence, by £2T and 
QX. We begin with the remark that 

(Z 1 ) - ^*) = {(*, w) | w (0) = *, w(l) = fix), x = *} 

can be identified with QT, via w i-^ (*,m;). Let /(/): £2T —>• Fif) be the 
associated inclusion of this fibre of / 1 . The space (by its pullback definition) 

Fif 1 ) = {(x,tu,u) | tn(0) = *, u>(l) = fix), x — w(l), u(0) = *} 
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can be replaced by the homeomorphic space 

F{f l ) = {(w, v) € FY x FX I U7(l) = /v(l)}. 

Then f 2 becomes / 2 : F(f 1 ) —> F(f), (w, v) i-> (v(l), w). The map 
;'(/): &Y -> Fif 1 ), w m>- (w, k*) 
satisfies f 2 o ./(/) = i(f). 

(4.7.1) Note. The injection j( f) is a homotopy equivalence. 

Proof. We construct a homotopy h t of the identity of F(f 1 ) which shrinks the path 
v to its beginning point and drags behind the path w correspondingly. We write 
h t (w,v) — (hj(w, v), hf(w, v)) e FY x FX and define 


h](s) 


w(5(i + 1 )), j(i + 1 ) < l. 

/ v(2 — (1 + t)s), 5(1 + 0 > 1, 


h 2 (s) = v(s(l-t)). 


The end /ii of the homotopy has the form j(f)or(f) with 

r(fY Fif 1 ) -* 127, (w, v) h* w * (fv)~. 

The relation (r(f)o j(f))(w) — w *kf shows that also r(f)o j(f) is homotopic 
to the identity. The continuity of h t is proved by passing to the adjoint maps. □ 

We treat the next step in a similar manner. 


F(f 2 ) —» F(f 1 ) 



12X —127 




The upper triangle is commutative, and (4.7.2) applies to the lower one. The map 
i ( / 1 ) is the embedding of the fibre over the base point. Let i : 12 Y —> 12 7, 
w m- w~ be the inverse. 

(4.7.2) Note. ;(/) ° t o 12/ ~ i{f l ). 

Proof. We compose both sides with the h-equivalence r(f) from the proof of 
(4.7.1). Thenr(/)o;'(/ 1 ) equals v k* *(fv)~, and this is obviously homotopic 
to t o 12/: ui->-(/t;) - . □ 

As a consequence of the preceding discussion we see that the sequence 


127 


ft/ 


> 12 Y 


i(f) 


> Hf) 




■>x 


-> Y 


is h-exact. 
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(4.7.3) Lemma. There exists a homeomorphism r 1 : F( Qf) —> Q F(f) such that 

my = nc/'jor 1 . 

Proof. From the definitions and standard properties of mapping spaces we have 
ClF(f) C x QFY and FQ.(f) C x F&.Y. We use the exponential law 
for mapping spaces and consider QFY and FQ Y as subspaces of Y 1x1 . In the 
first case we have to use all maps which send dl x I U I x 0 to the base point, in the 
second case all maps which send I x dl U 0 x I to the base point. Interchanging 
the /-coordinates yields a homeomorphism and it induces r 1 . □ 

We now continue as in the previous section. 

(4.7.4) Theorem. The sequence 


si 2 f 


-> tt 2 Y 


'm*F<j)^nx 


£2 / 


■> QY 


i(f) 


> F(f) 


f 1 




-> Y 


is h-exact. We call it the fibre sequence of f. When we apply the functor \B , —]° 
to the fibre sequence we obtain an exact sequence of pointed sets which consists 
from the fourth place onwards of groups and homomorphisms and from the seventh 
place onwards of abelian groups ([147]). □ 


Problems 

1. Work out the dual of (4.6.5). 

2. Describe what happens to the fibre sequence under adjunction. A map 

a:T ^ F(f ) = {(*, w) e X x FY \ f(x) = u>(l)} 

has two components b: T —> X and ft : T —> FY. Under adjunction, ft corresponds to 
a map B : CT —>■ Y from the cone over T . The condition f(x) = w(l) is equivalent to 
the commutativity fb = Bi\. This transition is also compatible with pointed homotopies, 
and therefore we obtain a bijection [a] e [T, F(f)]° ^ [t'l,/] 0 9 [B,b\. This bijection 
transforms ff into the restriction [B, b] 6 [;'i , f\° — >■ [T, X]° 3 [b\ In the next step we 
have 

[t. Qyf = > [sr,y]° [y] 

Hf)* 

[T, F(f)]° — > [ii, /]°, [yop,c]. 

The image of y is obtained in the following manner: With the quotient map p: CT —> E T 
we have B = y o p, and b is the constant map c. 

3. There exist several relations between fibre and cofibre sequences. 

The adjunction (E. £2) yields in TOP 0 the maps ry. X —> £2EJf (unit of the adjunction) 
and e: E £2 X —> X (counit of the adjunction). These are natural in the variable X. For each 
f: X ^ Y we also have natural maps 

ri:F(f)^QC(f), e: EF(/) -*■ C(f) 
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defined by 


77 (x, w)(t) = 


[x, 2 1], 
w(2 — 21), 


t < 1/2, 
t > 1/2, 


and e adjoint to 77 . Verify the following assertions from the definitions. 

(1) The next diagram is homotopy commutative 


C27 F(f) > X 

L rt 

Qf, S2p(f) 

£27 —^4 fiC(/) ———4 £2EV. 


(2) Let i : X —> Z{f) be the inclusion and r : Z( f) —> T the retraction. A path in 
Z(f ) that starts in * and ends in X x 0 yields under the projection to C( f) a loop. This 
gives a map ji : F(i) —> £2C(/). The commutativity 77 o F(r ) ~ 1 o jt holds. 

(3) The next diagram is homotopy commutative 

F(/D^4f 

Slq(f\)°r}\ 1077 

1 S2E/ 

£2EV--4 £2E7. 



Chapter 5 

Cofibrations and Fibrations 


This chapter is also devoted to mostly formal homotopy theory. In it we study the 
homotopy extension and lifting property. 

An extension of / : A —Y along i : A —> X is a map F: X —Y such that 
Fi = f. If/: A C X is an inclusion, then this is an extension in the ordinary sense. 
Many topological problems can be given the form of an extension problem. It is 
important to find conditions on i under which the extendibility of / only depends 
on the homotopy class of /. If this is the case, then / is called a cofibration. 

The dual of the extension problem is the lifting problem. Suppose given maps 
p : E —> B and /: X —> B. A lifting of / along p is a map F : X —E such 
that pF = f. We ask for conditions on p such that the existence of a lifting only 
depends on the homotopy class of / .If this is the case, then / is called a fibration. 



Each map is the composition of a cofibration and a homotopy equivalence and 
(dually ) the composition of a homotopy equivalence and a fibration. The notions are 
then used to define homotopy fibres (“homotopy kernels”) and homotopy cofibres 
(“homotopy cokernels”). Axiomatizations of certain parts of homotopy theory 
(“model categories”) are based on these notions. The notions also have many 
practical applications, e.g., to showing that maps are homotopy equivalences with 
additional properties like fibrewise homotopy equivalences. 

Another simple typical example: A base point x e X is only good for homo¬ 
topy theory if the inclusion {x} C X is a cofibration (or the homotopy invariant 
weakening, a so-called h-cofibration). This is then used to study the interrelation 
between pointed and unpointed homotopy constructions, like pointed and unpointed 
suspensions. 

5.1 The Homotopy Extension Property 

A map i: A —> X has the homotopy extension property (HEP) for the space Y if 
for each homotopy h : Ax / — > Y and each map /: X —> Y with fi(a) = h(a, 0) 
there exists a homotopy H: X x I Y with H(x, 0) = /(x) and H(i(a), t) = 
h(a,t). We call H an extension of h with initial condition f. The map i: A —> X 
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is a cofibration if it has the HEP for all spaces. The data of the HEP are displayed 
in the next diagram. We set (, x , t) and e°(w) = w (0). 


A 

i 

'V' 

X 


h 



/ 


' f 



For a cofibration i: A —> X, the extendibility of / only depends on its homotopy 
class. 

From this definition one cannot prove directly that a map is a cofibration, but 
it suffices to test the HEP for a universal space Y, the mapping cylinder Z(i ) of i. 
Recall that Z (i ) is defined by a pushout 


A - 1 - 

'o ]* 

Ax I -A-*. Z(i). 

Pairs of maps / : X —> Y and h: Ax I —> Y with hi ( f — fi then correspond 
to maps a: Z(i) —> Y with ab — f and ok = h. We apply this to the pair 

: X X x I and i x id: A x I —> X x I and obtain s: Z(i) —>■ X x I such 
that sb = i ( f and sk = i x id. 

Now suppose that i is a cofibration. We use the HEP for the space Z(i), the 
initial condition b and the homotopy k. The HEP then provides us with a map 
r: X x I —> Z(i ) such that ri$ = b and r(i x id) = k. We conclude from 
rsb — ri^ — b,rsk — r(ix id) = k and the pushout property that rs — id(Z(/)), 
i.e., ,s' is an embedding and r a retraction. Let r be a retraction of s. Given / and 
h, find a as above and set H = or. Then H extends h with initial condition /. 
Altogether we have shown: 

(5.1.1) Proposition. The following statements about i: A —> X are equivalent: 

(1) i is a cofibration. 

(2) i has the HEP for the mapping cylinder Z(i). 

(3) s: Z(i) —>• X x I has a retraction. □ 

A cofibration /: A —> X is an embedding; and i ( A ) is closed in X, if X is a 
Hausdorff space (Problem 1). Therefore we restrict attention to closed cofibrations 
whenever this simplifies the exposition. A pointed space (X, x) is called well- 
pointed and the base point nondegenerate if { x] C X is a closed cofibration. 
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(5.1.2) Proposition. If i : A C X is a cofibration, then there exists a retraction 
r : X x I —»■ X x 0 U .4 x /. If A is closed in X and if there exists a retraction r, 
then i is a cofibration. 

Proof Let Y — X x (I U /I x I, f(x) = (x,0), and h(a.l) — (a. I ). Apply the 
HEP to obtain a retraction r — H. 

If A is closed in X, theng: AxOU Ax I Y,g(x, 0) = f(x),(a,t ) = h(a,t) 
is continuous. A suitable extension H is given by gr. □ 

(5.1.3) Example. Let r:Ix / -tlxOUlx/bea retraction. Set r(x, t) = 
(ri(x,t),r 2 (x,t)). Then 

H:Ix/x/->Ix/, (x, t, s) m>- (t‘i(x, t{ 1 — s)),st + (1 — s)r 2 (x,t)) 

is a homotopy relative to X x 0 U A x I of r to the identity, i.e., a deformation 
retraction. □ 

(5.1.4) Example. The inclusions S n ~ l C D n and 3/” C I" are cohbrations. A 

retraction r : D n —> S '" -1 x I U D n x 0 was constructed in (2.3.5). O 

It is an interesting fact that one need not assume A to be closed. Strpm [ 1 80, 
Theorem 2] proved that an inclusion A C X is a cofibration if and only if the 
subspace X xOUAx/isa retract of X x I. 

If we multiply a retraction by id ( Y ) we obtain again a retraction. Hence A x T — 
X x Y is a (closed) cofibration for each Y, if i: A —> X is a (closed) cofibration. 
Since we have proved (5.1.2) only for closed cohbrations, we mention another 
special case, to be used in a moment. Let Y be locally compact and i: A —*■ X a 
cofibration. Then i x id: A x Y —> X x Y is a cofibration. For a proof use the fact 
that via adjunction and the exponential law for mapping spaces the HEP of i x id 
for Z corresponds to the HEP of i for Z Y . 

(5.1.5) Proposition. Let A C X and assume that Ax I c X x I has the HEP 
for Y. Given maps tp\ Axlxl^-Y, H : X x I —»• Y, f e :XxI—>Y such 
that 


<p(a,s, 0) = H(a,s), f E (x, 0) = H(x.s ), f £ (a,t) — tp(a,s,t) 

s e {0,1}, a e A, x e X, s, t e I. Then there exists <L: X x I x I —>■ Y such that 

<&(a,s,t) = tp(a,s,t), 4>(x,s,0) = H(x,s), 4>(x,e,t) = f £ (x,t). 

Proof H and f £ together yield a map a . X x (I x 0 U dl x I) — > Y defined 
by a(x, s, 0) = H(x,s ) and a(x,e,t) = f £ (x,t)- By our assumptions, a and i p 
coincide on A x (/ x 0 U 3/ x I). Let k: (/ x /, I x 0 U 3/ x I) —> (/ x /, / x 0) 
be a homeomorphism of pairs. Since A x I X x I has the HEP for Y, there 
exists l P:Ix/x/->l' which extends <p o (1 x k~ x ) and a o (1 x k~ l ). The 
map $ = f o (1 x () solves the extension problem. □ 
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(5.1.6) Proposition. Let i : A C X be a cofibration. Then X x 3/ U Ax I c Xx I 
is a cofibration. 

Proof. Given/;: (Ax IU X xd I )x I -x Y and an initial condition 77 : Xx I -x Y, 
we set tp = h\A x 7 x I and f e (x, t) — h(x, e, t). Then we apply (5.1.5). □ 

For A — 0 we obtain from (5.1.5) that X x dl cXx/isa cofibration, in 
particular 3/ C / and {0} C I are cofibrations. Induction over n shows again that 
37" C 7” is a cofibration. 

We list some special cases of (5.1.5) for a cofibration A C X. 

(5.1.7) Corollary. (1) Let X x 1 —»■ Y be a homotopy. Suppose <p = <t> A x 7 
is homotopic rel Ax 37 to t//. Then $ ;',v homotopic rel X x 37 to 'F: X x I — >• T 
snc/; that 4 / |y4 x 7 = i jr. 

(2) Let $ .ro/ve the extension problem for (cp, / ) c/nc/ 4* the extension problem 
for (x[r, g ). Suppose f — g rel A and tp — xf rel A x 37. Then 4>i ~ tPi rel A. 

(3) Let A>. Y: Xx. I —> Y solve the extension problem for (h, f). Then there 

exists a homotopy F: <f> ~ l -[ J rel X x 0 U /I x I. □ 

(5.1.8) Proposition. Let a pushout diagram in TOP be given. 

A —> B 

l 1 r l J 

X -> Y 

If j has the HEP for Z, then J has the HEP for Z. If j is a cofibration, then J is 
a cofibration. 

Proof. Suppose h: B x I —*■ Z and (p: Y -x Z arc given such that h(b. 0) = 
/ J(b) for b e B. We use the fact that the product with 7 of a pushout is again a 
pushout. Since j is a cofibration, there exists K t : X -x Z such that Kq = tpf 
and K t j = h t f. By the pushout property, there exists H t : Y -x Z such that 
H t F = K, and H t J — h t . The uniqueness property shows 77 0 = cp, since both 
maps have the same composition with Fj and Jf. □ 

We call J the cofibration induced from j via cobase change along /. 

Example. If A c X is a cofibration, then {A} C X/A is a cofibration. S" -1 C D n 
is a cofibration, hence {S" -1 } C D n /S n ~ l is a cofibration. The space D n /S n ~ l 
is homeomorphic to 5”; therefore ( S n , *) is well-pointed. O 


Example. If (Xj) is a family of well-pointed spaces, then the wedge \/ ■ Xj is 
well-pointed. O 
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Our next result, the homotopy theorem for cofibration says, among other things, 
that homotopic maps induce h-equivalent cofibrations from a given cofibration under 
a cobase change. 

Let j : A —> X be a cofibration and <p,\ f ~ g: A —> B a homotopy. We 
consider two pushout diagrams. 



Since j is a cofibration, there exists a homotopy <f> f : X Yj with initial condition 
d>o — F and & t j = jf(pt- The pushout property of the Y g -diagram provides us 
with a unique map k — k v such that K] g = jf and kG = 3>i . (We use the notation 
k v although the map depends on Oj.) Thus k v is a morphism of cofibrations 
k : j g jf between objects in TOP s . Moreover kG ~ F. We now verify that 
the homotopy class of k is independent of some of the choices involved. Let r// f 
be another homotopy from / to g which is homotopic to <p t relative to A x 3 /. 
Let 'Lf: X —> Yf be an extension of jfjh with initial condition T 0 = F. Let 
y. Ax I x I —> B be a homotopy rel Axdl from cp to \fr. These data give us on 
XxOxIUXxIxdla map T into Yf such that 

T(x, 0, t) = F(x), r(x,s,0) = $(x,x), T(x, 5,1) = ^(x, s). 

By (5.1.5) there exists an extension, still denoted T, to X x I x I such that jf y = 
r(/ x id x id). We multiply the Y g diagram by I and obtain again a pushout. It 
provides us with a unique homotopy K: Y g x I —»• Yf such that K o{G x id) = r, 
and K o (j g x id) = jf o pr where F i: X x I -> Yf, (x, t ) i->- T(x, 1 ,t). By 
construction, K is a homotopy under B from k v to a corresponding map Kf obtained 
from j/ t and T,. We thus have shown that the homotopy class [k\ b under B of k 
only depends on the morphism \(p] from / to g in the groupoid IT(/l. B). Let us 
write [x] = 

We verify that is a functor /3([x[f] ® [cp]) = /3[(p] o Let i fr: g ~ h: A —> 
B. Choose a homotopy 'T f : X —> Y g with fi'o = G and ty t j = jgi't- Then 
Kyjr'.Yh -*■ Y g is determined by Kf //, = j g and k,i, II = 'L 1 . (Here ( II. //,) are 
the pushout data for (J, h).) Since K lfI To = tc v G = Oi, we can form the product 
homotopy $ * It has the initial condition F and satisfies (O * k <p T)( / x id) = 
jf<p* K<pjgjs = jf{<P* VO- Hence constructed with this homotopy, is 

determined by k^H = Arc'Ll = k v k^H and j h — jf = K<pj g — K v Kf j h . 
Therefore k v k^ represents ^([V^] © [ip])- 

Let h-COF 5 denote the full subcategory of h-TOP s with objects the cofibrations 
under B . Then we have shown above: 
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(5.1.9) Theorem. Let j : A —> X be a cofibration. We assign to the object 

f : A —»• B in H(A, B) the induced cofibration jf: B Yf and to the mor¬ 
phism [q>\: f g in T\(A, B) the morphism : j g —> jf. These assignments 
yield a contravariantfunctor j : IT (/l, B) —> h-COF s . □ 

Since n( A. B) is a groupoid, [k v \ is always an isomorphism in h-TOP B . We 
refer to this fact as the homotopy theorem for cofibrations. 

(5.1.10) Proposition. In the pushout (5. 1 .8) let j be a cofibration and f a homotopy 
equivalence. Then F is a homotopy equivalence. 

Proof. With an h-inverse g : B — A of / we form a pushout 



■> A 


■> Z. 


Since gf ~ id, there exists, by (5.1.9), an h-equivalence k: Z —>■ X under A 
such that kGF ~ id. Hence F has a left h-inverse and G a right h-inverse. Now 
interchange the roles of F and G. □ 


Problems 

1. A cofibration is an embedding. For the proof use that i\ : A —> Z(i), a i-> (a, 1) is an 
embedding. Fromi'i = rsi i = ri^i then conclude that i is an embedding. 

Consider a cofibration as an inclusion i : A C X. The image of s : Z(i) —> X x I is the 
subset X x 0 U A x I. Since s is an embedding, this subset equals the mapping cylinder, 

1. e., one can define a continuous map TxOUix/by specifying its restrictions to X x 0 
and A x I. (This is always so if A is closed in X. and is a special property of i: A C X if i 
is a cofibration.) 

Let A be a Hausdorff space. Then a cofibration i : A —> X is a closed embedding. Let 
t:Ix / ->IxOUix/bea retraction. Then x e A is equivalent to r(x, 1) = (x, 1). 
Hence A is the coincidence set of the maps X —> X x I, x i-> (x, 1), x i-> r(jc, 1) into a 
Hausdorff space and therefore closed. 

2. If i \ K —> L, j \ L —> M have the HEP for Y. then ji has the HEP for Y. A home- 
omorphism is a cofibration. 0 C X is a cofibration. The sum II ij : H Aj —> II Xj of 
cofibrations ij : Aj —> Xj is a cofibration. 

3. Let p: P Q be an h-equivalence and i : A C B a cofibration. Then /: A P has 
an extension to B if and only if pf has an extension to B. Suppose /o, f\ \ B —> P agree 
on A. If p /o and pf\ are homotopic rel A so are /o, /i • 

4. Compression. Let A C X be a cofibration and /: (X, A) —? (Y. B) a map which is 
homotopic as a map of pairs to k : ( X , A) —>■ (B, B). Then / is homotopic relative to A to 
a map g such that g(X) C B. 

5. Let A C X be a cofibration and A contractible. Then the quotient map X —> X/A is a 
homotopy equivalence. 
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6. The space C'X = X x I/X x 1 is called the unpointed cone on X. We have the closed 
inclusions j : X —>■ C'X, x i-> (x.O) and b\ {*} —>■ C'X, * i-> {X x 1}. Both maps are 
cofibrations. 

7. Let /: A C X be an inclusion. We have a pushout diagram 

A ---> C'A 

fi J l r 

It^lU C'A. 

Since j is a cofibration, so is J. If / is a cofibration, then F is a cofibration. There exists 
a canonical homeomorphism X U C'A/C'A ^ X/A\ it is induced by J. Since C'A is 
contractible, we obtain ahomotopy equivalence X U C'A ->IU C' A/C' A ^ X / A. 

8. The unpointed suspension E'X of a space X is obtained from X x I if we identify each 
of the sets X x 0 and X x 1 to a point. If * is a basepoint of X, we have the embedding 
j : I —► 'E'X, t i-> (*, t ). If {*} C X is a closed cofibration, then j is a closed (induced) 
cofibration. The quotient map £'X —> T,X is a homotopy equivalence. 

5.2 Transport 

Let i: K —>■ A be a cofibration and <p\ K x I —>• X a homotopy. We define a map 
[{A,i),(X,<p 0 )) K ^[(A, 

called transport along <p, as follows: Let /: A —> X with fi = (po be given. 
Choose a homotopy 4> ( : A —>• X with O 0 = / and <$> f / = (p t . We define 
= [cj>j]. Then (5.1.5) shows that <p # is well defined and only depends on the 
homotopy class of (p rel K x 37, i.e., on the morphism [(p\ e Ll(^, X). From the 
construction we see (<p * i/f) # = t fr # (p # . Altogether we obtain: 

(5.2.1) Proposition. Let i : K —*■ A be a cofibration. The assignments (po i->- 

[i,(po] K and [(p\ i-> (p # yield a transport functor from TI( X) to sets. Since 
n(7C, X) is a groupoid, tp # is always bijective. □ 

The transport functor measures the difference between “homotopic” in TOP^ 
and in TOP. The following is a direct consequence of the definitions. 

(5.2.2) Proposition. Let i: K A be a cofibration. Let f : ( A , i) —> (X. g) and 

f : (A, i ) —»• (X, g') be morphisms in TOP K . Then [/] = [/'], if and only if there 
exists \(p\ € 11(7^, X) from {X, g) to (X, g') with [f] K = (p # [f] K ■ □ 

(5.2.3) Proposition. Let i: K —> A be a cofibration, g : K —> X a map, and 
i Jr: X x I — > Y a homotopy. Then {fi o (g x id)) # o i/r 0 * = fi lt , if we set 

fii*[f] = [fiifl 

Proof. Use that fi t f is an extension of fi t g and apply the definition. □ 
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(5.2.4) Proposition. Let f : X —>■ 7 be an ordinary homotopy equivalence and 
i: K -> A a cofibration. Then /* : [(A,i),{X, g)] K —»• [(H,/), (7,/g)]-^ is 
bijective. 

Proof. Let g be h-inverse to / and choosey: id ~ g/. Consider 

[i, v] K —^ [i, /u]* —^ [U/w]^ —^ [/. fgfv] K . 

Since g*/* = (g/)* = [<p(u x id)] # id*, we conclude from (5.2.1) and (5.2.3) that 
g*/* is bijective, hence g* is surjective. The bijectivity of /*g* shows that g* is 
also injective. Therefore g* is bijective and hence /* is bijective too. □ 

(5.2.5) Proposition. Let i: AT —> Td and j : K ^ Y be cofibrations and f : X —> 
Y an h-equivalence such that f i = j. Then f is an h-equivalence under K. 

Proof By (5.2.4), we have a bijective map 

/*: [(Y,j),(X,i)f ^ [<YJ),(YJ)] k . 

Hence there exists [g] with /*[g]^ = [fg\ K = [id] A . Since / is an h-equivalence, 
so is g. Since also g* is bijective, g has a homotopy right inverse under K. Hence 
g and / are h-equivalences under K. □ 

(5.2.6) Proposition. Let i: A —> X be a cofibration and an h-equivalence. Then i 
is a deformation retract. 

Proof. The map i is a morphism from id (A) to i. By (5.2.5), i is an h-equivalence 
under A. This means: There exists a homotopy X x I —>■ X rel A from the identity 
to a map r : X —> A such that ri = id(H), and this is what was claimed. □ 

(5.2.7) Proposition. Given a commutative diagram 


A' 


-tff 


-ty'f 


z 


A" 


with a cofibration i and h-equivalences tj and . Given v: A —»■ X and (p: tjv — u. 
Then there exists v'\ A' —> X' and <p ': Ij'v' — if such that v'i = fv and 
<P' t i = g<Pt- 

Proof. We have bijective maps (note f fv = gtjv — gu — u'i ) 

(. g<pf o i:: [{A\ if (. x ', fv)] A -+ [{A', i ), (7', l'fv)] A -+ [(A', i ), (7', u’i)] A . 

Let v': A! —>■ X' be chosen such that (g<p) # f*[i /]' 4 = [u'] A . This means: v'i — 
f v; and 'f if has a transport along gip to a map which is homotopic under A to u'. 
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This yields a homotopy cp" : ~ u' such that < p"(i (o), t) = g<p(a, min(2f, 1)). 

The homotopy cp * k\ (a, t) i-> (p(a, min(2f, 1)) is homotopic rel A x 9/ to (p. We 
now use (5.1 .6) in order to change this cp" into another homotopy q>' with the desired 
properties. □ 

If we apply (5.2.7) in the case that u and u! are the identity we obtain the next 
result (in different notation). It generalizes (5.2.5). 

(5.2.8) Proposition. Given a commutative diagram 

A —> B 

i' , i ; 

X-> Y 

with cofibrcitions i, j and h-equivalences f andF. Given g : B —»■ Aandcp: gf — 
id, there exists G : Y —»• X and <t>: GF ~ id such that Gj = ig and <!>, i = i<p t . 
In particular: (F, f) is an h-equivalence of pairs, and there exists a homotopy 
inverse of the form (G, g): ji. □ 

(5.2.9) Proposition. Suppose a commutative diagram 


X 0 

■v" 

Fo 


a l 




a 2 


±X 2 


fo 

h 


r b 2 i 


h 


-^y 2 


> y 2 




is given with cofibration cij, bj and h-equivalences fj. Let X be the colimit of the 
aj and Y the colimit of the bj. Then the map f : X —»• Y induced by the fj is a 
homotopy equivalence. 

Proof. We choose inductively h-equivalences F n : Y n —>■ X n such that a n F n -\ — 
F„b n and homotopies cp„ : X n x I —>■ X„ from F n f„ to \d(X„ ) such that a n tp n -\ — 
(p n (a n x id). This is possible by (5.2.7). The F n and <p n induce F : Y X and 
cp\ X x / — X, Ff ~ id. Hence F is a left homotopy inverse of /. □ 


Problems 

1. Let i: K —>■ A and j : K —> B be cofibrations. Let a : ( B, j ) —> (A, i) be a morphism 
under K, %: X —> Y a continuous map, and <p\ K x / —X a homotopy. Then 


[(A, i ), (Z, <p 0 )\ K ---> [(A, i ), (Z, n )] K 


[(BJ),(Y,lv o)]* 


(.£«>)* 


\a,ft K 

l(B,j),(Y,$ n )\ K 
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commutes; here [a = [£/a]. 

2. Apply the transport functor to pointed homotopy sets. Assume that the inclusion {*}cl 
is a cofibration. For each path w : I —> A we have the transport 

w # : [A, (A, tti(O ))] 0 -> [A, {X, w(l))]°. 

As a special case we obtain a right action of the fundamental group (transport along loops) 

[A, A ] 0 x jri (X, *) —> [A, A] 0 , (x, a) i-> x ■ a = a*(x). 

Let v: [A, A ] 0 —> [A, X] denote the forgetful map which disregards the base point. The 
map v induces an injective map from the orbits of the n\ -action into [A, A]. This map is 
bijective, if A is path connected. 

A space is said to be A-simple if for each path w the transport w # only depends on the 
endpoints of w, equivalently, if for each x € X the fundamental group n\ (A, x) acts trivially 
on [A, (A, A')] 0 . If A = S “, then we say n-simple instead of A-simple. We call A simple if 
it is A-simple for each well-pointed A. 

3. The action on [7/3/, A ] 0 = n\ (A) is given by conjugation. Flence this action is trivial 
if and only if the fundamental group is abelian. 

4. Let [A, A ] 0 carry a composition law induced by a comultiplication on A. Then w* is a 
homomorphism. In particular n i(A) acts by homomorphisms. (Thus, if the composition 
law on [A, A ] 0 is an abelian group, then this action makes this group into a right module 
over the integral group ring J.jt\ (A).) 

5. WriteS(l) = 7/37 and7Ti(A) = [5(1), A] 0 . Then we can identify [A, A]°xjri (A, *) = 
[A V 5(1), A] 0 . The action of the previous problem is induced by a map v: A A v 5(1) 
which can be obtained as follows. Extend the homotopy 7 —> A V 5(1), t i-> t e 5(1) to a 
homotopy ip: A x 7 — > A V 5(1) with the initial condition Ac A V 5(1) and set v = <p\ . 
Express in terms of v and the comultiplication of 5(1) the fact that the induced map is a 
group action (v is a coaction up to homotopy). 

6 . Let (A, e) be a path connected monoid in h-TOP°. Then the n\ (A, enaction on [A, A ] 0 
is trivial. 


5.3 Replacing a Map by a Cofibration 

We recall from Section 4.1 the construction of the mapping cylinder. Let /: X Y 
be a map. We construct the mapping cylinder Z — Z(f ) of / via the pushout 


/+id 

A + A -- > Y + X 


Lodi) 


(sj) 


X x I 


->• z(f) 


z(f ) = A x / + Y/f(x) ~ (x,0), 
s(y) = y, j(x) = (x, l). 


Since (/o, h } is a closed cofibration, the maps (s. j }, s and j are closed cofibrations. 
We also have the projection q : Z(f) — Y, (x, t) fix), y i-> y. In the case 
that /: A c Y, let p: Y —>• Y/X be the quotient map. We also have the quotient 
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map P : Z(f) —> C(f) = Z(f)/j(X) onto the mapping cone C (/). (Now we 
consider the unpointed situation. The “direction” of the unit interval is different 
from the one in the previous chapter.) We display the data in the next diagram. The 
map r is induced by q. 


X —> Y -- > Y/X 



X -Z(>)-^-HP(/) 


qj = f qs = id 

Ps = c(f), pq = rP 


(5.3.1) Proposition. The following assertions hold: 

(1) j and s are cofibrations. 

(2) sq is homotopic to the identity relative to Y. Hence s is a deformation 
retraction with h-inverse q. 

(3) If f is a cofibration, then q is a homotopy equivalence under X and r the 
induced homotopy equivalence. 

(4) c(/): Y C( f) is a cofibration. 

Proof. (1) was already shown. 

(2) The homotopy contracts the cylinder X x I to X x 0 and leaves Y fixed, 
h t (x,c) = (x,tc + 1 - 1), h t (y) = y. 

(3) is a consequence of (5.2.5). 

(4) c(f) is induced from the cofibration i 0 : X * X x I/X x 1 via cobase 

change along /. □ 

We have constructed a factorization / = qj into a (closed) cofibration and a 
homotopy equivalence q. Factorizations of this type are unique in the following 
sense. Suppose / = q'jX —> Z' —>■ Y is another such factorization. Then 
iq' : Z' —^ Z satisfies iq' j' — i. Since j' is a cofibration, we can change iq' ~ k 
such that kj' — j. Since iq' is an h-equivalence, the map k is an h-equivalence un¬ 
der X, by (5.2.5). Also qk — q'. This expresses a uniqueness of the factorization. 
If / = qj : X —Z —> Y is a factorization into a cofibration j and a homo¬ 
topy equivalence q, then Z // ( X ) is called the (homotopical) cofibre of /. The 
uniqueness of the factorization implies uniqueness up to homotopy equivalence of 
the cofibre. If/: T C f is already a cofibration, then Y -» Y/X is the projection 
onto the cofibre; in this case q: Z —>■ Y is an h-equivalence under X. 

The factorization of a map into a cofibration and a homotopy equivalence is a 
useful technical tool. The proof of the next proposition is a good example. 
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(5.3.2) Proposition. Let a pushout diagram 

A —> B 

i J p ^ 

X -> Y 

with a cofibration j be given. Then the diagram is a homotopy pushout. 

Proof. Let qi: A — Z{j) —> X be the factorization of j. Since q is a homotopy 
equivalence under A, it induces a homotopy equivalence 

q U A id: Z(/) U A B = Z(f j ) X U A B = Y 

of the adjunction spaces. □ 


(5.3.3) Proposition. Let a commutative diagram 


k' 

-- m* 



be given. Suppose the inner and the outer square are homotopy cocartesian. If a, 
ft, y are homotopy equivalences, then 8 is a homotopy equivalence. 

Proof. From the data of the diagram we obtain a commutative diagram 


Z(k,l) Z{tt,a ’ V) > Z{k',V) 

v <p' 

'i' o 'V' 

D - *- - >D’ 


where <p and <p' are the canonical maps. By hypothesis, (p and <p' are homotopy 
equivalences. By (4.2.1) the map Z(/3, a, y) is a homotopy equivalence. □ 


(5.3.4) Proposition. Given a commutative diagram as in the previous proposition. 
Assume that the squares are pushout diagrams. Then 8 is induced by a, ft, y. 
Suppose that a, ft, y are homotopy equivalences and that one of the maps k, l and 
one of the maps k 1 , V is a cofibration. Then 8 is a homotopy equivalence. 

Proof. From (5.3.2) we see that the squares are homotopy cocartesian. Thus we 
can apply (5.3.3). □ 
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Problems 

1. A map /: X —> Y has a left homotopy inverse if and only if j : X —> Z(/) has a 
retraction r: Z(f) —>■ X. The map / is a homotopy equivalence if and only if j is a 
deformation retract. 

2. In the case of a pointed map / : ( X , *) —> (Y, *) one has analogous factorizations into a 
cofibration and a homotopy equivalence. One replaces the mapping cylinder Z(/) with the 
pointed mapping cylinder Z°(/) defined by the pushout 

/ vid 

XvX — - >YvX 

O'odi) |<*.y> 

XI -> Z°(/) 

with the pointed cylinder XI = X x //{*} x I. The maps (to. h ), (s> j )> s and j are 
pointed cofibrations. We have a diagram as for (5.3.1) with pointed homotopy equivalences 
s, q and C°(f) = Z°(f)/j(X) the pointed mapping cone, the pointed cofibre of /. 

3. (to, i'i): X V X —> XI is an embedding. 

4. Let /: X -> Y and g: Y —>■ Z be pointed maps. We have canonical maps a: C(f) —> 
C(gf) and /3: C(gf ) —► C(g); a is the identity on the cone and maps Y by g, and ft is the 
identity on Z and maps the cone by / x id. Show that ft is the pointed homotopy cofibre 
of a. 


5.4 Characterization of Cofibrations 

We look for conditions on A C X which imply that this inclusion is a cofibration. 
We begin by reformulating the existence of a retraction (5.1.2). 

(5.4.1) Proposition. There exists a retraction r: X x I /I x / U K x 0 if and 
only if the following holds: There exists a map u: X —> [0, oo[ and a homotopy 

such that: 

(1) A C w _1 (0) 

(2) (p(x, 0) = xforx e X 

(3) (p(a , t) = a for ( ad) e Ax I 

(4) (p{x,t ) e Afort > u(x). 

Proof Suppose we are given a retraction r. We set <p(x,t ) = pr, o r(x,t ) and 
u(x) = max{/ — pr 2 o r(x,t ) | tel}. For (4) note the following implications: 
t > u(x), pr 2 r(x, t) > 0, r(x,t ) e A x /, <p(x, t) e A. The other properties 
are immediate from the definition. Conversely, given u and <p, then r (xj) = 
(< p(x , 1). max(i — u(x), 0)) is a retraction. □ 

(5.4.2) Note. Let t n > u(x) be a sequence which converges to u(x). Then (4) 
implies <p(x,u(x)) e A. Ifu(x) — 0, then x — (p(x, 0) = cp(x,u(x)) e A. Thus 
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A = u~ 1 ( 0). Therefore in a closed cofibration A C X the subspace A has the 
remarkable property of being the zero-set of a continuous real-valued function. O 

(5.4.3) Lemma. Let u: X I and A = n _1 (0). Let <b: / ~ g: X —»• Z rel A. 
Then there exists <J>: / ~ g rel A such that <J>(x, t) — <J>(x, u(x)) = <f>(x, 1 ) for 
t > u(x). 

Proof We define <l> by <t>(x, t ) = <t> (x , 1) for t > u(x) and by <t> (x, tu(x)~ *) for 
t < u(x). For the continuity of <J> on C = {(x, t) \ t < u(x )} see Problem 1. □ 

We call ( X. A) a neighbourhood deformation retract ( NDR ), if there exist a 
homotopy \jr : X x I — > X and a function v : X —>■ I such that: 

(1) A = n _1 (0) 

(2) \j/ (x, 0) = x for x e I 

(3) t fr(a.t) = a for (a. t) e Ax I 

(4) t ff(x, 1) e A for 1 > v(x). 

The pair (i ft, v ) is said to be an NDR-presentation of (X. A ). 

(5.4.4) Proposition. (X, A) is a closed cofibration if and only if it is an NDR. 

Proof If A C X is a closed cofibration, then an NDR-presentation is obtained 
from (5.4.1) and (5.4.2). For the converse, we modify an NDR-presentation (x//. u) 
by (5.4.3) and apply (5.4.1) to the result (t Jr, u). □ 

(5.4.5) Theorem (Union Theorem). Let A C X. B C X. and A fl B C X be 
closed coflbrations. Then AU B C X is a cofibration. 

Proof ([1 12]). Let tp\ (A U B) x I —> Z be a homotopy and /: X —> Z an initial 
condition. There exist extensions A> a : Xxl —Z of cp\Ax I and : Bxl —Z 
of <p\B x I with initial condition /. The homotopies T' 4 and <1> B coincide on 
{A fl B) x I. Therefore there exists T: <t> A ~ ( t> B rel (4 fl /i) x / U X x 0. 

Let /?:Xx/—»Xx//~be the quotient map which identifies each interval 
{c} x /, c e A D B to a point. Let T: I x I —>1x1 switch the factors. Then 
'T o (id xT factors over p x id and yields £2: (X x I/ ~) x I —Z. 

Let u : X —> I and v: X —> / be functions such that A = n -1 (0) and B — 
n _1 (0). Define j : X —>■ X x // ~ by j(x) = (x, u(x)/(u(x) + t>(x))) for 
x f A D B and by j(x) — (x, 0) = (x, t) for x e A fl B. Using the compactness 
of I one shows the continuity of j. 

An extension of <p and / is now given by o ( / x id). □ 

(5.4.6) Theorem (Product Theorem). Let A C X and B C Y be closed cofibra- 
tions. Then the inclusion X x B U A x Y C X x Y is a cofibration. 


Proof. Ax X cXxY,XxBcXxY, and A x B — (A x Y) D (X x B) C 
X x B C X x Y are coflbrations. Now apply (5.4.5). □ 
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Problems 

1. Let C = {(x,t) | t < u(x)} andg: (x,t) i-»- ( x,tu(x )). Then <bq = O. 

It suffices to show that q is a quotient map. The map F: X x I —>■ X x / x /, (x, t) i-> 
(x, t, w (x)) is an embedding onto a closed subspace D . The map m: Ixl —> I, ( a,b ) i-> ab 
is proper, hence M = id xm is closed. The restriction of M to D is closed, hence MT = q 
is closed and therefore a quotient map. 

2. The inclusion 0 U {n ~ 1 | n e IN} C [0, 1] is not a cofibration. The inclusions Aj = 
{0, j ~ 1 } C / are cofibrations. Hence (5.4.5) does not hold for an infinite number of cofibra- 
tions. 

3. Set X = { a,b } with open sets 0,{a},X for its topology. Then A = {a} C X is a 
non-closed cofibration. The product Ixill/lxlclxlis not a cofibration. 

4. Let A j c X be closed cofibrations (1 < j < n). For all a C {1. n} let A a = 

ecr Aj C X be a cofibration. Then [J" Aj C X is a cofibration. 

5. Let A and B be well-pointed spaces. Then A A B is well-pointed. 

5.5 The Homotopy Lifting Property 

A map p: E B has the homotopy lifting property (HLP) for the space X if the 
following holds: For each homotopy h \ X x I —» B and each map a\ X E 

such that pa(x) = h(x, 0) there exists a homotopy II : X x I —> E with pH — h 

and // (x , 0) = a(x). We call H a lifting of h with initial condition a. The map 
p is called a fibration (sometimes Hurewicz fibration) if it has the HLP for all 
spaces. It is called a Serre fibration if it has the HLP for all cubes I n , n e N 0 . 
Serre fibrations suffice for the investigation of homotopy groups. In order to see 
the duality we can use the dual definition of homotopy and specify the data in the 
right diagram. It uses the evaluation e^'. E 1 —>• E, w m- it>(0). 




F 1 < X 


B 



B 1 

We begin by introducing the dual W(p) of the mapping cylinder. It is defined 
by the pullback 


E W(p) 


k 


e 


P 


,0 

B 


W{p) = {(x, w) e E x B 1 | p(x) = w(0)}, 
k(x, w) = w , b(x, w) = x. 
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If we apply the pullback property to e E , p 1 , we obtain a unique map r.E 7 — 
W(p), v (u(0), pv) such that br = e E and kr — p 1 . If we apply the HLP to 
{W{p), b, k), we obtain a map s: W{p) —> E 1 such that e E s = b and p 1 s = k. 
The relations brs = e° E s = b and krs = p 1 s = k imply rs = id, by uniqueness. 
Therefore s is a section of r. Conversely, given data ( a,h) for a homotopy lifting 
problem. They combine to a map p: X —»• W{p). The composition H = sp with 
a section 5 is a solution of the lifting problem. Therefore we have shown: 

(5.5.1) Proposition. The following statements about p : E —> B are equivalent: 

(1) p is afibration. 

(2) p has the HLP for W(p). 

(3) r : E 1 —> W{p) has a section. □ 

(5.5.2) Proposition. Let p : E —B have the HLP for X. Let i : A C X be a 
closed cofibration and an h-equivalence. Let fX —> B be given and a: A E 
a lifting of f over A, i.e., pa = fi. Then there exists a lifting F of f which 
extends a. 

Proof. By (5.2.6) and (5.4.2) we know: There exists u : X —»■ I andi/t: lx/ I 
rel A such that A = w -1 (0),<pi = \&{X),(p 0 {X) C A. Setr: X —> A, x m- (poi x )■ 
Define a new homotopy : X x I —> X by <h(x, t) = < p{x, tu{x)~ l ) for t < u(x ) 
and <h(x,i) = (p(x, 1) = x for t > u(x). We have seen in (5.4.3) that is 
continuous. Apply the HLP to h = f with initial condition b = ar: X —> E. 
The verification 

h(x, 0) = /O(x,0) = fcp(x, 0) = fr(x) = par(x) = pb(x) 

shows that b is indeed an initial condition. Let H : X x I —> E solve the lifting 
problem for h.b. Then one verifies that F : X —> £,x h> //(x, ii(x)) has the 
desired properties. □ 

(5.5.3) Corollary. Let p: E B have the HLP for X x I and let i: A C X be 
a closed cofibration. Then each homotopy h : X x I —»■ B with initial condition 
given on A x I U X x 0 has a lifting H : X x I —> E with this initial condition. 

Proof. This is a consequence of (5.1.3) and (5.5.2). □ 

(5.5.4) Proposition. Let i : A c B be a ( closed ) cofibration of locally compact 
spaces. The restriction from B to A yields a fibrcition p : Z B —> Z A . 

Let p: X —x B be a fibrcition. Then p z : X z —> B z is a fibration for locally 
compact Z. 

Proof. Use adjunction and the fact that X x A —> XxB is a cofibration for each X. 

□ 
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(5.5.5) Proposition. Let p.E^-Bbe afibration. Then r.E 7 — W(p), v i-> 
(u(0), pv) is afibration. 

Proof. A homotopy lifting problem for X and r is transformed via adjunction into 
a lifting problem for p and X x I with initial condition given on the subspace 
X x (/ x 0 U 0 x /). □ 

(5.5.6) Proposition. Let p\ E —* B be afibration, B 0 C B and E 0 = p~ l (B 0 ). 
If Bq C B is a closed cofibration, then Eq C E is a closed cofibration. 

Proof. Let u : B — > I and h: B x I -x B he an NDR-presentation of /i 0 c B. 
Let fl:Ixl-tX solve the homotopy lifting problem for h (p x id) with initial 
condition id(X). Define K : X — > X by K(x,t ) = II(x, mini/, up(x))). Then 
(K,up) is an NDR-presentation forlo C I. □ 

The proof of the next formal proposition is again left to the reader. 

(5.5.7) Proposition. Let a pullback in TOP be given. 

F 

Y - *X 

•J > 

C —r^B 


Ifq has the HLP for Z, then so also has p. If p is afibration, then q is afibration. □ 

We call q the fibration induced from the fibration p via base change along /. 
In the case that f.CcB the restriction p : p~ ] (C ) —»• C can be taken as the 
induced fibration. 

(5.5.8) Example. X 1 -*■ X dI ^ X x X : w (it>(0), w(l)) is a fibration (5.5.4). 
The evaluation e 1 : FY —> Y, w i->- w( 1) is a hbration (restriction to * x Y). 
Hence we have the induced fibration f l : F(f) —>■ Y. O 


The homotopy theorem for fibrations says, among other things, that homotopic 
maps induce h-equivalent fibrations. 

Let p: X —> B be a fibration and <p: f — g : C -x B a homotopy. We consider 
two pullback diagrams. 


Y f —-—> X 


Pf 


C —> B 


-> X 


Pg 


C —> B 


There exists a homotopy <f> ; : Yf -x X such that <f>o = F and pO, = <p t pp. The 
pullback property of the right square yields a map k = k v : Yf —>■ Y g such that 
Gk = T>! and p g K — pf. Let \jr t \ f ~ g be homotopic to (p t by a homotopy 
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y.CxIxI —> B relative to C x dl. We obtain in a similar manner a map Kf from 
a lifting 'I'f of i fs t Pf- Claim: The maps k <p and tcy, are homotopic over C. In order to 
verify this, we lift the homotopy yo( pj x id x id): Ypxlxl — > B to a homotopy T 
with initial data T(y, s, 0) = T(y,s, 1) = Tt(y, y), and T(y, 0,7) = F(t ) 

by an application of (5.1.5). The homotopy H : (y, t ) m- T(v, 1,0 yields, by the 
pullback property of the right square, a homotopy K.YfXl —>■ Y g such that 
GK = H and p g K = pro pp. By construction, K is a homotopy over C from Kf 
to K g . The reader should now verify the functoriality = [/c^f/Cp]. 

Let h-FIBc be the full subcategory of h-TOPc with objects the fibrations over C. 

(5.5.9) Proposition. Let p: X —>■ B be afibration. We assign to f: C —»• B the 

inducedfibration pp\ Yf -¥ C and to the morphism [tp \: / —> g in n(C, B) the 
morphism [x^]. This yields a functor n(C, B) —> h-FIBc- □ 

Since II(C, B ) is a groupoid, [k < p ] is always an isomorphism in h-TOPg. This 
fact we call the homotopy theorem for fibrations. 

As a special case of (5.5.9) we obtain the fibre transport. It generalizes the 
fibre transport in coverings. Let p : E —>■ B be a fibration and w: [ —> B a path 
from b to c. We obtain a homotopy equivalence T p [w]\ Fb —> F c which only 
depends on the homotopy class [in] of w, and T p [u * u] = T p [v]T p [u\. This yields 
a functor T p : FI (B) —> h-TOP. In particular the fibres over points in the same path 
component of B are h-equivalent. 

(5.5.10) Proposition. In the pullback (5.5.7) let p be afibration and f a homotopy 
equivalence. Then F is a homotopy equivalence. 

Proof. The proof is based on (5.5.9) and follows the pattern of (5. 1. 10). □ 

(5.5.11) Remark. The notion of fibration and cofibration are not homotopy invari¬ 
ant. The projection I x 0 U 0 x 1 —> I , (x,t) i-> x is not a fibration, but the 
map is over I h-equivalent to id. One definition of an h-fibration p: E —>■ B is 
that homotopies X x I —>• B which are constant on X x [0, s], s > 0 can be lifted 
with a given initial condition; a similar definition for homotopy extensions gives 
the notion on an h-cofibration. In [46] you can find details about these notions. 

Problems 

1. A composition of fibrations is a fibration. A product of fibrations is a fibration. 0 —>■ B 
is a fibration. 

2. Suppose p: E —> B has the HLP tor Y x I". Then each homotopy h: Y x I" x I —> B 
has a lifting to E with initial condition given on Y x (/" x 0 U 37" x 7). 

3. Let p: E —> B x I be a fibration and po : Eo -x B its restriction to B x 0 = B. Then 
there exists a fibrewise h-equivalence from po x id(7) to p which is over 5x0 the inclusion 
E 0 ^E. 
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4. Go through the proof of (5.5.9) and verify a relative version. Let (C, D) be a closed 
cofibration. Consider only maps C —> B with a fixed restriction d : D B and homotopies 
relative to D. Let pi >: Yd —> B be the pullback of p along d. Then the maps p/ have the 
form ip/, Pd)'- ( Y/,Yd) —■* (C, D). By (5.5.6), (T/, Yd) is a closed cofibration, and by 

(5.5.3) the homotopies <D r can be chosen constant on Yd- The maps k v : Yf —> Y g are then 
the identity on Yd- The homotopy class of is unique as a map over C and under Yd- 

5. Let (B, C) be a closed deformation retract with retraction r : B —>■ C. Let p : X —> B be 
a fibration and pc '■ Xq —> C its restriction to C. Then there exists a retraction R : X Xp; 
such that pc R = rp. 


5.6 Transport 

We construct a dual transport functor. Let p: E —> B be a fibration, <p : Y x / —»■ B 
a homotopy and $:lx/-t£a lifting along p with initial condition /. We 
define 


<P*: [(Y,cp 0 ),(E,p)] B ^[(Y, ( p l ),(E,p)] B , [/] m- [Oi], 

One shows that this map is well defined and depends only on the homotopy class 
of <p relative to Y x 3/ (see the analogous situation for cofibrations). Moreover, 
(cp * i/r) # = \[r # (p # . 

(5.6.1) Proposition. The assignments f m>- [/, p\ B and [cp\ i-> (p # are a functor, 

called transport functor, from n ( Y, B) into the category of sets. Since 11(7, B) is 
a groupoid, (p # is always bijective. □ 

(5.6.2) Note. Let p: E —> B be a fibration and xf: X x I —>• Y be a homotopy. 

Thenx/r* = ; here %//£ : [g,p] —> [gfio-p\is the composition with fio- □ 

(5.6.3) Theorem. Let f : X —*■ Y be an h-equivalence and p : E —> B be a 
fibration. Then /*: [ v,p] B —> [vf p] B is bijective for each v: Y —>• B. 

Proof. The proof is based on (5.6.1) and (5.6.2) and formally similar to the proof 
of (5.2.4). □ 

(5.6.4) Theorem. Let p . X —? B and q\ Y —>■ B be fibrations. Let h: X —>■ Y 
be an h-equivalence and a map over B. Then f is an h-equivalence over B. 

Proof. The proof is based on (5.6.3) and formally similar to the proof of (5.2.5). 

□ 

(5.6.5) Corollary. Let q : Y C be a fibration and a homotopy equivalence. 
Then q is shrinkable. 

Let p : E —*■ B be a fibration. Then the canonical map r : E 1 —> W(p ) is 
shrinkable (see (5.5.5)). O 
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5.7 Replacing a Map by a Fibration 

Let /: X —> Y be a map. Consider the pullback 


W(f) -> Y 1 


(<?,/>) 

XxY 



f xid 


>1x1 


W(f) = {(x, w)eXxY I \ f{x) = u>(0)}, 
q{x,w) = x, p{x,w) = w{X). 


Since (e°, e 1 ) is a fibration (see (5.5.8)), the maps (q, p), q and p are fibrations. 
Let s : X —> ITT/), x i-> (x, kf( X )), with k y the constant path with value y. Then 
qs = id and ps = /. (The “direction” of the unit interval is again different from 
the one in the previous chapter.) We display the data and some other to be explained 
below in a diagram. 



The map s is a shrinking of q\ a homotopy h t : sq ~ id is given by h t {x,w) = 
(x, w‘), w‘(s) = w ((I — t)s). We therefore have a factorization f — ps into a 
homotopy equivalence s and a fibration p. If / = p's' is another factorization of 
this type, then there exists a fibrewise homotopy equivalence k : W{ f ) W such 
that p'k = p and ks — s'. This expresses the uniqueness of the factorization. 

Now suppose / is a pointed map with base points *. Then ITT/) is given the 
base point (*, k*). The maps p. q, s become pointed maps, and the homotopy li, is 
pointed too. One verifies that q and p are pointed fibrations. Let F{f) — p~ ] (*) 
and F = / -1 (*) be the fibres over the base point, with j and J the inclusions. 
The map q induces r. We call F(f) the homotopy fibre of /. We use the same 
notion for the fibre of any replacement of / by a fibration as above. If / is already 
a fibration, then q is a fibrewise homotopy equivalence (5.6.4) and r the induced 
homotopy equivalence; hence the actual fibre is also the homotopy fibre. 

A map /: X —> Y has a right homotopy inverse if and only if p\ ITT / ) ^ X 
has a section. It is a homotopy equivalence if and only if p is shrinkable. 














Chapter 6 

Homotopy Groups 


The first fundamental theorem of algebraic topology is the Brouwer-Hopf degree 
theorem. It says that the homotopy set [5", 5"] has for n > la homotopically 
defined ring structure. The ring is isomorphic to Z, the identity map corresponds to 
1 e Z and the constant map to 0 e Z. The integer associated to a map / : S n —»■ ,S" 
is called the degree of /. We have proved this already for n = 1. Also in the general 
case “degree n” roughly means that / winds S" /?-times around itself. In order 
to give precision to this statement, one has to count the number of pre-images of 
a “regular” value with signs. This is related to a geometric interpretation of the 
degree in terms of differential topology. 

Our homotopical proof of the degree theorem is embedded into a more general 
investigation of homotopy groups. It will be a simple formal consequence of the 
so-called excision theorem of Blakers and Massey. The elegant elementary proof of 
this theorem is due to Dieter Puppe. It uses only elementary concepts of homotopy 
theory, it does not even use the group structure. (The excision isomorphism is the 
basic property of the homology groups introduced later where it holds without any 
restrictions on the dimensions.) 

Another consequence of the excision theorem is the famous suspension theorem 
of Freudenthal. There is a simple geometric construction (the suspension) which 
leads from [S m . .S'"] to \S m+] . ,S" + 1 ]. Freudenthal’s theorem says that this process 
after a while is “stable”, i.e., induces a bijection of homotopy sets. This is the 
origin of the so-called stable homotopy theory - a theory which has developed into 
a highly technical mathematical field of independent interest and where homotopy 
theory has better formal and algebraic properties. (Homology theory belongs to 
stable homotopy.) 

The degree theorem contains the weaker statement that the identity of 5" is not 
null homotopic. It has the following interpretation: If you extend the inclusion 
S n ~ l C R” to a continuous map / : D n — > R", then there exists a point x with 
f (x) = 0. For n = I this is the intermediate value theorem of calculus; the higher 
dimensional analogue has other interesting consequences which we discuss under 
the heading of the Brouwer fixed point theorem. 

This chapter contains the fundamental non-formal results of homotopy theory. 
Based on these results, one can develop algebraic topology from the view-point 
of homotopy theory. The chapter is essentially independent of the three previous 
chapters. But in the last section we refer to the definition of a cofibration and a 
suspension. 
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6.1 The Exact Sequence of Homotopy Groups 


Let 7" be the Cartesian product of n copies of the unit interval 7 = [0,1], and 
37” = {{t\,...,t n ) e 7” | tj e {0,1} for at least one /} its combinatorial 
boundary (n > 1). We set 7° = {z}, a singleton, and 37° = 0. In 7”/37” we 
use 37” as base point. (For n = 0 this yields 7°/37° = {z} + {*}, an additional 
disjoint base point *.) The n-th homotopy group of a pointed space (X, *) is 

n n (X,*)= [(7”,37”),(X,{*})]^ [7”/37”,X]° 


with the group structure defined below. For n = 1 it is the fundamental group. 
The definition of the set n„(X , *) also makes sense for n = 0, and it can be 
identified with the set 7r () ( X ) of path components of X with [*] as a base point. The 
composition law on tt„ ( X, *) for n > 1 is defined as follows. Suppose [/] and [g] 
in 7i n (X , *) are given. Then [/] + [g] is represented by / +, g: 


( 1 ) 


(/ +i ?)( ? 1. tn) — 


f{t\tj- 1 , 2ti ,..., t n ) for ti < 
g(h . tj-i,2ti — for | < ti. 


As in the case of the fundamental group one shows that this composition law is a 
group structure. The next result is a consequence of (4.3.1); a direct verification 
along the same lines is easy. See also (2.7.3) and the isomorphism (2) below. 


(6.1.1) Proposition. For n > 2 the group n n (X, *) is abelian, and the equality 
+ i = +; holds for i >2. □ 


We now define relative homotopy groups (sets) rr^(Z, A, *) for a pointed pair 
(X, A). For n > 1, let J n = 37” x 7 U 7” x {0} C 37” +1 C 7” x 7 and 
set J° — {0} C 7. We denote by 7T n+] (X. A,*) the set of homotopy classes 
of maps of triples /: (7” +1 ,37” +1 , /”) —> (X, A, *). (Recall that this means 
/(37” +1 ) C A, f( J n ) C {*}, and for homotopies 77 we require H t for each 
t e 7 to be a map of triples.) Thus, with notation introduced earlier, 

TZn+x (X, A, *) = [(7”+\ 37" +1 , /”), (X, A, *)]. 


A group structure +;, 1 < i < n is defined again by the formula (1) above. There 
is no group structure in the case n = 0. 

We now consider 7i n as a functor. Composition with /: {X, A, *) —> (Y. B, *) 
induces /* : n n (X. A,*) Tt n {Y, B. *)'. this is a homomorphism for n > 2. Sim¬ 
ilarly, /; (X, *) —>• ( Y. *) induces for n > la homomorphism /*: n n (X, *) —> 
The functor properties (gj )* — g*f* and id* = id are clear. The 
morphism /* : u n (X, *) —>• Ji n (X, A, *) is obtained by interpreting the first group 
as 7T n (X, {*}, *) and then using the map induced by the inclusion (X, {*}, *) c 
(X, A,*). Maps which are pointed homotopic induce the same homomorphisms. 
The group JT n (X, A.*) is commutative for n > 3. 
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Let /?: (7” +1 , 3/” +1 , /") —> (X, A, *) be given. We restrictto 7” = I n x {1} 
and obtain a map 3/z : (7 ", 37”) —> (A, *). Passage to homotopy classes then yields 
the boundary operator 3: n„ + i(X, A, *) —> n„ ( A, *). The boundary operator is 
a homomorphism for n > 1. For n — Owe have 3 [/i] = [/;(1)]. 

We rewrite the homotopy groups in terms of mapping spaces. This is not strictly 
necessary for the following investigations but sometimes technically convenient. 

Let Q k (X, *) be the space of maps I k —> X which send dl k to the base point; 
the constant map is the base point. The space £2*(W) = Q(X) is the loop space of X. 
Given a map (/”, 37") —>• (X, *) we have the induced map /; I n ~ k —>• Q. k (X, *) 

which sends u e I n ~ k to I k ->• X, tk) f{t\, _4, m,_ u n -k )■ 

This adjunction is compatible with homotopies and induces a bijection 

(2) n n (X,*)^n n - k (n k (X, *),*). 

Adjunction as above also yields a bijection 

(3) 7t n+ i(X, A, *) 9 * n n+1 _ k (£2 k (X), Q(A ) k , *). 

These isomorphisms are natural in (X , A, *), compatible with the boundary opera¬ 
tors, and the group structures. 

(6.1.2) Theorem (Exact homotopy sequence). The sequence 

-» n„(A, *) n n (X, *) Ji n (X, A, *) 

9 9 i* 

-> • • • > 7T] (X, A, *) > 7To(^4, *) -> 7To(X, *) 

is exact. The maps i * and j * are induced by the inclusions. 

Proof. We prove the exactness for the portion involving no and tt\ in an elementary 
manner. Exactness at jtq (A, *) and the relations 3/* =0 and /*/* = 0 are left to 
the reader. 

Let w : I —> X represent an element in n\ ( X. A, *) with d[w] = 0. This means: 
There exists a path u: I A with u(0) — w( 1) and u ( 1) = *. The product w *u 
is then a loop in X. The homotopy H which is defined by 


H (S') = M^/C 1 +*))’ 2s<\+t, 

r |t/(i + 2(1 — s)), 2s > 1 + t, 


shows j*[w * m] = [w]. Thus we have shown exactness at rri(Z, A. *). 


w 



w * u 
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Given a loop w: I —> X. Let H : (/, 37, 0) x 7 —> (X, A, *) be a homotopy 
from u; to a constant path. Then u: s 77(1, s) is a loop in A. We restrict 
H to the boundary of the square and compose it with a linear homotopy to prove 
k* * w ~ k* * u. 


k* * w ~ k* * u, 
u(t ) = 77(1, t). 


Hence i*[u] — i*[k * * u] — [ k * * in] = [in]. 

We now apply this part of the exact sequence to the pairs (Q n (X), Q n (A)) and 
obtain the other pieces of the sequence via adjunction. □ 

(6.1.3) Remark. We previously introduced the mapping space 

F(i) = {(a, w) e A x X 1 \ u;(0) = *, u;(l) = a }, 

with base point (*, k), k: I —> {*} the constant path. This space is homeomorphic 
to 

F(X, A) = {w e X 1 | «;(0) = *, w(l) e A], 

i (i) becomes the inclusion £2(X) C F(X, A), and A the evaluation F(X, A) A, 
w m- w(l). For n > 1 we assign to /: (I n+1 ,dl n+1 , J n ) —»• (X, *) the 

adjoint map f A : /” —>• F(X, A), defined by f A (t\, _ = f{t\ __ 

It sends 37” to the base point and induces a pointed map /: 7”/37" —> F(X , A). 
By standard properties of adjunction we see that the assignment [/] [/] is a 

well-defined bijection 

(4) n n+1 (_X,A,*)^jt n (F(X,A),*), 

and in fact a homomorphism with respect to the composition laws +, for 1 < i < n. 
These considerations also make sense for n = 0. In the case that A = {*}, the 
space F(X , A) is the loop space £2(X). 

The exact sequence is also obtained from the fibre sequence of i. Under the 
identifications (4) the boundary operator is transformed into 

i’: [I n /dI n ,F(X,A)]° -> [I n /dI n ,A]°, 

and 7 t n +i(X, *) —>■ 7t n+ i(X, A,*) is transformed into 

z(t)* : [ I n /dl n , Q(X)]° -»• [7*/37", F(X, A, *)]°. 

Now apply B = I n /dl n to the fibre sequence (4.7.4) of r. A C X to see the 
exactness of a typical portion of the homotopy sequence. O 




6.1. The Exact Sequence of Homotopy Groups 125 


The sequence (6.1.2) is compatible with maps /: ( X, A, *) —> ( Y, B, *). In 
particular /* 3 = 3/*. 

(6.1.4) Remark. In the sequel it will be useful to have different interpretations for 
elements in homotopy groups. (See also the discussion in Section 2.3.) We set 
S(n) — I n /dl n and D(n + 1) = CS(n ), the pointed cone on S(n). We have 
homeomorphisms 

S(n) —*■ dl n+l /J n , D(n + 1) —► I n+1 /J n , 

the first one .t i-> (r, 1), the second one the identity on representatives in 7” x 7; 
moreover we have the embedding S(n) —> D(n+ \ ),x i-> (x, 1) which we consider 
as an inclusion. These homeomorphisms allow us to write 

n H (X, *) c* [I n /dI\X}° = [S(n), X]°, 

7T n+1 (X, A, *) s l(I n+1 /J n , dI n+1 /J n ), (X, A)] 0 cz [(D(n+ 1), S(ri)), (X, X)]°, 

and 3: tt„+i(X, A, *) —> 7t„(A, *) is induced by the restriction from D(n + 1) 
to S(n). 

The pointed cone on S n is 7)” +1 : We have a homeomorphism 

S n x 7/(5" x 0 U e n +\ x 7) -► D n+l , (xj)\-+ (1 - t)e n+1 +tx. 

Therefore we can also represent elements in n n +i(X, A, *) by pointed maps 
(D n+1 , S n ) —> (X,A) and elements in jt„ ( X. *) by pointed maps S n —> X. 
In comparing these different models for the homotopy groups it is important to 
remember the homeomorphism between the standard objects (disks and spheres), 
since there are two homotopy classes of homeomorphisms. O 

Problems 

1. 7 i „(A,A,a) = 0. Given/: (7", 37”, J n ~ *) —>■ (A, A, a). Then a null homotopy is 
fl(x\ , . . . , X„) = f(x 1 , X2, ■ ■ ■, (1 - t)x n ). 

2. Let t e fo C fi C C be a sequence of 7j-spaces (i.e., points are closed). 
Give X = (J«>i X n the colimit topology. Then a compact subset K C X is contained 
in some X n . Use this to show that the canonical maps 7t n (Xj, *) —> 7i n (X, *) induce an 
isomorphism colim/ n n (Xj ^ :x n ( X , *). 

3. Let (X, A, B, b) be a pointed triple. Define the boundary operator 3: 7i n {X, A, b) —> 
7t n —i (A, b) -*■ n n —t (A, B, b ) as the composition of the previously defined operator with 
the map induced by the inclusion. Show that the sequence 

■■■—>■ 7t n (A, B . b) —>■ 7T n (X, B, b) —> 7T n {X, A, b) 7i„—i (A, B, b) —> ••• 


is exact. The sequence ends with n\ ( X , A, b). 

4. The group structure in 7T„_|_i (X,A,*) is induced by an h-cogroup structure on 
(D(n + 1), S(n)) in the category of pointed pairs. 
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5. Let / : ( X , x) —*■ ( Y , y ) be a pointed map. One can embed the induced morphism 
/* : Jt n ( X , x) —>■ jt n ( Y , y) into an exact sequence which generalizes the case of an inclu¬ 
sion/. Let Z(/) be the pointed mapping cylinder of / and / = pi: X —*■ Z(/) —> Y the 
standard factorization into an inclusion and a homotopy equivalence, as explained in (5.3.1). 
We can now insert the isomorphism />* : n n *) —> n n (Y, *) into the exact sequence 

of the pair and obtain an exact sequence 

- Jt n (X, *) 7 r„(F,*) n n (Z(f ),X ), *) ■■■ . 

One can define the groups n n (Z(f ), X, *) without using the mapping cylinder. Consider 
commutative diagrams with pointed maps xp and <E>. 


dI n /J 


n — 1 


'I 


J 

I n /J 


n 

n —1 


-+X 


-> Y 


We consider (y), <t>): / —> / as a morphism in the category of pointed arrows. Let 
7 r n (f) denote the set of homotopy classes of such morphisms. For /: X C Y we ob¬ 
tain the previously defined n n (Y, X,*). The projection /?:/—> / induces an isomorphism 
n n {Z(f), X, *) = 7T n {i) —> n n (f). One can also use the fibre sequence of /. 


6.2 The Role of the Base Point 

We have to discuss the role of the base point. This uses the transport along paths. 
Let a path v: I —>■ X and /: (/", 37”) —> (X , t>(0)) be given. We consider v 
as a homotopy v of the constant map 37" — > { t,'(0)J . We extend the homotopy v t 
to a homotopy V t : 7” — > X with initial condition / = Vo- An extension exists 
because 37” C 7” is a cofibration. The next proposition is a special case of (5.2.1) 
and problems in that section. In order to be independent of that section, we also 
repeat a proof in the present context. 

(6.2.1) Proposition. The assignment [To] [Fi] is a well-defined map 
v#: n„(X, v(0)) -> ji„(X, u(l)) 

which only depends on the morphism [u] in the fundamental groupoid TI(A). The 
relation (v * w)# = w# on# holds, and thus we obtain a transport functor from TI(X) 
which assigns to Xo e X the group n„(X, Xo) and to a path v the morphism v#. 
The map v# is a homomorphism. □ 

Proof. Let tp\ f ~ g be a homotopy of maps (7”, 37”) —> (X, xo) and xf: v ~ w 
a homotopy of paths from xo to xi. Let V t : 7” — > X be a homotopy which extends 
(/, v) and IT, a homotopy which extends (g, w). These data combine to a map on 
7 = 7"x0x7U 37” x 7 x 7 U 7” x 737 C 7”+ 2 as follows: On 7” x 0 x 7 
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we use (p, on 37” x 7 x 7 we use xjs, on 7” x 7 x 0 we use V, and on 7” x 7 x 1 
we use W. If we interchange the last two coordinates then T is transformed into 
J n+1 . Therefore our map has an extension to I n+2 , and its restriction to 7" x 1 x 7 
is a homotopy from V\ to W\. This shows the independence of the representatives 
/ and v. The other properties are clear from the construction. □ 

There is a similar transport functor in the relative case. We start with a function 
/: (7”, 37", J n ~ x ) -¥ (X, A, ao) andapath v: I —Afromaotoai. Weconsider 
the path as a homotopy of the constant map 7" _1 — > {a 0 }. Then we extend this 
homotopy to a homotopy V t : (7”, 37") — > (X, A ). An extension exists because 
/" _1 C 37" and 37" C 7" are cofibrations. 

(6.2.2) Proposition. The assignment [Vo] [ V\ ] is a well-defined map 

v # : n n (X,A,a 0 ) -+ n„(X,A,ai) 

which only depends on the morphism [u] in the fundamental groupoid 11(A). For 
n > 2 the map v# is a homomorphism. As above we have a transport functor 
from 11(A). □ 

Since v# is always bijective, homotopy groups associated to base points in the 
same path component are isomorphic. 

We list some naturality properties of the transport functors. As a special case of 
the functor property we obtain right actions of the fundamental groups: 

n„(X, x ) x n\{X, x) -*■ Jt n (X, x), (a, ft) \-> a ■ f 

7r„(X, A, a) x Jti(A, a) —> Jt n (X, A. a), (a. ft) \-> a ■ f 

We also have an action of n\ (A, a) on n n (X.a) via the natural homomorphism; 
more generally, we can make the tt n (X. a) into a functor on IT (/I) by viewing a 
path in A as a path in X. From the constructions we see: 

(6.2.3) Proposition. The morphisms in the exact homotopy sequence of the pair 

{X, A) are natural transformations of transport functors on Tl(A). In particular, 
they are ^i(A, *)-equivariant with respect to the actions above. □ 

Continuous maps /: {X, A) —> (Y, B) are compatible with the transport func¬ 
tors 

f*(w#(a)) = (fw)#(f*(a)). 

Let f t \ (X, A) —> ( Y. B ) be a homotopy and set w: t i-»- f(a,t). Then the diagram 


/o* 


7 t n {Y. B, f 0 a) 


n„ (X, A, a) 


u># 


fl * n n (T, B, f\af 


is commutative. As in the proof of (2.5.5) one uses this fact to show: 
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(6.2.4) Proposition. Let f : (X, A) —> (Y. B) be an h-equivalence. Then the 

induced map /* : n„(X, A, a) —> Jt n (Y, B , fa) is bijective. □ 

Suppose that / that induces isomorphisms nj (A) —^ 74 ( B) and jtj (X ) 
jij (Y) for j e \n. n + 1}, n > 1. Then the Five Lemma (11.1.4) implies that 
/* : TT n+ \ (X, A, *) —> 7T n +1 (K. B,*) is an isomorphism. With some care, this also 
holds for n — 0, see Problem 3. 

Let /: (X, A) —> (Y, B) be a map of pairs such that the individual maps 
X —> Y and A —> B induce for each base point in A isomorphism for all tt„ , then 
/* : tt„(X, A, a) —> Jt n (Y, B , f{a)) is bijective for each n > 1 and each a e A. 
For the case n — 1 see Problem 3. 

The transport functors have special properties in low dimensions. 

(6.2.5) Proposition. Letv: I —*■ X be given. Thenv #: n\ (X, u(0)) ^ 7 i| (X, v( I)) 

is the map [in] i-»- [u _ ][in][n]. In particular, the right action ofnfX, x) on itself is 
given by conjugation a ■ /? = □ 

(6.2.6) Proposition. Let x\,x 2 e Jt 2 (X, A, *) be given. Let z = dx 2 e tt\(A,*). 
Then X\- z = ( X 2 )~ 1 XiX 2 (multiplicative notation for ir 2 ). 

Proof. We first prove the claim in a universal situation and then transport it by 
naturality to the general case. Set D — 0(2). S — 5(1). 

Let ti, t 2 e n 2 (D V D. S v 5) be the elements represented by the inclusions 
of the summands (D, S) (D V D, S V 5). Set £ = d(t 2 ) e tti( 5 V 5). From 
(6.2.3) and (6.2.5) we compute 

3(4 • 0 = (04) • £ = rUS'iK = (3i 2 r 1 (3G)(3i2) = 3(tJ 1 ttt 2 ). 

Since D V D is contractible, 3 is an isomorphism, hence 4 • t 2 = Jj 1 iit 2 . 

Let now h: (D V D, S V 5) —► (X, A) be a map such that hik represents Xk, 
i.e., /r*((fe) = Xk■ The computation 

X\ ' z — (h*ti) ■ (dh*i 2 ) = /i *(4 • £) = /z*(i 2 l i\i 2 ) = xf l x\x 2 

proves the assertion in the general case. □ 

(6.2.7) Corollary. The image of the natural map it 2 (X, *) —> n 2 (X, A, *) is con¬ 
tained in the center. □ 

The actions of the fundamental group also explain the difference between 
pointed and free (= unpointed) homotopy classes. 

(6.2.8) Proposition. Let [5(n), Z]°/( ) denote the orbit set of the Tt\(X, *)-action 
on [5(n),3f]°. The map [5(n),X]° —> [5(n),X] which forgets the base point 
induces an injective map v: [5(h), X]°/(~) —> [5(h), X]. For path connected X 
the map v is bijective. The forgetful map 

7 x n (X, A, *) = [(D(n), 5(h - 1)), (X, A)] 0 [(D(n), 5(n - 1)), (Z, A)] 
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induces an injective map of the orbits of the Jii{A, *)-action; this map is bijective 
if A is path connected (n > 2). □ 

Problems 

1. Let A be path connected. Each element of jt\ ( X , A, a) is represented by a loop in (X, a). 
The map y* : jt i(X, a) —> n\(X, A, a) induces a bijection of n\ ( X , A, a) with the right (or 
left) cosets of n\ ( X , a) modulo the image of /* : n\ (A, a) —> n\(X, a). 

2. Let x £ ni(X, A, a) be represented by v: I —> X with u(l) £ A and v(0) = a. Let 

w: I —> X be a loop in (X,a). The assignment ([u>], [u]) i-> [w * u] = [u>] • [u] defines 
a left action of the group jt\ (X, a) on the set tt\ ( X , A, a). The orbits of this action are the 
pre-images of elements under 3: n\ (X, A, a) —> jto(A,a). Let ( F , /): (X, A) —> (Y, B) 
be a map of pairs. Then F* : jt\ (X, A, a) —*■ jz\ ( Y , B, f (a)) is equivariant with respect 
to the homomorphism F* : n\ (X, a) —> n\ (T, f(a)). Let [u] £ it\ (X, A, a) with u(l) = 
u £ A. The isotropy group of [u] is the image of ni(A,u) in n\(X, a) with respect to 
[tu] i->- [u * w * v~ ]. Find an example ao,a\ £ jti(X, A, a) such that ao has trivial and 
a\ non-trivial isotropy group. It is in general impossible to define a group structure on 
tt\(X, A, a) such that tt\(X, a) -*■ (X, A, a) becomes a homomorphism. 

3. Although there is only a restricted algebraic structure at the beginning of the exact sequence 
we still have a Five Lemma type result. Let /: (X, A) —> (Y, B) be a map of pairs. If 
/* : Jto(A) —> no(B) and /* : n\(X,a) -*■ n\(Y , f{a)) are surjective and /* : no(X) —> 
tto(Y) is injective, then /* : n i (X, A, a) —> ji\{Y, B, f (a)) is surjective. Suppose that for 
each c £ A the maps /* : jti (X, c) —> n\ ( Y, f (c)) and /* : ttq{A) —> no(B) are injective 
and /* : jti (A, c) —> n\(B, f(c)) is surjective, then /* : jti(X, A,a) —>■ jt\{Y, B , f(a)) is 
injective for each a e A. 

4. Let (X, A) be a pair such that X is contractible. Then3: TT q j r \(X, A,a) —> TT q (A,a) is 
for each q > 0 and each a £ A a bijection. 

5. Let A C X be an h-equivalence. Then ji n (X, A, a) = 0 for n > 1 and a € A. 

6. Let X carry the structure of an h-monoid. Then jt\ (X) is abelian and the action of the 
fundamental group on n n ( X , *) is trivial. 

7. Give a proof of (6.2.8). 

8. The jt\ (X, *)-action on Ji n {X, *) is induced by a map [i n \ S(n) —> S(n) V 5(1) by an 
application of the functor [—, 3f]°. If we use the model D n /5 n—1 for the n-sphere, then an 
explicit map fi n is x i-»- (2x, *) for 2||x|| < 1 and x h-> (*, 2 ||jc|| — 1) for 2||x|| > 1. 

6.3 Serre Fibrations 

The notion of a Serre fibration is adapted to the investigation of homotopy groups, 
only the homotopy lifting property for cubes is used. 

(6.3.1) Theorem. Let p.E —> B be a Serre fibration. For Bo C B set Eq — 
p~ l Bq. Choose base points * E Bo and * E E o with p(*) — *. Then p induces 
for n > 1 a bijection p <,: n n (E, E 0 , *) —*■ n n (B. B 0 , *). 
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Proof, p * surjective. Let x e jr n ( B. Bo. *) be represented by 

h : (/".a/",/" -1 ) -> ( B.Bq ,*). 


By (3.2.4), there exists a lifting H : I n -* E with H(J n ~ l ) = {*} and pH = h. 
We then have H(dl n ) C E 0 , and therefore H represents a pre-image of x under p*. 

/?* injective. Let Xq. xj e Jr n (E. Eq. *) be represented by fo. f\ and have 
the same image under p *. Then there exists a homotopy f ,: (/", 9/”, /” -1 ) —»• 
( 5 , /lo, *) such that fo ( u ) = p fo(u), (j>\ (ii) = pfi(u) for u e /”. Consider the 
subspace T = 7" x 9/ U /" -1 x / and define G: T —> E by 


G(u.t) 


f t (u). uel n ,te{ 0,1}, 
*, m e /" -1 , t e I. 


The set T C 9(7" x /) is transformed into if one interchanges the last two 
coordinates. By (3.2.4) again, there exists a map H : /" x I —E such that 
H\T = G and pH — f. We can view H as a homotopy from /o to f\. □ 

We use the isomorphism n n (E, F. *) = 7i n (B. *), F — p~ l (*) in the exact 
sequence of the pair (E. F.*) and obtain as a corollary to (6.3.1) the exact sequence 
of a Serre fibratioiv. 

(6.3.2) Theorem. For a Serrefibration p : E — B with inclusion i: F — p~ l {b) C 
E and x e F the sequence 


-» TTn(F.x) > n n (E,x) p * > n„{B.h) —^—5- 7 T„_l(F,x) -»-••• 

w exact. The sequence ends with ito(E, x) no{B. b). □ 

The new map 9 has the following description: Let /: (/", 9/") —> (5, b) be 
given. View / as 7 " _1 x I —>■ B. Lift to f : f" E. constant on 7" _1 . Then 
9[/] is represented by <p \x 1. The very end of the sequence requires a little 
extra argument. For additional algebraic structure at the beginning of the sequence 
see the discussion of the special case in (3.2.7). 

(6.3.3) Theorem. Let p : E B be a con tin uous map and U a set of subsets such 
that the interiors cover B. Assume that for U e V. the map pu : p~ l {U) —> U 
induced by p is a Serre fibration. Then p is a Serre fibration. 

Proof. A subdivision of width <5 = l/N, N e IN of /" consists of the cubes 
I(a i,..., a n ) = n"=i I( a j) where I{k) = [k/N, ( k + 1)/7V] for 0 < k < N, 
k e Z. A ^-dimensional face of I{a \. ...,«„) is obtained by replacing n — k of the 
intervals /(fly) by one of its boundary points. (The aj are integers, 0 < ay < n.) 

It suffices to work with an open covering XL. Choose N such that each cube 
/(ai,..., a„) x 1(b) is mapped under h into some U e U. This is possible by 
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the Lebesgue lemma (2.6.4). Let V k C 7" denote the union of the A:-dimensional 
faces of the subdivision of 7”. 

We have to solve a lifting problem for the space 7” with initial condition a. We 
begin by extending a over 7" x [0, 5] to a lifting of h. We solve the lifting problems 


7"xOUK 

n 


k— 1 


x [ 0 , 8] 


I n x 0 U V k x [0, 8] 


H(k- 1) 


' H(k) 


3 E 




for A: = 0with K -1 = 0 and 77(—1) = a by induction over k. Let 1L be 
a k -dimensional cube and dW the union of its (k — 1)-dimensional faces. We can 
solve the lifting problems 


W x 0 U dW x [0, S] H{k 1} > p~ l U 


H w 


W X [0, <5] 


PU 


-> U 


by a map Hw, since pjj is a Serre fibration; here U € U was chosen such that 
h(W x [0,5]) C U. 

The Hw combine to a continuous map 77 (Ac) : V k x [0,5] —> E which lifts h 
and extends 77 (Ac — 1). We define 77 on the first layer 7" x [0,5] as H(n). We 
now treat 7” x [<5, 28] similarly with initial condition given by 11 (n)\ I n x {<5 J and 
continue in this manner inductively. □ 

(6.3.4) Example. Since a product projection is a fibration we obtain from (6.3.3): 

A locally trivial map is a Serre fibration. O 

(6.3.5) Example. Let p\ E -4 B be a covering with typical fibre F. Since each 
map 7” —> F is constant, n n (F, *) is for /; > I the trivial group. The exact 
sequence of p then shows />* : n„ (E ) = tt„ ( B ) for n > 2. The covering IR —► 5 1 
then yields jz n (S 1 ) = 0 for n > 2. Moreover we have the exact sequence 


p* 


1 7Tl (E, *) —> *) 


d , z* * Z?* 

—» 7To(F, *) —> Jto(E, *) —> no(B, *)—>•! 


with the inclusion i\ F — p~ l {*) C E and tt 0 (F, *) = F. It yields for 
p\ R —> 5 1 the bijection 3: rr^S 1 ) = Z. A lifting of the loop s n : 7 —> S 1 , 
t 1 - 4 - exp(27r/«f) with initial condition 0 is t m- nt. Hence 3[.v„] = n. Thus we 
have another method for the computation of n \ ( S 1 ). O 
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(6.3.6) Example. Recall the Hopf fibration p: S 2n+ 1 —> C P n (14.1.9). Theexact 
sequence (6.3.2) and m (S 1 ) = 0 for i > 1 yield the isomorphisms 

p*: m{S 2n+1 ) s* 7Ti(CP n ), fori >3; 

and in particular n-, (5 3 ) = n,- (.S' 2 ) for i > 3, since CP 1 is homeomorphic to S 2 
(the Riemann sphere). O 

(6.3.7) Example. From linear algebra one knows a surjective homomorphism 
SU(2) —> SO(3) with kernel {±7?} = Z/2. The space SU(2) is homeomorphic to 
S 3 . Flence SO(3) is homeomorphic to IRE 3 and ;ri(SO(3)) = Z/2. 

(6.3.8) Proposition. Let p: (If. Iff —>■ B be a relative Serre fibration, i.e., 
p: Ei B is a Serre fibration and the restriction of p to Eq is also a Serre 
fibration. Let (T 7 *, //(’) be the pear of fibres over p(e) = b e B. Then: 

(1) The inclusion induces bijections n n (FF q , e) = n, t (If. If), e ). 

(2) tzq(Eo) —> tio(Ei) is surjective if and only if tto(Fq) —> no ( F^) is surjective 
for each b e B. 

Proof (1) We first prove the claim for n — 1 and begin with the surjectivity. 
Let /: (/, 37,0) —> (Ei, Eo,e) be given. The path (/>/) _ : / —> 7? is lifted to 
g: I —> To with initial point /(l). Then g( 1) e If, and / and / * g represent the 
same element in n\(E \, E 0 . e). The projection p (/ * g) is a null homotopic loop 
with base point b. We lift a null homotopy to If with initial condition / * g on 7 x 0 
and constant on 37 x 7. The lifting is a homotopy (7, 37,0) x 7 —► (E i, 7?o. e) 
from / * g to a map into ( F\, If. e). This proves the surjectivity. 

Suppose /o, f \: (7, 37,0) —> (F\, Fo.e) are given, and let K : (7, 37,0) x 7 —>• 
(Ei, 7?o- e) beahomotopy from / O to f. We lift pK~ to L : 7x7 —»• /f 0 with initial 
condition L(s , 0) = W(i, 1) and L(0, t) = L(l, t) — e. The homotopy p{K * 2 L) 
is a homotopy of loops which is relative to 37 2 homotopic to the constant map. 
We lift a homotopy to E\ with initial condition K *2 L on I 2 x 0 and constant on 
37 2 x 7. The end is a homotopy from /o * k e to f\*k e . This proves the injectivity. 

The higher dimensional case is obtained by an application to the relative Serre 
fibration (Q n F u Q n F 0 ) {Q. n Ex,^E 0 ) B. 

(2) Suppose tt{)(Eq) no (If) is surjective. The argument above for the 
surjectivity is used to show the surjectivity of noiFfi ) -> ttq(/' *)■ The other 
implication is easy. □ 

Problems 

1. The 2-fold covering S" —> RP" yields forn > 2 the isomorphism n\ (RP") ^ Z/2. 

2. Prove directly the exactness of the sequence (6.3.2) without using (6.1.2). 

3. The map C —>■ C, z i-* z 2 has the HLP for 7° but not for 7 1 . 

4. Let p: ( E , e) —> {B, b) be a Serre fibration with fibre F = p~ l (b). Then 

S2 n (p): Q n (E,e) -> Q. n (B.b) 
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is a Serre fibration with fibre C2" (F, e). 


6.4 The Excision Theorem 

A basic result about homotopy groups is the excision theorem of Blakers and 
Massey [22]. 

(6.4.1) Theorem (Blakers-Massey). Let Y be the union of open subspaces Y\ and 
Y 2 with non-empty intersection Yq = Yi fl Y 2 . Suppose that 

71 i (Kj, Y 0 , *) = 0 for 0 < i < p, p > 1 
itj (Y 2 , Yq, *) = 0 for 0 < i < q, q > 1 

for each base point * e To- Then the excision map, induced by the inclusion, 

t: 7t„(Y 2 ,Y 0 ,*)^n n (Y,Y 1 ,*) 

is surjective for \ < n < p + q — 2 and bijective for \<n<p+q— 2 (for each 
choice of the base point * e To)- In the case that p = 1, there is no condition on 
jr^T,, T 0 , *). 

We defer the proof of this theorem for a while and begin with some applications 
and examples. We state a special case which has a somewhat simpler proof and 
already interesting applications. It is also a special case of (6.7.9). 

(6.4.2) Proposition. Let Y be the union of open subspaces Y\ and Y 2 with non¬ 

empty intersection To- Suppose ( Y 2 . Yq) = 0 is q-connected. Then ( Y, Y \) is 
q-connected. □ 

We apply the excision theorem (6.4.1) to the homotopy group of spheres. We 
use the following subspaces of S n , n > 0, 

D'l = {(*!. x n+ i) e 5” I ±x n+1 > 0} C HI = {x e S n | x # Te n+l ). 

We use R” C R” +1 , (z\,... ,z n ) (z \,..., z n , 0) and similar inclusions for 
subsets of R”. We choose * = —e\ as a base point; e, is the standard unit vector. 

(6.4.3) Lemma. We have isomorphisms 3: jr;+i(Z)" +1 , S n ,*) —>• iti(S n , *) for 
i > 0, n > 0 and ttj ( S n ,*)—>• tt,- (5", Z)^., *)for i > 0,« > 1. 

Proof In the first case we use the exact sequence of the pair (D" +1 ,5”). The 
space D” +1 is contractible and hence jr, (D” +1 , *) = 0 for 1 > 0 and /? > 0. 

In the second case we consider similarly the exact sequence of ( S n , D±). Note 
that * = —e\ e D n ± for/i >1. □ 
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For n > 0 we have a diagram with the isomorphisms (6.4.3) 

m(S n , *)---> n i+l {S n+ \ *) 

= a = 

7ii +1 (D”_+\S n , *) —U n i+1 (S n+1 , D n +\ *)• 

The morphism t is induced by the inclusion and E is defined so as to make the 
diagram commutative. Note that the inductive proof of (1) in the next theorem only 
uses (6.4.2). 

( 6 . 4 . 4 ) Theorem. (1) m(S n ) = Ofori < n. 

(2) The homomorphism i is an isomorphism for i < 2n—2 and an epimorphism 
for i = 2n — 1. A similar statement holds for E. 

Proof Let N(n) be the statement (1) and E(n) the statement (2). Obviously /V( I) 
holds. Assume N(n) holds. We then deduce E{n). We apply the excision theorem 
to (Y, Y u Y 2 , F 0 ) = (S n+1 ,Df + \Df +1 .S n ). By N(n) and (6.4.3) we have 
iti (S n ) = 7 T/+i(D^_ +1 , S n ) = 0 for 0 < i < n. We use the excision theorem 
for p = q = n + 1 and see that i is surjective for i + 1 < 2 n and bijective for 
i + 1 < 2« — 1. Finally, E(n) and N(n) imply /V( n + 1). 

In order to have the correct hypotheses for the excision theorem, we thicken 
the spaces, replace D'f by I If and note that the inclusions I) 11 ± C Ilf and 
.S '"' 1 C Ilf fl Elf are h-equivalences. □ 

( 6 . 4 . 5 ) Proposition. The homomorphism 7r, (D" +1 ,5", *) —»• jt, ( /J" +1 /S ' 1 , *) 
induced by the quotient map is an isomorphism for i < 2n — 1 and an epimorphism 
for i = 2/7. 

Proof. Consider the commutative diagram 

tti(Df +1 , S n . *)- >7ti(Df +1 /S n ,*) 

i (l) 

7ti(S n+ \ Df + \*) m(S n+1 /D n + +1 , *). 

The map (1) is induced by a homeomorphism and the map (2) by a homotopy 
equivalence, hence both are isomorphisms. Now apply (6.4.4). □ 

The homomorphism E is essentially the suspension homomorphism. In order 
to see this, let us work with (6.1.4). The suspension homomorphism £* is the 
composition 

E* : n n (X, *) — 7r„ +1 (CX, X, *) 7t n+1 (CX/X, *) = 7r n+1 (ZX,*) 
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with the quotient map q : D(n + 1) —> Din + 1)/ S ( n ) = S(n + 1). 

The next result is the famous suspension theorem of Freudenthal ([ 66 ]). 

(6.4.6) Theorem. The suspension E* : 7ti(S(n)) —> 7ti+i(S(n + 1)) is an isomor¬ 
phism for i <2n —2 and an epimorphism for i = 2n — 1. 

Proof. We have to show that q* : 7 T, + i (CX, X) —> 7ii+i(CX/X) is for X = S(n) 
an isomorphism (epimorphism) in the appropriate range. This follows from (6.4.5); 
one has to use that S n is homeomorphic to Sin) and that P >" +1 is the (pointed) 
cone on 5”. □ 

(6.4.7) Theorem. jr n (S(n)) = 7L and E*: it n (S(n)) ->• n n+ \ (S(n + 1)) is an 
isomorphism (n >1). The group n„(S(n)) is generated by the identity of S(n). 

Proof. From the exact sequence n 2 (S 3 ) 7 r 2 (.S' 2 ) ->• jt] (.S’ 1 ) -»• jt(S 3 ) of the 

Hopf fibration S 1 — > S 3 — > S 2 and 7tj(S 3 ) = 0 for j — 1,2 we obtain an 
isomorphism 3 : 7 r 2 ( 5 2 ) = Tt\ (S 1 ) = Z. From (6.4.6) we obtain a surjection 
E* : 7 ri (S'j 1)) —> jt 2 (5(2)); this is an isomorphism, since both groups are isomor¬ 
phic to Z. For n > 2, (6.4.6) gives directly an isomorphism E*. We know that 
tti( 5(1)) = Z is generated by the identity, and E* respects the identity. □ 

( 6 . 4 . 8 ) Example. We continue the discussion of the Flopf fibrations (6.3.6). The 

Flopf fibration .S ' 1 .S 2n+1 C P n and tt,- ( S 2 "+ 1 ) = 0 for i < 2 n yield 

n 2 (CP n ) ^ JTijS 1 ) ^ Z and 7ti(CP n ) = 0 for 0 < i < 2 n, i ^ 2. The inclu¬ 
sion S 2n+1 S 2n+3 , z (z,0) induces an embedding CP" C CP" +1 . We 

compare the corresponding Flopf fibrations and their exact sequences and conclude 
tt 2 (CP" ) = 7t 2 (CP n+1 ). Let CP 00 = U n>1 CP" be the colimit. The canonical 
inclusion CP" C CP°° induces tt/(CP") = 7 r/(CP°°) for i < 2 n. A proof uses 
the fact that a compact subset of CP 00 is contained in some finite C P N . Therefore 
CP°° is a space with a single non-trivial homotopy group n 2 (CP°°) = Z. 

Note also the special case 7t 2 (S 2 ) = n^iS 3 ) = Z. 

We have similar results for real projective spaces. The twofold coverings 
Z/2 —> S n —> RP" are use to show that tt^RP 2 ) = ^i(RP 3 ) = ••• = 
7 ri(RP°°) = Z/2, induced by the inclusions, 7 r,(RP") = 7 T,-(RP" +1 ) for; < n 
and tt/(RP") = 0 for 0 < i < n,i f 1. The space RP°° has a single non-trivial 
homotopy group n\ (RP°°) = Z/2. O 

6.5 The Degree 

Let d : Jt n (S(n )) —Z be the isomorphism which sends [id] to 1. If /: S(n) —> 
S(n ) is a pointed map, then /*: tt„ (S{n)) —>• tt„ (S{n)) is the multiplication by the 
integer d(f) = d(f*[ id]) = d([f]). Since the map [5(n), 5(«)]° ->• [5(n), S(n)] 
which forgets about the base point is bijective (see ( 6 . 2 . 8 )), we can transport d 
to a bijection d : [S{n). ,S'(;;)] —> Z. The functoriality /*g* = (fg)* shows 
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d(fg ) = d(f)d(g)\ therefore d ( h ) = ±1 if h is a homeomorphism. The suspen¬ 
sion sends [/] to [/ A id]; hence d(f) = d(f A id). 

(6.5.1) Proposition. Given pointed maps f : S(m ) S(m)andg: S (n ) —> S(n). 

Then d( f A g) = d( f)d(g). 

Proof. We use the factorization / a g = (/ A id)(id Ag). The map / A id is a 
suspension of/, and suspension does not change the degree. Letr: S(m)A S(n ) 
S(n) A .S'(m) interchange the factors. From z(g A id)r = id Ag we conclude 
J(id Ag) = d(g A id) = d(g). □ 

Let k n : S(n) —S” be a homeomorphism. The bijection 

[S",S*]^[S{n),S{n)], [f]^[k n fk~ l ] 

is independent of the choice of k n . We use this bijection to transport d to a bijection 
d : [5”, S n ] —> Z. If d([f}) = k we call k the degree d(f) of /. We still have 
the properties d(f)d(g) — d(fg), (id) = 1, d(h) = ± 1 for a homeomorphism 
h. By a similar procedure we define the degree d( f ) for any self-map / of a space 
S which is homeomorphic to S(n). 

Matrix multiplication l a : R” —>■ R”, x i->- Ax induces for each A e GL„(!R) a 
pointed map La '■ S <f d S <n d For the notation see (6.1.4). 

(6.5.2) Proposition. The degree of La is the sign of the determinant det(/l). 

Proof Let in: I —> GL„([R), t i->- A(t) be a path. Then (x,t) i->- La^x is a 
homotopy. Hence i/(L^) only depends on the path component of A in GL„(R). 
The group GL„(R) has two path components, distinguished by the sign of the 
determinant. Thus it suffices to show that for some A with dct(/l) = — 1 we have 
d(LA) = —L By the preceding discussion and (6.1.4) we see that {x\,... ,x n ) (->• 
(—jci, X 2 ,..., x n ) has degree —1. □ 

The stereographic projection (6.1.4) now shows that the map 5” —> S n which 
changes the sign of the first coordinate has degree —1. 

(6.5.3) Proposition. Let A e 0(n + 1). Then X 4 : S n S n , x i-> Ax has degree 
det(H). 

Proof. Again it suffices to verify this for appropriate elements in the two path 
components of O(n + 1), and this we have already achieved. □ 

(6.5.4) Corollary. The map S n -a S n , x m- — x has degree (— 1)” +1 . □ 

A vector field on S n is a continuous map F: S " ^ K" +1 such that for each 
x e S n the vector F(x) is orthogonal to x. For the maximal number of linearly 
independent vector fields see [3]. 
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(6.5.5) Theorem. There exists a vector field F on S n such that F{x) f 0 for each 
x e S n if and only if n is odd. 

Proof. Let n = 2k — 1 . Then 

(xi ,x 2 ,..., x 2 k- 1, x 2 k) h* (x 2 , -Xi,..., X 2k .-X 2k -i) 

is a vector field with the desired property. 

Let Fbea vector field such that F(x) f 0. Set V(x) = F(x )/1| F(x)\\ . Then 
{x,t) xx cos jzt ■ x + sin xi ■ V(x) is a homotopy from the identity to the antipodal 
map. Hence the antipodal map has degree 1. By (6.5.4), n is odd. □ 

(6.5.6) Proposition. Let r : S ( m) A S(n) -x S{n) A Sim) interchange the factors. 
Then d(r) = (-l) mn . 

Proof. By (6.5.2) we know the analogous assertion for the models S^- m \ □ 

6.6 The Brouwer Fixed Point Theorem 

We prove the fixed point theorem of Brouwer and a number of equivalent results. 
As an application we discuss the problem of topological dimension. 

Let us first introduce some notation. Consider the cube 


W = W n — {(*,-) e | -1 < xi < 1} 

with the faces C, (±) = {x e W" | x,- = ±1}. We say, Bj C W n separates Q (+) 
and Cj (—), if If is closed in W. and if 

WxB, = Bi (+) U Bi (-), 0 = B, (+) n Bi (-), Ci (±) C Bf±), 

with open subsets If (+) and If (—) of W ^ Bj. The n-dimensional standard 
simplex is A”. Its boundary 3 A" is the union of the faces 3/A" = {{to,... ,t n ) e 
A" | f = 0}. 

(6.6.1) Theorem. The following statements are equivalent: 

(1) A continuous map b: D n —* D n has a fixed point (Brouwer Fixed Point 
Theorem). 

(2) There does not exist a continuous map r : D n S n ~' which is the identity 
on S n ~ x (Retraction Theorem). 

(3) The identity of S n ~ l is not null homotopic {Homotopy Theorem). 

(4) Let f : D n -x [R" be a continuous map such that f{z) = z for z e S” . 
Then D n is contained in the image of f . 

(5) Let g: D n -x R” be continuous. Then there exists a fixed point or there exists 
z e S n ~ x such that g(z) = Xz with X > 1. 
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(6) Let Vi : W n — > IR, 1 < i < n be functions such that v,- (x ) < 0 for x e C; (—) 
and Vi (x ) > 0 forx e C,-(+). Then there exists x e IT” such that u,(x) = 0 
/or eoc/t i {Intermediate Value Theorem). 

(7) Suppose Bj separates C, (—) «/?c/ C, (+)/or 1 < i < n. Then the intersection 
B\ FI i ?2 H • • • FI B n is non-empty. 

(8) Let If)..... B n be a closed covering of A" such that e,- / // and d. A" C If. 
Then P)”_ 0 5/ ^ 0. 77te same conclusion holds if we assume that the Bj are 
open. 

(9) Let If),..., B n be a closed covering of A” such that e,- e // one? 3,; A” n Bj — 
0. Then H- =0 Ef + 0- 

The fixed point theorem expresses a topological property of D n . If h: X —*■ D n 
is a homeomorphism and /:I-tIa self-map, then hfh~ l has a fixed point z 
and therefore / has the fixed point h(z). We can apply (2) to the pairs (W n , dW n ) 
and (A”, 3A”), since they are homeomorphic to (D n , S” -1 ). Statement (3) is also 
equivalent to the inclusion S” -1 C IR” \ {0} not being null homotopic (similarly 
for 3 W n in place of S" _1 ). 

Proof. (1) (2). Suppose r is a retraction. Then x m- — r(x) is a map without 

fixed point. 

(2) => (3). The map r : D n —> S" -1 which corresponds by (2.3.4) to a null 
homotopy of the identity is a retraction. 

(3) =>■ (1). Suppose b has no fixed point. Then 

x / s n ~ \ (x, t) ^ = N{x - tb(x )) 

\\x-tb(x)\\ 

is a homotopy from the identity to the map f \ x N(x — b(x)). Since b 
has no fixed point, the formula for / defines a map on the whole of D n , and 
then (a\ t ) f(tx) is a homotopy from the constant map to /. Thus / is null 
homotopic, and therefore also id(S” -1 ). 

(2) =>■ (4). If x is contained in the interior of D n , then there exists a retraction 
r : K” \ x —> S n ~ l of S'” -1 C IR" ^ x. If x is not contained in the image of /, 
then r o f: D n 5” _1 contradicts the retraction theorem. 

(4) =>■ (5). Define a map /: D n —> R” by 

(i) fix) = 2x- g(2x), ||a|| <1/2, 

(ii) f{x) = M" 1 * - 2(1 - HxlDgdlAir 1 ^, ||a|| > 1/2. 

For ||a || = 4 we obtain in both cases 2a — g(2x). Thus / is a well-defined 
continuous map. 

For || a || = 1 we have /(a) = a. By (4), there exists y with f(y) = 0. If 

IItII — then (i) shows that 2 y is a fixed point. If ||y|| > I, then ||y|| ^ 1, and 

(ii) shows the second case with A = (2 — 2||y||) -1 > 1. 
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(5) =£- (1). A special case. 

(3) =>■ (6). Setu: W n -> R",x (ui(x),..., v n (x)). Suppose v(x) ^ Ofor 
each x e W n . Then v: W n R” \ 0. Consider li : (t, x) i->- (1 — t)x + tv(x). 
If x e Cj (—), i.e., Xj < 0, then (1 — t)xt + tVi(x) < 0 for each tel. Hence 
h t \ 3 W n —R” \0 is a homotopy from the inclusion to v. Since v has an extension 
to W n , it is null homotopic, but the inclusion is not null homotopic. A contradiction. 

(6) =$■ (7). Let d denote the Euclidean distance. Define Vj : W —> R by 

, , _ \-d(x,Bi), x e 

Vi (X) - \ 

\d(x,Bi), x e B t (+) U Bj, 


and apply (6). 

(7) => (2). Let r: W n —> dW n be a retraction. We define B,-(±) — 
r~ 1 (±Xi > 0) and B, = r _1 (x, = 0). We apply (7) and obtain a contradic¬ 
tion. 

(3) =>■ (8). We use the functions u, (x) = d(x, B ,). Our assumptions imply 
Vi (ei) > 0, and Vj (x) = 0 provided x e 3,-A”. If the B, have empty intersection, 
then n(x) = (uoM, • • •, v„(x)) ^ 0 for every x e A”. This gives us a map 

a: A” 3A”, x \-> u ; (x)) _1 n(x), 

because, since the Bj cover A", for each x at least one coordinate Vj (x) is zero. If 
x e 3/A”, then a(x) e 3/A”, hence (1 — t)x + tv(x) e 3, A" for each t e [0,1]. 
The identity of 3 A” is therefore homotopic to = a|3A". Since ft has the 
extension a it is null homotopic, and therefore also id(3A”) is null homotopic. 
This contradicts (3). 

Now suppose the B t are open. By a general result of point-set topology there 
exist closed sets C; C Bj and the C, still form a covering. In order to make sure 
that the Cj satisfy the hypotheses of (8) we can replace the C, by C, U 3, A”. The 
first part of the proof now shows that the C, have non-empty intersection. 

(8) =>■ (9). Set Ui = A” \ Bj. Suppose the Bj have empty intersection. Then 
the Uj cover A”. Since the Bj are a covering, the Ui have empty intersection. By 
construction, <?,■ ft U, and 3, A" C f/;. We therefore can apply (8) in the case 
of the open covering by the Uj and see that the Uj have non-empty intersection. 
Contradiction. 

(9) =4- (2). Let Aj = {{t 0 , ...,t„)e dA n | ft > 1 /«}. Let r : A” -► 3A n be 

a retraction and set Bj = r~ l {Aj). Then (9) tells us that the Bj have non-empty 
intersection, and this is impossible. □ 

Theorem (6.6.1) has many different proofs. For a proof which uses only basic 
results in differential topology see [79]. Another interesting proof is based on a 
combinatorial result, called Sperner’s Lemma [173]. 
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The retraction theorem does not hold for infinite-dimensional spaces. In [70, 
Chapter 19] you can find a proof that the unit disk of an infinite-dimensional Banach 
space admits a retraction onto its unit sphere. 

Does there exist a sensible topological notion of dimension for suitable classes 
of spaces? Greatest generality is not necessary at this point. As an example we 
introduce the covering dimension of compact metric spaces X. (For dimension 
theory in general see [94].) Let 'C be a finite covering of X and s > 0 a real 
number. We call 'G an e-covering, if each member of G has diameter less than e. 
We say G has order m, if at least one point is contained in m members but no point 
in m + 1. The compact metric space X has covering dimension dim X = k, if there 
exists for each e > 0 a finite closed e-covering of X of order k + I and k e No 
is minimal with this property. Thus X is zero-dimensional in this sense, if there 
exists for each e > 0 a finite partition of X into closed sets of diameter at most e. 
We verify that this notion of dimension is a topological property. 

(6.6.2) Proposition. Let X and Y be homeomorphic compact metric spaces. If X 
is k-dimensional then also is Y. 

Proof. Let h : X —> Y be a homeomorphism. Fix e > 0 and let V. be the covering of 
Y by the open e-balls U E (y) = {x \ d(x. y ) < e}. (We use d for the metrics.) Let 
5 be a Lebesgue number of the covering (/z —1 (C/) | U e U). Since dimX = k, 
there exists a finite closed 5-covering G of X of order k + 1. The finite closed 
covering 3) = ( h(C ) | C e G) of Y has then the order k + 1, and since each 
member of C is contained in a set h~ l (U), the covering ID is an e-covering. Thus 
we have shown dim Y < k. 

We now show that dim Y > k, i.e., there exists 8 > 0 such that each finite closed 
5-covering has order at least k + 1. Let e > 0 be a corresponding number for X. 
A homeomorphism g: Y —>• X is uniformly continuous: There exists a 8 > 0 such 
that d(yi,y 2 ) < 8 implies d (g(_Vi). g(} ! 2 )) < £■ So if '£ is a 5-covering of Y. then 
3) = (g(C) | C e t?) is an e-covering of X. Since 3d has order at least k + 1, so 
has G. □ 

(6.6.3) Proposition. There exists e > 0 such that each finite closed e-covering 
(Bj | j e /) of A” has order at least n + 1. 

Proof. Let e be a Lebesgue number of the covering Uj = A” \ 3,- A”, i = 0,...,«. 
Hence for each ]ei there exist i such that Bj C Uj , and the latter is equivalent 
to Bj fl 3/A" = 0. Suppose e Bj. Since e & e 3,-A” for i k, we cannot 
have Bj C Uj ; thus e^ e Bj implies If c if ■ Since each is contained in at 
least one of the sets Bj we conclude | J \ > n + 1. For each j e ./ wc now choose 

g(j) e {0. n } such that Bj fl d g (j)A n = 0 and set Ak = U {Bj \ g(j ) = k}; 

this is a closed set because J is finite. Each Bj is contained in some A k , hence 
the Aj. cover A”. Moreover, by construction, /I/, fl <fA n — 0. We can therefore 
apply part (9) of (6.6.1) and find an x in the intersection of the A/, . Hence for each 
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k there exists 4 such that x e /i, A .. Since each Bj is contained in exactly one of 
the sets A the element x is contained in the n + 1 members /i (/ _, /c = 0,..., n of 
the covering. □ 

We can now compare the covering dimension and the algebraic dimension. 

(6.6.4) Theorem. A" has covering dimension n. A compact subset of R" has 
covering dimension at most n. 

Proof. By (6.6.3), A” has covering dimension at least n. It remains to construct 
finite closed e-coverings of order n + 1 for each e. See Problem 4. □ 

Problems 

1 . Let U, V be an open covering of I 2 . Then there exists either a path u : I —> U such that 
m(0) g / x 0, m(1) g I x 1 or a path v : I —> V such that u(0) G 0 x /, u(l) g lx/. 

2. Let U, V be an open covering of A 2 . Then there exists a path component U of U such 
that U fl 3/A 2 7^ 0 for each i or a path component of V with a similar property. 

3. Generalize the preceding two exercises to n dimensions. 

4. The following figure indicates the construction of closed £-coverings of order 3 for the 
square. 



Generalize this construction to the cube I" by a suitable induction. 

5. Suppose /"is the union of a finite number of closed sets, none of which contains points 
of two opposite faces. Then at least n + l of these closed sets have a common point. 


6.7 Higher Connectivity 

For many applications it is important to know that the homotopy groups of a space 
vanish in a certain range. We discuss several reformulations of this fact. In the 
following 7z 0 (X, x) = tt 0 ( X) with base point [jc]. The space /7° is a singleton and 
.S' 1 =0. 

(6.7.1) Proposition. Let n > 0. The following are equivalent: 

(1) 7i n (X,x) = 0 for each tel 

(2) Each map S n -x X has an extension to D" . 

(3) Each map 3/"+ 1 —X has an extension to /" . 
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Proof. The case n = 0 is trivial. The equivalence of (2) and (3) is a consequence 
of the homeomorphism (D n+1 , S n ) = (7" +1 , 37" +1 ). Suppose /: S" —X is 
given. Use e\ — (1,0,...) e S" as a base point and think of / representing 
an element in jz n (X,x). If (1) holds, then / is pointed null homotopic. A null 
homotopy S n x I —>■ X factors over the quotient map S n x 1 —>■ D n+l . (x,t) h* 
(1 — t)e i + tx and yields an extension of /. Conversely, let an element a of 
7i n (X , x) be represented by a pointed map /: (S n ,e i) —»• (X, x). If this map has 
an extension F to D n+1 . then ( F, f ) represents ft e ir n+ t (X, X, x) = 0 with 
3 p=a. □ 

(6.7.2) Proposition. Let n > 0. Let f : ( D ", S" -1 ) —>• (X, A) be homotopic as 
a map of pairs to a map k : (£)", 5” _1 ) —> (A, A). Then f is relative to S n ~ l 
homotopic to a map g such that g(D n ) C A. 

Proof. The case n = 0 is trivial. Let G t : (D n , S n ~ 1 ) (X, A) be a homotopy 

from / to k according to the assumption. Define A: D n x I -x D" x / by 
A (x,t) = (2a(x, t)~ l -x. 2— a(x. t)) with the function a (x, t) = max(2||x||, 2— t). 
Then H — G o A is a homotopy with the desired property from f to g = Hi. □ 



d 


c 

d 


(6.7.3) Proposition. Let n > 1. The following assertions about ( X , A) are equiv¬ 
alent: 

(1) n„(X, A, *) = 0 for each choice of * e A. 

(2) Each map f : (7 ”, 3 /") — > (X, A) is as a map of pairs homotopic to a 
constant map. 

(3) Each map f : (/", 37”) —> ( X , A) is homotopic rel 37” to a map into A. 

Proof. (1)=S>(2). Let /: (/",37”) — > (X, A) be given. Since J n ~ l is contractible, 
there exists a homotopy of the restriction /: /” -1 A to a constant map. Since 
7" -1 C 37” and 37" C 7" are cofibrations, / is as a map of pairs homotopic to 
g: (7", 37") -»• (X, A) such that g(/" _1 ) = {a 0 }- Since n n (X, A,af) = 0, the 
map g: (7", 37", 7" _1 ) — > (X, A, a 0 ) is null homotopic as a map of triples. 

(2) =>■ (3). (6.7.2). 

(3) =>■ (1). Let /: (7", 37", /” _1 ) ->• (X, A, *) be given. By assump¬ 

tion (3) [/] is contained in the image of n„(A, A, *) —»• n(X, A, *). Now use 
7r„(A, A, *) = 0. □ 
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We call ( X, A ) n-compressible if one of the assertions in (6.7.3) holds. More 
generally, we call a map /: X —>■ Y 77-compressible if the following holds: For 
each commutative diagram 


v 

37"-► X 


n 

7" 


$ 


/ 


7 Y 


there exists 'F: 7" —> X such that 'FI 37” = (p and /'F ~ <t> relative to 37”. (This 
amounts to part (3) in (6.7.3).) This notion is homotopy invariant in the following 
sense: 


(6.7.4) Proposition. Given fX —> Y and a homotopy equivalence p: Y —> Z. 

Then f is n-compressible if and only pf is n-compressible. □ 

(6.7.5) Proposition. Let n > 0. The following assertions about ( X , A) are equiv¬ 
alent: 

(1) Each map f : (I q . 3 I q ) —> ( X , A), q e {0. n ) is relative to 3 I q homo- 

topic to a map into A. 

(2) The inclusion j : A —>■ X induces for each base point a e A a bijection 
j * : rtq(A , a) n q (X , a) for q < n and a surjection for q = n. 

(3) no(A) tzo(X) is surjective, and rtq(X, A, a) = 0 for q e {1,..., 77} and 
each a e A. 


Proof (1) (3). The surjectivity of ttq( A ) —>• ito(X) is equivalent to (1) for 

q = 0. The other cases follow from (6.7.3). 

(2) <£> (3). This follows from the exact sequence (6.1.2). □ 

A pair (X, A) is called n-connected if (l)-(3) in (6.7.5) hold. We call (X, A) 
oo-connected if the pair is 77-connected for each n. A pair is oo-connected if and 
only if j*: n n (A, a) —> jt„ (X, a) is always bijective. If X ^ 0 but A = 0 we say 
that (X, A) is (—1)-connected, and (0,0) is oo-connected. 

(6.7.6) Proposition. Let n > 0. The following assertions about X are equivalent: 

(1) 7 T q (X,x) = 0/or0 < q < n and x e X. 

(2) The pair (CX, X) is (n + 1 )-connected. 

(3) Each map f : 3 I q —> X, 0 < q < n + l has an extension to I q . 

Proof The cone CX is contractible. Therefore 3: 7r ? +i(CX, X, *) = n q (X, *). 
This and (6.7.5) shows the equivalence of (1) and (2). The equivalence of (1) and 
(3) uses (6.7.1). □ 

A space X is n-connected if (l)-(3) in (6.7.6) hold for X. Note that this is 
compatible with our previous definitions for n = 0,1. 
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Let /: X —» F be a map and X C Z(/) the inclusion into the mapping 
cylinder. Then / is said to be n-connected if (Z(f), X) is n -connected. We 
then also say that / is an n-equivalence. Thus / is n -connected if and only if 
/* : 7i q (X , x) -x 7T q (Y. fix)) is for each x e X bijective (surjective) for q < n 
(q = n). If / is an oo-equivalence we also say that / is a weak ( homotopy ) 
equivalence . Thus / is a weak equivalence if and only if /* : jt„ (X. x) -x 
n n (T, / (x)) is bijective for each n > 0 and each x e X. 

(6.7.7) Proposition. Let (p\, p 0 ): (£j, Eq) -x B be a relative Serrefibration. Let 
Fj > denote the fibre of pj over b. Then the following are equivalent: 

( 1 ) (Ei, Eq) is n-connected. 

(2) ( F±, Fq) is n-connected for each b e B. 

Proof This is a direct consequence of (6.3.8). □ 

The compression properties of an n-connected map can be generalized to pairs 
of spaces which are regular unions of cubes of dimension at most n . We use this 
generalization in the proof of theorem (6.7.9). Consider a subdivision of a cube /". 
Let us call B a cube-complex if B is the union of cubes of this subdivision. A 
subcomplex A of B is then the union of a subset of the cubes in B. We understand 
that B and A contain with each cube all of its faces. The A:-skeleton B(k ) of B 
consists of the cubes in B of dimension < k\ thus A(k) = B(k ) fl B. 

(6.7.8) Proposition. Let f : X —Y be n-connected. Suppose ( C, A) is a pear of 
cube-complexes of dimension at most n. Then to each commutative diagram 


A 


v 


> X 


n 

> ' 

C 



there exists 4': C -x X such that T | /I = <p and / 'L ~ <t> relative to A. 

Proof Induction over the number of cubes. Let A C B C C such that C is 
obtained from B by adding a cube W of highest dimension. Then dW C B. 
By induction there exists 'T / : B -x X such that T j/l = <ip and a homotopy 
H: / T' ~ <i>\B relative to A. Extend H to a homotopy of A>. The end <f> i of this 
homotopy satisfies 4>i|5 = /T'. We now use that / is n-connected and extend 
4/' over W to T: C —>■ X such that / T ~ <f>| relative to B. Altogether we have 
/4* 4>i —a 4> and 4>| A — 4 // |4 = <p. □ 

(6.7.9) Theorem. Let (p: ( X , Xq, X\) —x (Y. Yq, Y\) be a map such that the re¬ 
strictions (pi: Xi -x- Yi are n-connected and <poi: Xo FI X\ -x To LI Y\ is (n — 1)- 
connected. Suppose X — X q LJ A j 3 and Y — Yf U Yf Then (p is an n-equivalence. 
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Proof. We use mapping cylinders to reduce to the case of inclusions ip: X C 
Y, (pi : Xj c Yj. Let (F, f) : (7”, 37") —( Y. X ) be given. We have to show that 
this map is homotopic relative to 37” to a map into X. Let 

At = F-\Y^Y°)U f~ l (X^X°). 

These sets are closed and disjoint. By the Lebesgue lemma we choose a cubical 
subdivision of 7” such that no cube W of the subdivision intersects both A$ and 
A\. Let Kj be the union of the cubes W which satisfy 

7 AW) C Y°, f(W n 37”) C X°. 

Then K\ is a cubical subcomplex and 

7" = K 0 U K u F(Ki ) C Y°, f(K t n 37”) C X°. 

We denote by K * the (n — l)-skeleton of a cubical complex; then K fl 37” = 
K m fl 37” and K () n K\ = K' fl A'*. We have a commutative square 


Tqi 


-*Y 0 i 


- TS 

foi 


goi 


Foi 


37” fl K 0 i - >K' V 


Since (T 0 i, X 0 i) is (n — 1 (-connected there exists ahomotopy relative to 3/” fl A' 0 ] 
from F 0 i 1° a map gol: K* n —T 01 . Define g 0 : K () fl (37” U K,) — X Q by 

go|T 0 fl 37” = / 0 , g 0 |F 0 n K\ = got- 

(Both maps agree on the intersection.) The homotopy F 0 i ~ goi and the constant 
homotopy of /o combine to a homotopy of Fq| Ko fl (37” U K\) to go which is 
constant on Ko fl 37”. Since the inclusion of a cube complex into another one is a 
cofibration, this homotopy can be extended to a homotopy xj/ : Kq x 7 —To from 
F 0 to 77 0 . We obtain a diagram 


T 0 


TS 

go 


-+Y 0 


ho 


K 0 fl (37” U K\) 


Ho 


-> Ko 


where 77o is homotopic to ho'. Ko —> X\ relative to Kq D (37” U F*), since 
(To, To) is n -connected. 

We prove the second part similarly. We obtain a map gi: K\ fl (3 / ” U K *) — Y\ 
with gi\K\ fl 37” = fi and gi|Fi fl K* = g 0 i and then 



hi 


>Y! 


KI n (37” U Kq) 


I Hl 

*Ki. 
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The maps ho and hi coincide on K' n and yield a map h: Kq U K\ —> X which is 
homotopic relative 37” to F\ K' U A'*; moreover h\dl n = f. Let now IT' be an 
^-dimensionalcube, say with W C K 0 . ThendTF C K^andliidW) — h Q {dW) C 
X 0 . Since (F 0 , X 0 ) is n -connected, we can deform the map relative to 3 IT' to a map 
into Xq. □ 


(6.7.10) Corollary. Let f : X —> Y be an n-connected map between well-pointed 
spaces. Then E/: EX —> E Y is (n + 1 ^-connected. If X is n-connected, then 
EX is (n + \)-connected. The sphere S k+1 is k-connected. 

Proof. Let E'X denote the unpointed suspension of X. This is a quotient of X x I 
and covered by the open cones Co = X x [0,1 [/X x 0 and Ci =Xx]0,1]/Xxl 
with intersection Xx ]0,1 [. We can apply (6.7.7) directly; the cones are contractible 
and therefore the induced maps Cj(X) —> Cj(Y ) oo-connected. In the case of a 
well-pointed space X the quotient map E'X —»• EX is an h-equivalence. □ 


(6.7.11) Theorem. Let f : X —> Y be a continuous map. Let ( Uj \ j e /) and 
(Vj | j e J) open coverings of X and Y such that f(Uj) C Vj. Suppose that 
for each finite E C J the induced map f f '■ fl/eE 1 Uj H jeE^j ™ a wea k 
equivalence. Then f is a weak equivalence 

Proof. By passage to the mapping cylinder we can assume that / is an inclusion. 
Let h : (/", dl n ) —>• ( Y. X) be given. We have to deform h relative to 37” into X. 
By compactness of 7" it suffices to work with finite J. A simple induction reduces 
the problem to J — {0,1}. Then we apply (6.7.9). □ 


Problems 

1. Let Y = {0} U {n~ 1 | n e N} and X the same set with the discrete topology. Then the 
identity X —> Y is a weak equivalence but there does not exist a weak equivalence Y —> X. 

2. Identify in S ’ 1 the open sets {(x , y) \ y > 0} and {(x , y) \ y < 0} to a point. The quotient 
map S 1 —> S onto the quotient space S, consisting of four points, is a weak equivalence 
(but not a homotopy equivalence). In particular ?ri(5) = Z. Show that S has a universal 
covering. 


6.8 Classical Groups 

We use exact sequences of Serre fibrations and deduce from our knowledge of 
7tj(S n ) other results about homotopy groups of classical groups and Stiefel man¬ 
ifolds. We use a uniform notation for the (skew) fields F = R,C, FO and the 
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corresponding groups (orthogonal, unitary, symplectic) 

O (n) = O (n, R), SO(n) = SO(n, R), 

U(«) = 0(«,C), SU(n) = SO(n.C), 

Sp(n) = 0(/i, FO). 

Let d = dimiR F. The starting point are the (Scire) fibrations which arise from the 
action of the orthogonal groups on the unit spheres by matrix multiplication 

0(77, F) 4 0(77 + 1, F) -> s^O+D- 1 , 

SO(77, F) 4 SO(77 + 1, F) -► 5^0+D- 1 . 

The inclusions j of the groups arise from A i-> ( q ?) ■ We also pass to the colimit 
and obtain 0(oo, F) = colim„ 0(7i, F) and SO(oo, F) = colim„ SO(n, F). From 
jTi(S n ) =0,/ < 77 and the exact homotopy sequences of the fibrations we deduce 
that the inclusions j : 0(77, F) —> 0(n + 1, F) and j : SO(n, F) SO(77 + 1, F) 
are d(n + 1) — 2 connected. By induction and passage to the colimit we obtain 

(6.8.1) Proposition. For n < m < oo, the inclusions 0(n, F) —»• 0(m, F) and 

SO( 77 , F) —> SO( 777 ., F) are d(n + 1) — 2 connected; in particular, the homomor- 
phisms Jtj (0(77, F)) —> Jtj (0(777, F)) are isomorphisms in the range i <77 — 2 (R), 
i < 277 — 1 (C), and i < 477 + 1 (FD). □ 

We turn our attention to Stiefel manifolds of orthonormal /.'-frames in F": 

14 (R") ^ 0 ( 77 )/ 0(77 - k) 9* SO(77)/SO(77 - k ), 

V k (C n ) 9 * U(77)/U(77 -k)^ SU(7?)/SU(77 - k), 

V k {U n ) 9* Sp(77)/Sp(7? - k). 

We have the corresponding (Scrrc) fibrations of the type H —>■ G —>■ G/H for 
these homogeneous spaces. We use (6.8.1) in the exact homotopy sequences of 
these fibrations and obtain: 

(6.8.2) Proposition. tt/( V k {W n )) — Ofor i < d(n — k + 1) — 2. □ 

We have the fibration 

p: V k+1 (V rn+1 )^V 1 (\F n+1 ), {v l ,...,v k+l )^v k+1 . 

The fibre over e k ^\ is homeomorphic to V k (F"): with 1 : d h> («, 0) we obtain a 

homeomorphism j : (ui,..., v k ) (lv\ . iv k , e k+ \) onto this fibre. From the 

homotopy sequence of this fibration we obtain 

(6.8.3) Proposition, y* : 7 r ; 04 (F")) — m(V k +i( F" +1 )) is an isomorphism for 

i < d(n + 1) — 3. □ 
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We use Vi (IF" ) = S dm 1 and n t (S f ) St Z and obtain from (6.8.3) by induction 
(6.8.4) Proposition. n 2 (n-k)+i(Vk(C n )) St Z, 7t 4( «-A:)+3 (( HI" )) st Z. □ 
The real case is more complicated. The result is 


(6.8.5) Proposition. 


n n -k(V k (\R n )) St 


jz, 

(Z/2, 


k = \, or n — k even , 
k > 2, n — k odd. 


Proof. By (6.8.3) and induction it suffices to consider the case k = 2. Later we 
compute the homology groups of F 2 ([R"), and the theorem of Hurewicz will then 
give us the desired result. □ 


Problems 

1. The group O(n) has two path components. The groups SO(«), U(w), SU(«), and Sp(«) 
are path connected. 

2. In low dimensions we have some special situations, namely 

U(l) St SO(2) St .S’ 1 , 

Spin (3) St SU(2) St Sp(l) St S 3 , 

Z/2 —> SU(2) —» SO(3), a 2-fold covering, 

SU(n) —> U(/7) —> S 1 , a fibration. 

Use these data in order to verify 


ffi(S0(2))Sff!(0(2))sZ, 

^r(SO(3)) St 7Z\ (SO(w)) St Z/2, 

m > 3, 

7Tl (U(l)) St 7Tl(U(«)) St Z, 

n > 1 , 

7i \ (SU(n)) st ^i(Sp(«)) st 0, 

n > 1 , 

jr 2 (SU(«)) St 7T2 (U(/7)) St 7r 2 (Sp(n)) St 0, 

n > 1 , 

tt 2 (SO(«)) St 0, 

n > 3, 

7r 3 (U(2)) St tr 3 (U(/:)) St Z, 

k> 2, 

tt 3 (SU(2)) St tt 3 (SU(A:)) St Z, 

k> 2, 

?r 3 (Sp(l)) St 7r 3 (Sp(A:)) St Z, 

k > 1 , 

tt 3 (SO(3)) St Z. 



6.9 Proof of the Excision Theorem 

In this section we present an elementary proof of the excision theorem (6.4.1). 
The proof is due to D. Puppe [46]. We derive the excision theorem from a more 
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conceptual reformulation (6.9.3). The reformulation is more satisfactory, because 
it is “symmetric” in Y \, Y 2 . In (6.4.1) we have a second conclusion with the roles 
of Yi and Y 2 interchanged. 

We begin with a technical lemma used in the proof. 

A cube in R", n > 1 will be a subset of the form 

W = W(a, 8, L) = {x e R” | a,- < x,- < a,- + 8 for i e L,a\ = x, for i f L } 

for n = (fli,..., a n ) e R", 8 > 0, L C {1 .«}. (L can be empty.) We set 

dim IT = | L \. A face of IT is a subset of the form 

W' = {x e W \ Xi — cij for i e L 0 , xj — aj + 8 for j e L i} 

for some L 0 C L, L\ C L. {W can be empty.) Let dW denote the union 
of all faces of IT which are different from IT. We use the following subsets of 
IT = W(a,8 : L): 

K p (W) = {x e W \ Xj < cij + | for at least p values i eL}, 

G P {W) = {x e IT | X; > a,- + | for at least p values i e L}. 

Here 1 < p < n. For p > dim IT we let K p (W) and G P (W) be the empty set. 

(6.9.1) Lemma. Let f : IT —> Y and A C Y be given. Suppose that for p < 
dim IT the inclusions 

f~ 1 (A) fl IT' C K p {W r ) for all W' C dW 

hold. Then there exists a map g which is homotopic to f relative to dW such that 
g - 1 (A) C K p (W). (Similarly for G p in place of K p .) 

Proof. We can assume that IT = I n , n > 1. We define h: l 11 7” in the 

following manner: Let x = (j,.... 4 ). For a ray y which begins in x we consider 
its intersection P(y) with 3[0, |]” and its intersection Q(y) with 37”. Let h map 
the segment from P(y) to Q(y) onto the single point Q(y) and the segment from 
x to P(v) affinely to the segment from x to Q(y). Then It is homotopic relative to 
37” to the identity. We set g — fh. Let z e 7" and g(z) e A. If z, < ^ for all i, 
then z e K n (I n ) c K p (I n ). Suppose now that for at least one i we have Zi > 
then hfz) e 37” and hence h(z ) e IT' for some face IT' with dim IT' = n — 1. 
Since also h(z) e f~ x (A ), by assumption h(z) e K P (W'). Hence we have for at 
least p coordinates ^ > h(z)j. By dehnition of It, we have /?(z)| + f(z,- — 
with t > 1. We conclude that for at least p coordinates ^ > Zi. □ 

The next theorem is the basic technical result. In it we deform a map 7” —>■ Y 
into a kind of normal form. We call it the preparation theorem. Let Y be the union 
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of open subspaces Y\, Y 2 with non-empty intersection Yq. Let /: /" Y be 
given. By the Lebesgue lemma (2.6.4) there exists a subdivision of I" into cubes 
W such that either f(W) C Y\ or f(W) C Y 2 for each cube. In this situation we 
claim: 

(6.9.2) Theorem. Suppose ( Y\. Yq) is p-connected and ( Y 2 . Yq) is q-connected 
(p,q > 0). Then there exists a homotopy f t of f with the following properties: 

(1) lff(W) C Yj, then f t (W) C Yj. 

(2) If f{W) C Yo, then f t is constant on W. 

(3) If f(W) C Y\, then f 1 ~ 1 (Y l \ Y 0 ) HWC K P+1 (W). 

(4) If f(W) C Y 2 , then f 1 ~ l {Y 2 v Y 0 ) n W C G q+1 (W). 

Here W is any cube of the subdivision. 

Proof. Let C k be the union of the cubes W with dim W < k. We construct the 
homotopy inductively over C k x I. 

Let dim W = 0. If f{W) C Yq we use condition (2). If f(W) C Y\, f(W) <f 
Y 2 , there exists a path in Y\ from f(W) to a point in Yq, since (Y\,Yq) is 0- 
connected. We use this path as our homotopy on W. Then (1) and (3) hold. 
Similarly if f(W) C Y 2 , f(W) <jt Y\. Thus we have found a suitable homotopy 
on C°. We extend this homotopy to the higher dimensional cubes by induction 
over the dimension; we use that 3 W C W is a cofibration, and we take care of (1) 
and (2). 

Suppose we have changed / by a homotopy such that (1) and (2) hold and (3), 
(4) for cubes of dimension less than k. Call this map again /. Let dim W = k. If 
f{W) C Yq, we can use (2) for our homotopy. Let f{W) C Y\, f(W) Y 2 . If 
dim W < p, there exists a homotopy : W —> Y\ relative to 3 W of f\ W with 
fW{W) C Yq, since (Fi, Yq) is/(-connected. If dim IT > p we use (6.9.1) in order 
to find a suitable homotopy of f\ W. We treat the case /( W) C Y 2 . f{W ) (f Y\ in 
a similar manner. Again we extend the homotopy to the higher dimensional cubes. 
This finishes the induction step. □ 

Let us denote by F{Y\, Y, Y 2 ) the path space {id e Y 1 \ w(0) e Ti,u;(l) e Y 2 }. 
We have the subspace F(Yi, Y \, Yq). 

(6.9.3) Theorem. Under the hypothesis of the previous theorem the inclusion 
F(Y \, Y \, Lq) C F(Y\, Y, Y 2 ) is (p + q — \)-connected. 

Proof. Let a map cp: (/„, 3/„) —>• (F(Yi, Y, Y 2 ). F(Yj. Y\, Y 0 )) be given where 
n < p + q — 1. We have to deform this map of pairs into the subspace. By 
adjunction, a map of this type corresponds to a map <J>: /" x I —> Y with the 
following properties: 

(1) <h(x,0) € Y\ for x e 

(2) $(X, 1) e Y 2 for x e I n , 
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(3) <S>(y, t) e Y\ for y e 37" and tel. 

Let us call maps of this type admissible. The claim of the theorem is equivalent 
to the statement, that <t> can be deformed as an admissible map into a map with 
image in Y\. We apply the preparation theorem to $ and obtain a certain map T. 
The deformation in (6.9.2) stays inside admissible maps. Consider the projection 
n: 7" x 7 — > 7". We claim that the images of T /_1 (T \ Ti) and <f> _1 (T \ Y 2 ) 
under n are disjoint. Let y e n'F -1 (T \ T 2 ), V = n(z) and 3 e 'T -1 (T \ T 2 ) Cl W 
for a cube W. Then z e K p+ \(W) and hence y has at least p small coordinates. In 
a similar manner we conclude from y e n 'P -1 (T \ Y\ ) that y has at least q large 
coordinates. In the case that n < p + q the point y cannot have p small and q large 
coordinates. 

The set n x Y~ l {Y \ Ti) is disjoint to 37", since 'L(37") x7) C d. There exists 
a continuous function z: 7" —> 7 which assumes the value 0 on n x Y~ l (Y \ Tj) 
and the value 1 on 37" U 7rT( K \ T 2 ). The homotopy 

((x, 1), s) i-> ^(x, (1 — s)t + st t(x)) 

is a homotopy of admissible maps from to a map with image in Yi. □ 

(6.9.4) Theorem. Under the hypothesis of (6.9.2) the inclusion induces an isomor¬ 
phism 71 j (Ti, To) —1► 71 j (T, T 2 )/or j < p + q and an epimorphism for j = p + q. 

Proof. We have the path fibration F ( Y. Y, Y 2 ) — > Y, w i-> u;(0). The pullback 
along Y\ C T yields the fibration F(Ti, T, T 2 ) Y\, w i-> m;( 0). The fibre over 

* is F(*, Y , T 2 ). We obtain a commutative diagram of fibrations: 


F(*, Tj, T 0 ) —-— F(*, Y, Y 2 ) 

l t 

F(Yi, Ti, To) — F(Yi. Y, Y 2 ) 

I I 

A - > A. 


The inclusion a is (p + q — 1)-connected (see (6.9.3)). Hence f> has the same 
connectivity (see (6.7.8)), i.e., the inclusion (Ti, T 0 ) C (T, T 2 ), 


Yu T 0 »-► n n (F(*, T, T 2 )) 


jt„ + i{Yi,Y 0 , *) -> 7i n+ i(Y, T 2 , *) 

induces an isomorphism for 77 < p + q — 1 and an epimorphism for 77 = p + q — 1. 

□ 
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Problems 


1. The hypothesis of (6.4.1) is a little different from the hypothesis of (6.9.4), since we did 
not assume in (6.4.1) that (Y\, To) and (T 2 , To) are O-connected. Let Y' be the subset of 
points that can be connected by a path to To. Show that Y' has the open cover Yf T^ and the 
inclusion induces isomorphisms n*(Yf To) = 7 T*(Ti, To) and :7r*(T, T 2 ) = n*(Y', Yf). 
This reduces (6.4.1) to (6.9.4). 

2. The map To —> F(Y \, Y \, To) which sends y e To to the constant path with value y is 
an h-equivalence. 

3. Themapai: F{Y,Y,Y\) —> Y,w i-> w (0) replaces the inclusion Y\ —> T by a fibration. 
There is a pullback diagram 

F(Y\ , T, T 2 )- > F(Y, T, Ti) 

i I 01 

, ao 4 - 

F(Y, T, T 2 )-= > T. 

Thus (6.9.3) compares the pushout T of Ti <— To —*■ T 2 and the pullback of a 1,02 with 
To- For generalizations see [73]. 

4. Show that the proof of (6.4.2) along the lines of this section does not need (6.9.1). 

6.10 Further Applications of Excision 

The excision theorem is a fundamental result in homotopy theory. For its appli¬ 
cations it is useful to verify that it holds under different hypotheses. In the next 
proposition we show and use that Y is the homotopy pushout. 

(6.10.1) Proposition. Let a pushout diagram be given with a cofibration j, 

A —> B 

y , i' 

X -» Y. 

Suppose 71 i (X , A, a) — 0/or 0 < i < p and each a e A, and tt,- (f, a) = 0 for 
0 < i < q and each a e A. Then the map ( F, /)* : tt„ ( X , A, a) —*■ ti n (Y, B, f (a)) 
is surjective for \ <n<p + q — 2 and bijective for \ <n<p+q — 2. 

Proof. We modify the spaces up to h-equivalence such that (6.4.1) can be applied. 
Let Z(/) = B U f A x [0.1] = B + Ax [0. \\/f(a) ~ (a, 0) be the mapping cylinder 
of / with inclusion k \ A —>■ Z{f), a v-x (a, 1) and projection p\ Z( f) —> B a 
homotopy equivalence. We form the pushout diagrams 


A —-— 5 - Z( f) —> B 


j 


[l 


> ' 

K 

i p 

4 " 
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with pk = f and PK = F. Then P is a homotopy equivalence by (5.1.10) 
and (P, p) induces an isomorphism of homotopy groups. Therefore it suffices to 
analyze ( K , k )*. The space Z can be constructed as 

Z = B U/ A x [0,1] U Z = Z(/) + X/(a, 1) ~ a. 

The map ( K , k ) is the composition of 

(. X , A, a) -> Q4x]0,1] U X , 4x]0,1], (a. 1)), x m>- (x, 1) 

with the inclusion t into (Z, Z(/), (a, 1)). The first map induces an isomorphism 
of homotopy groups, by homotopy equivalence. In order to exhibit n n (i) as an 
isomorphism, we can pass to the base point (a, 1/2), by naturality of transport. 
With this base point we have a commutative diagram 

Tin (Zx]0,1] U Z, Zx]0,1])-> JT„(Z, Z(f )) 


ti„ (Zx]0,1] U Z,Zx]0,1[)- > 7 i n (Z, B U A x [0, 1[). 

The vertical maps are isomorphism, by homotopy invariance. We apply (6.4.1) to 
the bottom map. Note that : r, (/Ix]0. 1] U Z, /Ix]0. 1]) ^ tt, (Z, A) and 

jii(B U A x [0,1[. Xx]0,1[) ^ m(Z(f),A), 

again by homotopy invariance. □ 

(6.10.2) Theorem (Quotient Theorem). Let A C Z be a cofibration. Let further 
p : (Z, A) —> (Z/ A, *) be the map which collapses A to a point. Suppose that for 
each base point a e A, 

Tti(CA, A,a) = 0 for 0 < i < m, ni(X,A,a) = 0 for 0 < i < n. 

Then p * : Tij(X,A,a) —*■ Tij(X/A , *) is bijective for 0 < i < m + n — 2 and 
surjective for i = n + m — 2. 

Proof By pushout excision, n ,■ (Z, A) —>• n ,■ (Z U C',-1, C4) is bijective (surjective) 
in the indicated range. Note that 3: 7r,(C/l, /I,a) = jti-i(A,a), so that the first 
hypothesis is a property of A. The inclusion C^4 C Z UC/1 is an induced cofibration. 
Since CT4 is contractible, the projection p : Z UCd-^ Z U C/1 /C/1 = Z//1 is a 
homotopy equivalence. □ 

(6.10.3) Corollary. Let A C X be a cofibration. Assume that Tij (A) — 0 for 
0 < i < m — 1 and Ttj(X) — 0 for 0 < i < m > 2. Then tt,- ( X. A) ji, (X/A) 
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is an isomorphism for 0 < i < 2m — 1. We use this isomorphism in the exact 
sequence of the pair ( X, A) and obtain an exact sequence 

Jt2m-\{A) —> 7T2m-l(.X) —> Jt2m-l(X/A) —> Jl2m-2{A) 

> ••• > 7z m -\-i(X) > (X/A) > it m (A) > 0. 

A similar exact sequence exists for an arbitrary pointed map f : AX where a typical 

f* fl* 

portion comes from the cofibre sequence Ttj (A) —> itj (X)- > itj (C(/)). □ 

We now generalize the suspension theorem. Let (X, *) be a pointed space. 
Recall the suspension XX and the homomorphism X* : it n (X ) —»• jt„+i(XX). 

(6.10.4) Theorem. Let X be a well-pointed space. Suppose n, (X ) — 0 for 0 < 
i < n. Then X* : itj(X) —> 7tj+ i(XX) is bijective for 0 < j < 2n and surjective 
for j — 2 n + 1. 

Proof LetCX = Xx//(XxlU{*}x/)be the cone on X. We have an embedding 
i : X —> CX, x i->- [x, 0] which we consider as an inclusion. The quotient CX/X 
can be identified with XX. From the assumption that {*} C X is a cofibration one 
concludes that i is a cofibration (Problem 1). Since CX is contractible, the exact 
sequence of the pair (CX, X) yields an isomorphism 3: 7r / + 1 (CX. X) ~ Tij(X). 
The inverse isomorphism sends an element represented by /: 7” —> X to the 
element represented by / x id(7). From this fact we see 

X* = p* o 3 _1 : ^(X)r^— jry +1 (CX,X) J^-H^+^XX), 

with the quotient map p\ CX —> CX/X = XX. We can therefore prove the 
theorem by showing that p * is bijective or surjective in the same range. This 
follows from the quotient theorem (6.10.2). □ 

(6.10.5) Theorem. Let X and Y be well-pointed spaces. Assume tt, (X) = 0 for 
i < p (> 2) and itj ( Y ) = 0 for i < q (> 2). Then the inclusion X V Y — 
X x Y induces an isomorphism of the itgroups for i < p + q — 2. The groups 
itj (X x Y, X V Y) and itj (X A Y) are zero for i < p + q — 1. 

Proof. We first observe that j : tt, (X v Yj —> 7tj(X x Y ), induced by the inclu¬ 
sion, is always surjective. The projections onto the factors induce isomorphisms 
k: m{X x Y) s m (X) x itj (7). Let j x : X X V Y and j^FaXvF 
denote the inclusions. Let 

s: tt t (X) x m(Y) -> Jti (X v T), (x, y) j?(x) + jj(y). 

Then sk is right inverse to j. Hence the exact sequence of the pair (X x Y, X V Y) 
yields an exact sequence 

(*) 0 7T / + i(X xF,Xv7)a Jti (X Vf)A 7T,(X X F) A 0. 
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In the case that i > 2, the sequence splits, since we are then working with abelian 
groups; hence 


7T ; (Z V 7) g* 7T/ (X) © m ( Y ) © n i+1 (X x7,Iv Y), i > 2. 

Since the spaces are well-pointed, we can apply the theorem of Seifert-van Kampen 
to (X V 7, X , 7) and see that tt\(X V K) = 0. We now consider the diagram 

ni(X V7, 7) 


7T,- (Z) - X 7T| (Z V 7) - X 7T/ (Z V 7, Z) 


© (1") 

with exact row and column. The diagonal arrows are always injective and split; this 
is seen by composing with the projections. 

Since the spaces are well-pointed, we can apply the pushout excision to the triad 
(Z V 7, Z, 7, *). It says that (1) and (2) are surjective for i < p + q — 2, and hence 
bijective (since we already know the injectivity). 

We now apply the Sum Lemma (11.1.2) to the diagram and conclude that 
{j* ' j* ) i s an isomorphism, and therefore also the map of the theorem is an iso¬ 
morphism. The exact sequence now yields 7r,- (Z x 7, Z v7) = 0 for i < p+q— 1. 

We apply (6.10.2) to © (Z x 7, Z V 7) — »• tt,- ( X A 7). By what we have 
already proved, we can apply this theorem with the data n = p + q — 1 and 
m = min(j o — 1, q — 1). We also need that Zv7 -x Z x 7 is a cofibration. This 
is a consequence of the product theorem for cofibrations. □ 

(6.10.6) Proposition. Let (Yj \ j e /) be the family of path components of Y and 
c J Yj —> Y the inclusion. Then 

(cl >: © /e/ n k (Y+ A S n ) -> n k (Y+ A S n ) 

is an isomorphism for k < n. 

Proof. Suppose 7 is the topological sum of its path components. Then we have 
a homeomorphism Y + A S' 1 = V/e 7 Yj + A 5”, and the assertion follows for 
finite J by induction on the cardinality of J from (6.10.5) and for general J then 
by a compactness argument. For general 7 it suffices to find a 1-connected map 
Z — > Y such that Z is the topological sum of its path components, because then 
Z+ A S ' 1 —* 7 + A S n is (/; + l)-connected by (6.7.10) (and similarly for the path 
components). □ 
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(6.10.7) Proposition. Let Y be k-connected (k > 0) and Z be l-connected 
(/ > — 1) and well-pointed. Then the natural maps 

7zj (Z) jtj(Y xZJx*)^ itj (Y xZ/Fx*)^ jij (Z) 

c/re isomorphisms for 0 < j < k + l + 1. 

Proof. The first map is always bijective for / > 1; this is a consequence of the 
exact sequence of the pair (FxZJx*) and the isomorphism t tj (Y) x ttj (Z) = 
77 j (Y x Z). Since the composition of the maps is the identity, we see that the second 
map is always injective and the third one surjective. Thus if p* : ti j(Y x Z ,Y x *) —x- 
77j (Y xZ/F x * is surjective, then all maps are bijective. From our assumption 
about Z we conclude that J7j(Y x Z.Y x *) = 0 for 0 < j < l (thus there is no 
condition for / = 0,-1). The quotient theorem now tells us that p * is surjective 
for 0 < j < k + / + 1 . □ 

(6.10.8) Corollary. Let Y be path connected. The natural maps 

7T k {S n ) 77 k (Y X S”, * X S n ) -* 77 k (Y X S" / * xS") -> T7 k (S n ) 

are isomorphisms for 1 < k < n. □ 

(6.10.9) Proposition. Suppose 77,1 X ) — 0 for i < p (> 0) and tt ; ( Y) = 0 for 
i < q (> 0). Then 77j(X ★ Y) = 0 for i < p + q + 1. 

Proof. In the case that p = 0 there is no condition on X. From the definition of 
the join we see that X ★ Y is always path connected. For p — 0 we claim that 
77 j (X * Y) = 0 for i < q + 1. Consider the diagram 

P r P r 

If^ZxF- > Y 

i PI i 

Z 4- x -> {*} 

and apply (6.7.9). In the general case the excision theorem says that the map 
77j {CX xY,X xY) -x- 77j{X *Y.X xCY) is an epimorphism for i < p + q + 1. 
Now use diagram chasing in the diagram 

T7j(X x CY) -> 77i(X ★ Y) -> 771 (X ★ F,X x CY) —> ni-i(X x CY) 

T T T t 

77 i (X X Y) -X 77 i(CX xY) -X 77 i (C X X Y, X X Y) -X 7T,_1 (X X Y) 


(a morphism between exact homotopy sequences). 


□ 
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The excision theorem in the formulation of (6.9.4) has a dual. Suppose given a 
pullback diagram 

F 

E - 

1° J 7 

Y-f^B 

with fibrations / and g. The double mapping cylinder Z ( F. G ) can be considered 
as the fibrewise join of / and g. It has a canonical map p: Z( F. G) —>■ B. 

(6.10.10) Proposition. Suppose f is p-connected and g is q-connected. Then p is 
p + q + 1 - connected. 

Proof. Use fibre sequences and (6.10.9). □ 

Problems 

1 . Let jto(X) = 0 and nj(Y) = 0 for i < q(> 2). Then Jti(X) —>■ : r ; (Z V Y) is an 
isomorphism for i < q. Show also n 2 {X x Y, X V Y) = 0. 

2. Let X and Y be 0-connected and well-pointed. Show n\ (X A Y) = 0. 

3. Show that jt 3 (D 2 , S 1 ) —> n?,(D 2 /S 1 ) is not surjective. 

4. Show^ 1 (S 2 vS 1 ,S 1 ) = 0. Show that jt 2 (S 2 v S 1 , S 1 ) -> ^ 2 (5 2 v5 1 /5 1 ) = n 2 (S 2 ) 
is surjective but not injective. 

5. For X = Y = S 1 and i = 1 the sequence (*) does not split. The fundamental group 
7 Ti(S 1 V,S ,1 ) = Z*Z has no subgroup isomorphic to Z © Z. 

6. Show that the diagram 


X x dl U {*} x I — 1 —^fX 

i" l' 

X x /-> CX 

with p(x, 0 ) = x, p(x, 1 ) = *, p(*,t ) = = 4 = is a pushout. 

7. If X is well-pointed, then EX is well-pointed. 

8 . Some hypothesis like e.g. well-pointed is necessary in both (6.10.1) and (6.10.4). Let 
A = {0} U {n ~ 1 | n e Z} and A = A x OcX = A x I/A x 1 with base point (0, 0). 
Then n\ (El) and n\(A) are uncountable; E* : n o(Z) —»• n\ (EZ) is not surjective. Note: 
A C X is a cofibration and X/A is well-pointed. 

9. Let ei,... ,e n -f-i be the standard basis of unit vectors in R' ? + 1 , and let e i be the base 
point of S’". A pointed homeomorphism h n : E S n = 5' ? + 1 is 

h n : E S n S n+1 , (x, t) i-»- jfei + x) + \ co&lnt ■ (e\ — x) + 5 |<?i — x\ sin2nt-e n +2 
where R " +1 = R " +1 xOc R"+ 2 . 

10. Let K C R' ? + 1 be compact. Show that each map /: K —> S n has an extension to the 
complement R " - * -1 \ E of a finite set E. One can choose E such that each component of 
R " - * -1 \ K contains at most one point of E. 
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11. Determine 7 i2n—\(S n V S' 7 ) for n > 2. 

12. Let fj be a self-map of S n ^\ Show d( f\ * f^) = d{f\)d(f 2 )- 

13. Let H : jt 3 (5 2 ) —> Z be the isomorphism which sends (the class of the) Hopf map 
? 7 : S 3 -> S 2 to 1 (the Hopf invariant). Show that for / : S 3 -> S 3 and g: S 2 —> 5” 2 the 
relations H(a o /) = d(f )H(a) and H(g o a) = d(g) 2 H(a) hold. 



Chapter 7 

Stable Homotopy. Duality 


The suspension theorem of Freudenthal indicates that homotopy theory simplifies 
by use of iterated suspensions. We use this idea to construct the simplest stable ho¬ 
motopy category. Its construction does not need extensive technical considerations, 
yet it has interesting applications. The term “stable” refers to the fact that iteration 
of suspension induces after a while a bijection of homotopy classes. 

We use the stable category to give an introduction to homotopical duality theory. 
In this theory the stable homotopy type of a closed subspace X C R” and its 
complement R” \ X are compared. This elementary treatment of duality theory is 
based on ideas of Albrecht Dold and Dieter Puppe; see in particular [54], It is related 
to the classical Alexander duality of homology theory and to Spanier-Whitehead 
duality. 

We introduced a naive form of spectra and us them to define spectral homology 
and cohomology theories. The homotopical Euclidean complement duality is then 
used to give a simple proof for the Alexander duality isomorphism. In a later chapter 
we reconsider duality theory in the context of product structures. 

7.1 A Stable Category 

Pointed spaces X and Y are called staWy homotopy equivalent, in symbols X — s Y, 
if there exists an integer k > 0 such that the suspensions Y. k X and Y. k Y are 
homotopy equivalent. Pointed maps f\ g : X — > Y are called stably homotopic, 
in symbols / ~ v g, if for some integer k the suspensions H k f and Y k g are 
homotopic. We state some of the results to be proved in this chapter which use 
these notions. 

(7.1.1) Theorem (Stable Complement Theorem). Let X and Y be homeomorphic 
closed subsets of the Euclidean space R”. Then the complements R" \ X and R" \ Y 
are either both empty or they have the same stable homotopy type with respect to 
arbitrary base points. 

In general the complements themselves can have quite different homotopy type. 
A typical example occurs in knot theory, the case that X = Y = S 1 are subsets 
of R 3 . On the other hand the stable homotopy type still carries some interesting 
geometric information: see (7.1.10). 

(7.1.2) Theorem (Component Theorem). Let X and Y be closed homeomorphic 
subsets of R". Then ^(R” \ X) and 7To(R” ^ Y) have the same cardinality. 
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Later we give another proof of Theorem (7.1.2) based on homology theory, see 

(10.3.3) . From the component theorem one can deduce classical results: The Jordan 
separation theorem (10.3.4) and the invariance of domain (10.3.7). 

Theorem (7.1.1) is a direct consequence of (7.1.3). One can also compare 
complements in different Euclidean spaces. The next result gives some information 
about how many suspensions suffice. 

(7.1.3) Theorem. Let X C R” and Y C R m be closed subsets and h: X —*■ Y a 
homeomorphism. Suppose n < m. Then the following holds: 

(1) If R” ^ X, then lR m ^ Y, and h induces a canonical homotopy equivalence 
£ m+1 ([R' ! ^ X) ~ E” +1 (R m \T) with respect to arbitrary base points. 

(2) //IR" = X and R m ^ Y, then n < m and £ M+1 (R m \ Y) ~ S m , i.e., R m \ Y 
has the stable homotopy type of S m ~ n ~ l . 

(3) If l R' ! = X and R m = Y, then n = m. 

In many cases the number of suspensions is not important. Since it also depends 
on the situation, it is convenient to pass from homotopy classes to stable homotopy 
classes. This idea leads to the simplest stable category. 

The objects of our new category ST are pairs (X,n) of pointed spaces X and 
integers n e Z. The consideration of pairs is a technical device which allows for a 
better formulation of some results. Thus we should comment on it right now. 

The pair (X, 0) will be identified with X. The subcategory of the objects 
(X, 0) = X with morphisms the so-called stable homotopy classes is the geo¬ 
metric input. For positive n the pair (X. n) replaces the //-fold suspension Y." X. 
But it will be convenient to have the object (X. n) also for negative n (“desuspen¬ 
sion”). Here is an interesting example. In the situation of (7.1.3) the homotopy 
equivalence £'" + 1 (R" \ X) —> £" +1 (R m \ T) induced by h represents in the cat¬ 
egory ST an isomorphism h, : (R M \ X, —«)—>• (R m \ Y. —m). In this formulation 
it then makes sense to say that the assignment h /;. is functor. (Otherwise we 
would have to use a mess of different suspensions.) Thus if X is a space which 
admits an embedding i: X —> R" as a proper closed subset for some n, then the 
isomorphism type of (R” \ i(X). —n) in ST is independent of the choice of the 
embedding. Hence we have associated tola "dual object” in ST (up to canonical 
isomorphism). 

Let Y 1 X = X A S f be the /-fold suspension of X. As a model for the sphere 
S' we use either the one-point compactification R/ U {oo} or the quotient space 
S(t) = I‘/(II 1 . In these cases we have a canonical associative homeomorphism 
S a A S b = S a+b which we usually treat as identity. Suppose n,m.k e Z are 
integers such that n+k>0,m+k>0. Then we have the suspension morphism 

£: [XAS n+k ,YAS m+k ]° [XAS n+k+l .YAS m+k+l ]°, f /Aid(5 1 ). 

We form the colimit over these morphisms, colim^fX A S n+k , Y A S m+k ]°. For 
n + k >2 the set [X A S n+k , Y A S m+k ]° carries the structure of an abelian group 
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and E is a homomorphism. The colimit inherits the structure of an abelian group. 
We define as morphism group in our category ST 

ST((X, n), ( Y,m )) = colim^X A S n+k , Y A S m+fe ] 0 . 

Formation of the colimit means the following: An element of ST(( X, n ), (Y. m )) 
is represented by pointed maps fa : X A -t Fa 5 m+fc , and fa, /;,/ > 

k represent the same element of the colimit if Y)~ k fa ~ //. Composition of 
morphisms is defined by composition of representatives. Let fa: X A S n+k — 
Y A and g /: Y A ,S'" +/ —> Z A be representatives of morphisms and 

let /■ > k, l. Then the following composition of maps represents the composition 
of the morphisms (dotted arrow): 


X A S n+r 

— X A S n+k A S r ~ k - 

-> Y A S m+k 

A S 

Z A S p+r 

■v 

— Z A S p+l A S r ~ l <- 

S'—' g, ^ 

Y A S m+l 

A S’ 


One verifies that this definition does not depend on the choice of representatives. 
The group structure is compatible with the composition 

f$ o (a] + a 2 ) = P o ai + P o a 2 , (Pi + P2) 0 a = Pi ° a + ft 2 0 a. 


The category ST has formal suspension automorphisms Y. p : ST —^ ST, p e Z 


(X,n)»(X,n + p), 


If /: (X,n) —> (T, m) is represented by fa: E" + *X —^ •£ m+k Y (with«+/r > 0, 
in + k > 0, k > \p\), then E p f is represented by 


(S p f) k = E P(fa): x"+ k +P X 

(S P f)k+\P\ = fk- E n+ k +p+\p\ X - 


Ym+k+p+\p\ y 


p > 0, 
p < 0. 


The rules E° = id(ST) and Y p o Y q — 'L p+q show that Y. p is an automorphism. 
For p > 0 we call Y. p the p-fold suspension and for p < 0 the /(-fold desuspension. 
We have a canonical isomorphism k p : (A, n) — >• (Y. p X, n — p): it is represented 
by the identity X A S n+k —>• (X A S p ) A S n+k ~ p for n + k > p > 0. We write 
X for the object (X, 0). Thus for positive n the object (X, n) can be replaced by 
E”X. 


(7.1.4) Example. Pointed spaces X, Y are stably homotopy equivalent if and only 
if they are isomorphic in ST. The image ST(/) of /: X —> Y in ST(X, Y ) is called 
the stable homotopy class of /. Maps /, g: X —>• T are stably homotopic if and 
only if they represent the same element in ST(X, Y). The groups ST(S^, S 0 ) = 
colim,, 7 t n +k(S n ) are the stable homotopy groups of the spheres. O 
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(7.1.5) Example. It is in general difficult to determine morphism groups in ST. But 
we know that the category in non-trivial. The suspension theorem and the degree 
theorem yield 

ST(S", S n ) = colinufS"^, 5 ”+*]° ^ z. 

The composition of morphisms corresponds to multiplication of integers. O 

(7.1.6) Proposition. Let Y bepathwise connected. We have the embedding i: S n —* 
Y + A S n , x m- ( *,x ) and the projection p: Y + A S n —>■ S n , (y,x) i->- x with 
pi = id. They induce isomorphisms of the n k -groups for k <n> 1. 

Proof Let n = 1 . Then F + A5 1 = Y x S 1 /Y x {*} is path connected. The base 
point of Y + is non-degenerate. Hence the quotient E'(K + ) -> S(T + ) from the 
unreduced suspension to the reduced suspension is an h-equivalence. The projection 
Y —> P onto a point induces a 2-connected map between double mapping cylinders 

E'(T+) = Z(* <- Y + {*} *) Z'(* P + {*} *) = S'(P + ) ^ S 1 . 

From this fact one deduces the assertion for n = 1. 

We now consider suspensions 

Jtk(S n ) ---> 7t k (Y+ A S n )-—-> 7Z k {S n ) 

1 E . 1 Sf I s 

n k+1 (S n+1 ) n k+1 (Y+ A S n+1 ) A 7 t k+l (S n+l ). 

The vertical morphisms are bijective (surjective) for k < 2/7 — 2 (k = 2 n — 1). For 
n — 1 tt\(Y + A S 1 ) = Z. Since Jt 2 (Y + a S 2 ) contains n 2 (S 2 ) = Z as a direct 

summand, we conclude that Ey is an isomorphism. For n > 2 we can use directly 

the suspension theorem (6.10.4). □ 

(7.1.7) Proposition. Let (Yj \ j e J) be the family of path components of Y and 
c J : Yj —> Y the inclusion. Let n > 2. Then 

(cl): ® tr k (Y+ A S n ) n k (Y+ A S n ) 
j^J 

is an isomorphism for 0 < k < n. In particular n n (Y + A S n ) is a free abelian 
group of rank |^o(T)|. 

Proof (7.1.6) and (6.10.6). □ 

(7.1.8) Proposition. Let Y be well-pointed and n > 2. Then Jt n (Y A S n ) is 
a free abelian group of rank |jro(T)| — 1 and the suspension Jt n (Y A S n ) 
7t„_)_i(T A 5" +1 ) is an isomorphism. 
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From the exact homotopy sequence of the pair (Y + A .S'". S n ) we conclude that 
n k (Y + A 5", S n ) = 0 lor 0 < k < n. The quotient theorem (6.10.2) shows that 
n k (Y + A S n , S n ) —>• jrfc(F + A S n /S n ) = ^(F A 5") is bijective (surjective) 
for 0 < k < 2n — 2 (k — 2n — 1). From the exact sequence 0 -> n n (S n ) —>• 
7i n (F + A 5") —»• n n (F + A 5”, S n ) AOwe deduce a similar exact sequence where 
the relative group is replaced by n n (F A S n ). The inclusion of jt„ (S n ) splits. Now 
we can use (7.1.7). 

(7.1.9) Corollary. Let X be a well-pointed space. Then ST(5°, X) is a free abelian 

group of rank |7To(Z)| — 1. O 

The group ST(5°, X) only depends on the stable homotopy type of X. Therefore 
we can state: 

(7.1.10) Corollary. Let X and Y be well-pointed spaces of the same stable homo¬ 
topy type. Then \tio(X)\ — |;ro(T)|. Therefore (7. 1 .2) is a consequence of (7 .1 .3). 

O 

The category ST has a "product structure” induced by the smash product. The 
category ST together with this additional structure is called in category theory 
a symmetric tensor category (also called a symmetric monoidal category). The 
tensor product of objects is defined by 

( X , m) ® (F, n ) = (X A Y, m + n ). 


Let 

f k : X A S m+k —> X' A S m ' +k , g,: Y A S n+I -+Y' A S n ' +l 

be representing maps for morphisms /: (X, m) — > (X'. nf) and g\ ( Y.n ) —»• 
( Y'. n ’). A representing morphism (/ 0 g) k +i is defined to be (— 1 f (n+n ) times 
the composition z’ o ( f k a gi) o z (dotted arrow) 

lAfA S m+k+n+l - 1 -> Z A S m+k A Y A S n+l 

fk^gl 

X' A Y' A s m ' +k+n ' +l - X 1 A S m ' +k A Y' A S n ' +l 

where r and z' interchange two factors in the middle. Now one has to verify: 
(1) The definition does not depend on the representatives; (2) the functor property 
(f 0 g')(f 0 g) = f'f® g'g holds; (3) the tensor product is associative. These 
requirements make it necessary to introduce signs in the definition. The neutral 
object is (S°. 0). The symmetry c: (Z, m) 0 (F, n) —»• (F, n) 0 (Z, m) is (— \) mn 
times the morphism represented by the interchange map Z A F — > Y A Z. 
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Problems 

1. The spaces S 1 x S 1 and S 1 V S 1 V S 2 are not homotopy equivalent. They have different 
fundamental group. Their suspensions are homotopy equivalent. 

2. The inclusion X x Y induces for each pointed space Y a homeomorphism 

(X x Y)/(X x {*}). 

3. Let X and Y be well-pointed spaces. Then F->(Ix T)/(X x {*}), y i-a (*, y ) is a 
cofibration. 

4. Let P be a point. We have an embedding P + A Y —> X + A Y and a canonical homeo¬ 
morphism X+ a Y/P+ A Y. 

7.2 Mapping Cones 

We need a few technical results about mapping cones. Let /: X —> Y be a pointed 
map. We use as a model for the (unpointed) mapping cone C(f) the double mapping 
cylinder Z(Y •<— X -a *); it is the quotient of Y + X x / + {*} under the relations 
/(-*) (x, 0), (x, 1) ~ *. The image of * is the basepoint. For an inclusion 

i: A C X we write C(X,A) — C(t). For empty A we have C(X, 0) = X + . 
Since we will meet situations where products of quotient maps occur, we work in 
the category of compactly generated spaces where such products are again quotient 
maps. The mapping cone is a functor C : TOP(2) -a TOP 0 ; a map of pairs 
(F, f ): (X, A) —> (F, B ) induces a pointed map C(F, /): C(X, A) —a C(Y, B ), 
and a homotopy (F t , ft) induces a pointed homotopy C(F t , f t ). We note for further 
use a consequence of (4.2.1): 

(7.2.1) Proposition. If F and f are h-equivalences, then C’( F, f ) is a pointed 

h-equivalence. □ 

(7.2.2) Example. We write C" = C(R", R” ^ 0). This space will be our model for 
the homotopy type of S n . In order to get a homotopy equivalence C” —> S n , weob- 
servethatS” is homeomorphic to the double mapping cylinder Z(* a- S n ~ l -a- *). 
We have the canonical projection from C" = Z(R" •<— IR" \ 0 —> *). An explicit 
homotopy equivalence is (x,t) i-a- (sin nt |^|, cos nt), x ha (0,..., 0,1). O 

(7.2.3) Example. Let X C IR” be a closed subspace. Then 

c(R", r ^x) = z(r 4- -a *) ~ z(* 4- fxx -+*) = s'(r^x), 

the unpointed suspension. If X = R”, then this space is h-equivalent to S°. If 
X ^ R", then R” a X is well-pointed with respect to any point and S'(IR n \ X) is 
h-equivalent to the pointed suspension S(R” \ X). O 

We are mainly interested in the homotopy type of C(X, A) (under {*} + X). 
It is sometimes convenient to provide the set C(X, A) with a possibly different 


7.2. Mapping Cones 


165 


topology which does not change the homotopy type. Set theoretically we can view 
C(X, A) as the quotients C\{X , A) = (X x 0 U A x I)/A x 1 or C 2 (X, A) = 
(X xOUdx I U X x \)/X x 1. We can provide C\ and C 2 with the quotient 
topology. Then we have canonical continuous maps p : C(X, A) —> Ci ( X , /I ) and 
q : C’i (X. ,4) —»• CfiX. A) which are the identity on representative elements. 

(7.2.4) Lemma. The maps p and q are homotopy equivalences under {*} + X. 
Proof. Define p\ C\(X, A) —*■ C(X, A) by 

p(x, t) — x, t < 1/2, p(a, t) = (a, max(2i — 1,0)), p(a, 1) = *. 

One verifies that this assignment is well-defined and continuous. A homotopy 
pp ~ id is given by (( x,t),s ) ( x,st + (1 — s)max(2i — 1,0)). A similar 

formula works for pp ~ id. Define q : CfiX. A) —> C \ (X, A) by 

q(x, t) = (x, min(2i, 1)), t < 1, q(x, t) = * = {A x 1}, t > 1/2. 

Again linear homotopies in the t -coordinate yield homotopies from qq and qq to 
the identity. □ 

(7.2.5) Proposition (Excision). LetU C A C X and suppose there exists a function 
x: X —> I such that U C r -1 (0) and r _1 [0, 1[ C A. Then the inclusion of pairs 
induces a pointed h-equivalence g: C(X \ U. A \ U ) C(X. A). 

Proof. Set o(x) = max(2r(x) — 1.0). A homotopy inverse of g is the map 
/: (x,t) (x.o(x)t). The definition of / uses the notation C 2 for the map¬ 

ping cone. The homotopies from fg and gf to the identity are obtained by a linear 
homotopy in the t -coordinate. □ 

(7.2.6) Remark. Mapping cones of inclusions are used at various occasions to 
relate the category TOP(2) of pairs with the category TOP 0 of pointed spaces. We 
make some general remarks which concern the relations. They will be relevant for 
the investigation of homology and cohomology theories. 

Let h : TOP 0 T be a homotopy invariant functor. We define an associated 
functor h = Ph : TOP(2) '£ by composition with the mapping cone functor 
(X, A) m- C( X, A). The functor Ph is homotopy invariant in a stronger sense: If 
/: ( X , A) —»• ( Y, B ) is a map of pairs such that the components /: X —>■ Y and 
f \ A B are h-equivalences, then the induced map h(X. A) —> h ( Y. B) is an 
isomorphism (see (7.2.1)). Moreover h satisfies excision: Under the hypothesis of 
(7.2.5) the inclusion induces an isomorphism h(X \ U, A \ U) = h(X , A). 

Conversely, let h : TOP(2) —>■'€ be a functor. We define an associated functor 
Rh = h on objects by Rh(X) = h(X. *) and with the obvious induced morphisms. 
If h is homotopy invariant, then also Rh. 
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The composition Pi? is given by PRh(X , A) = h(C(X , A), *). We have natural 
morphisms 

h(C(X, A ), *) h(C(X, A ), C/1) «- /?(C(X, /l) ^ C, CH ^ U) 4- /z(Y, /l). 

Here CH is the cone on A and U C C/1 is the subspace with/-coordinates in [ 1 /2.1], 
If h is strongly homotopy invariant and satisfies excision, then these morphisms are 
isomorphisms, i.e., PR is naturally isomorphic to the identity. 

The composition RP is given by RPh(X) = h(C(X, *)). There is a canonical 
projection C(X, *) —> X. It is a pointed h-equivalence, if the inclusion {*} —>• X 
is a cofibration. Thus if h is homotopy invariant, the composition RP is naturally 
isomorphic to the identity on the subcategory of well-pointed spaces. O 

Let (X, A) and (Y, B) be two pairs. We call AxY.X x B excisive in Y x Y 
if the canonical map p: Z(A x Y -^AxB^XxB)^AxYUXxBisa 
homotopy equivalence. 

(7.2.7) Proposition (Products). Let (A x Y, X x B) be excisive. Then there exists 
a natural pointed homotopy equivalence 

or. C(X.A) aC{Y.B) -* C((X,A) x ( Y.B )). 

It is defined by the assignments 

(x,y) (x,y), 

(a,s,y) (a,y,s), 

(x, b , s) i—>■ (x, b. s ), 

( a , s , b , t) \-a- (a,b. max(^, t )). 

(See the proof for an explanation of notation). 

Proof. In the category of compactly generated spaces C(X.A) A C(Y.B) is a 
quotient of 

XxY+AxIxY+XxBxI+AxIxBxI 

under the following relations: (a,0, y) ~ (a. y), (x, b, 0) ~ (x, b), (a. 0. h. t ) ~ 
(a, b. t), ( a , s, b , 0) ~ (a, s. b), and HxlxPx/UHx/xPxlis identified 
to a base point *. 

In a first step we show that the smash product is homeomorphic to the double 

ip 

mapping cylinder Z(X xY <— Z —> {*}) where 

Z = Z(A xY <-1x5 aIx B ). 

This space is the quotient of 

X xY + (AxY + Ax B x I + X x B)x I + Ax B x(I x I/I xO) 
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under the following relations: (,x:,6,0) ~ ( x,b ), (a, y.O) ~ ( a,y ), (a,b,t, 0) ~ 
( a,b ), (a, b, 1, s) ~ (a, b, 5 ), and (dxF + J 4xBx/ + IxB)xlis identified 
to a base point *. 

The assignment 


7x7 


7x7, (u, u) hx 


(2m v , u), m < 1/2, 

(u,2u(l — m)), u > 1/2. 


induces a homeomorphism yo: 7 x 7/(7 x 0) -> 7x7. Its inverse fio has the form 
7x7v{(0,0)}^7x(/x{0}), (MW 

/ (s/2f, t), s < t. 


A homeomorphism ft: C(X , A) A C(F, 7?) — > C(ip) is now defined by /3(x, y ) = 
(x, y), /i(fl, 5 , y) = (a, y, s), f}(x, b , f) = (x, fe, /), j3(a, s, b, t) = (a, fe, /3o(v 0)- 
The diagram 

X xY 4---Z-> {*} 

l = i = 

X x Y 4— 1 — ixfUIxB -> {*} 

induces jr: C (i />) —> C (t). It is a pointed h-equivalence if p is an h-equivalence. 
One verifies that a = nj3. □ 


(7.2.8) Remark. The maps a are associative: For three pairs ( X, A), ( Y. B), (Z, C) 
the relation a {a A id) = a (id Aa) holds. They are also compatible with the 
interchange map. Finally, they yield a natural transformation. O 


Problems 

1. Verify that the map / in the proof of 7.2.5 is continuous. Similar problem for the 
homotopies. 

2. Let ( F , /): ( X, A) —> (L, B) be a map of pairs. If F is «-connected and f (n — 1)- 
connected, then C(F, f ) is n-connected. 

3. Let X = A U B and suppose that the interiors A°, B° still cover X. Then the inclusion 
induces a weak homotopy equivalence C(B, AC\ B) —x C(X, A). 

4. Construct explicit h-equivalences C" —> R n U { 00 } = S ^ such that 

C m A C n --—> c m+n 

I _ 1 

S (m ) a S -$ 5 ('«+«) 


is homotopy commutative. 
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7.3 Euclidean Complements 

This section is devoted to the proof of (7.1.3). We need an interesting result from 
general topology. 

(7.3.1) Proposition. Let A C and B c R” be closed subsets and let f : A —>■ B 
be a homeomorphism. Then there exists a homeomorphism of pairs 

F : (rxpjx0)^(rxr,5x0) 
such that F(a, 0) = (f(a),0)for a e A. 

Proof. By the extension theorem of Tietze (1.1.2) there exists a continuous exten¬ 
sion ip: R m — > IR" of /: A —> B c R”. The maps 

<I>±: P x P r x P, (x, y) h* (x, y ± <p(x)) 

are inverse homeomorphisms. Let G(f) = {(a, f(a)) \ a e A} denote the graph 
of /. Then d> + sends A x 0 homeomorphically to G(f) by (a. 0) (->• (a. f (a)). 

Let f: R” —> R m be a Tietze extension of the inverse g of /. Then we have 
similar homeomorphisms 

f±: r xr ^Px r\ (y, X) h* (y, x ± ft(y)). 

The desired homeomorphism F is the composition 'L_oro<L + where r interchanges 
R m and R” (and sends G(f) to G(g)). □ 

Let Z C R" and Y C R m be closed subsets and / : I f a homeomorphism. 
The induced homeomorphism F from (7.3.1) can be written as a homeomorphism 

F: (R", R" X) x (R m , R m ^ 0) -+ (R m , R m ^ Y) x (R”, R" ^ 0). 

We apply the mapping cone functor to F and use (7.2.2) and (7.2.7). The result is 
a homotopy equivalence 

C(R”, R" ^ X) A S m ~ C(R m , R m \ T) A 5”. 

If X ^ R m and Y ^ R m we obtain together with (7.2.3) 

S m+1 (R" ^ X) ~ S" +1 (R m v T). 

If Z + R" then we have C(R", R' ! ^ X) ~ S(R n ^ Z), and if Z = R n then 
we have C(R", R" ^ Z) ~ 5°. 

Suppose Z ^ R" but Y = R m . Then S m+1 (R" ^ Z) ~ 5”. Since n < m the 
homotopy group 7r„(£ m+1 (R" \ Z)) = 0 and n„(S n ) = Z. This contradiction 
shows that 7 ^ R m . 
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Suppose X = R” and Y ^ R m . Then n = m is excluded by the previous proof. 
Thus 

S m ~ C(R", R" ^ X) A S m ~ C(R m , R m ^ Y) A S n ~ S m+1 (R m \ T). 

IfZ = R” and Y = R m ,then 

S n ~ £"C(R”, R" ^ X) ~ E m C(R m , R m ^ T) ~ 5 m 

and therefore m = /;. 

This finishes the proof of (7.1.3). 

7.4 The Complement Duality Functor 

The complement duality functor is concerned with the stable homotopy type of 
Euclidean complements R" \ X for closed subsets X C R". We consider an 
associated category 8. The objects are pairs (R”,Z) where X is closed in R". 
A morphism (R",Z) -»• (R m ,Y) is a proper map f:X->Y. The duality 
functor is a contravariant functor D: 8 —»• ST which assigns to (R",Z) the 
object E - ”C(R", R" ^ X) = (C(R n , R” \ X),—n). The associated morphism 
£)(/): E _m C(R'”, R m ^ Y) E“"C(R", R” ^ X) will be constructed via a 
representing morphism D(f) m+n . Its construction needs some preparation. 

Given the data X C R", Y C R m and a proper map /: X Y. Henceforth 
we use the notation A\B = (A, A \ B) lor pairs B C A. Note that in this notation 
A\B X C\D = A x B | C x D. The basic step in the construction of the functor will 
be an associated homotopy class 

D#f: R n \D n x R m |T R n |X x R m |0. 

Here D n again denotes the n -dimensional standard disk. A scaling function for a 
proper map /: X —>■ Y is a continuous function cp: Y ]0, ocj with the property 

<p(f(xj)>\\x\\, x e X. 

The next lemma shows the existence of scaling functions with an additional property. 

(7.4.1) Lemma. There exists a positive continuous function i jr : [0, oof— > ]0, oof 
such that the inequality V^dl/^'ll) ^ ||jc|| holds for x e X. A scaling function in 
the sense of the definition is then y m- ||). 

Proof. The set f~ 1 D(t) = maxfx e X \ || /x|| < t} is compact, since / is proper. 
Let \js(t) be its norm maximum max{||x|| | x e X, ||/x|| < t}. Then i/^(||/x||) = 
max{||a|| | a € X, \\fa\\ < ||/x||} > ||x||. The function \j /: [0, oof —> [0, oof is 
increasing. There exists a continuous increasing function \jf\ [0, oof —> ]0, oof such 
that i J/(t) > \j/(t) for each t > 0. □ 
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The set of scaling functions is a positive convex cone. Let <f>\ , <p 2 be scaling 
functions and 0 < A < 1; then A< pi + (1 — A )cp 2 is a scaling function. Let ip > <p; 
if <p is a scaling function then also ip. 

Let cp be a scaling function and set M{(p) — {(x, y) \ <p(y ) > ||x||}. Then we 
have a homeomorphism 

R n+m | D n xf-t \R n+m \M((p), (x,y) h* (<p(y)-x,y). 

The graph G(/) — {(x, fx) \ x e X} of / is contained in M(cp). We thus can 
continue with the inclusion and obtain a map D i (f <p) of pairs 

R" +m | D n xF-t R n+m |G(/), (x, y) h* (<p(y)-x,y). 

The homotopy class of D\(f,(p) does not depend on the choice of the scaling 
function: If (pi , (p 2 are scaling functions, then 

(x, y, t) h* ((f<pi(y) + (1 - t)(Pi(y )) • x, y) 

is a homotopy from Di(f(p 2 ) to D\(f.(pi). A continuous map /: X —> Y has a 
Tietze extension /: R" —R m . The homeomorphism (x, y) i->- (x, y — f (x)) of 
RH+m sen( j s (y, y( x )) t 0 (x, 0). We obtain a homeomorphism of pairs 

D 2 (f /): R«+ m |G(/) -> R M+m |X xO. 

The homotopy class is independent of the choice of the Tietze extension: The 
homotopy (x, y, t) i-> (x, y — (1 — t) f \ (x) — t fi(x)) proves this assertion. The 
duality functor will be based on the composition 

D # (f) = D 2 (ff)oDi(f<p): R"|Z>" x R m |T -> R"|Z x R m |0. 

We have written D# (/), since the homotopy class is independent of the choice of the 
scaling function and the Tietze extension. The morphism Df : S _m C(R m |T) —> 
E“"C(R"|X) is defined by a representative of the colimit: 

(Df) n+m : S"C(R m |T) S m C(R”|Z). 

Consider the composition 


C(R m |T) A C n — -- -> C n A C(R m |T) <- 
U-l) nm (Df) n+m 

A C m C(R n \X X R'"|0) 4 


C(R"|D") A C(R m |T) 


CD#f 


C(R”|D' , x R'"|T). 


Explanation, r interchanges the factors; the inclusion R|£)" —4 R"|0 induces a 
homotopy equivalence C(R"|D") —4 C"; the morphisms a comes from (7.2.7); 
and CD#f is obtained by applying the mapping cone to /A#/; finally, we multiply 
the homotopy class of the composition by (—l)” m . We take the freedom to use 
(Df) n+m : C(R m |7) A C n -* C(R"|Z) A C m as our model for Df , i.e., we do 
not compose with the h-equivalences of the type C n —4 S n obtained in (7.2.2). 
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(7.4.2) Lemma. Let f be an inclusion, /: X C Y C R”. Then Df has as 
a representative the map C(R”|T) —> C(R”|X) induced by the inclusion. In 
particular the identity of X is send to the identity. 

Proof. We take the scaling function y t->- || y|[ + 1 and extend / by the identity. 
Then £>#(/) is the map (x, y) h* ((||y|| + 1) • x, y - (||y|| + l)-x). The map Dj 
is (x, y) i—> ((||y || + 1) • x, y) and the homotopy 

(x,y,t) h* ((1 — Odly II + 1) -x + t(x + y),y) 

is a homotopy of pairs from D i to (x, y) m>- (x+y, y). Hence D 2 o D 1 is homotopic 
to (x, y) (x + y, —x) and the homotopy (x, y, t) m- ((1 — t)x + y, —x) shows 
it to be homotopic to (x, y ) i-» (y, —x). Now interchange the factors and observe 
that x m- —x has the degree (—1)" = (—1)”'". □ 


Next we consider the case of a homeomorphism /: X — > Y with inverse g. 
Let g: R m —► R” be a Tietze extension of g. Then: 

(7.4.3)Lemma. Themaps(x,y ) m- (<H||y||-x, y) and(x, y) hs- (x + g(y), y) are 
as maps of pairs R"| D n x R m |T —> R” +m | G(f) homotopic. Here xf: [0, oo[—>• 
]0, 00 [ is a function such that i/r(||/x||) > ||x|| and tp(r) = 1 + 1 Jt(r). 


Proof. We use the linear homotopy ((1 — t)(x + g(y)) + t<p(||y ||) • x, y). Suppose 
this element is contained in G(f). Then y e Y and hence y(y) = g(y), and the 
first component equals y(y). We solve for x and obtain 


l +tf(\\y\\) 


g(y)- 


Then we take the norm 


m 


1 + tf(\\y\\) 


\\gy\\ < 


tfi llrll) 

1 + trlr(\\y\\) 


< 1. 


Hence (x, y) e D n x Y. 


□ 


In the situation of the previous lemma the map D#(f) is homotopic to the 
restriction of the homeomorphism R" |0 x \9 m \Y — > 'S‘ n \X x R'”|0 obtainable from 
(7.3.1). Another special case is obtained from a homeomorphism h of R m and 
I C rj = h(X) C R m . In this case h and h~ l are Tietze extensions. 

For the verification of the functor property we start with the following data: 
(R”, X), (R m , Y), (R p , Z) and proper maps /: X — Y, g: Y —>• Z. We have the 
inclusion G(g) C R m x R p and the proper map h : X —>■ G{g), x i-> (/x, gfx). 
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(7.4.4) Proposition. The diagram 


R”| D n x V n \D m x \RP\Z — T ” mXl > K m | D m x \R n \D n x R*|Z 


1 xD#g 

| D n x R m |F x IRP|0 
|o#/xi 


^1 x D#(gf) 

r|D m x [R”|X x R^|0 
I n 


[R"|Z x R m |0x R^|0- 


m x 1 


[R m |0 x R"|X x R*|0 


is homotopy commutative. Here T nm are the appropriate interchange maps. 

Proof. For the proof we use the intermediate morphism D#(h). In the sequel we 
skip the notation for the scaling function and the Tietze extension. If <pp is a scaling 
function for / and <p g f a scaling function for gf, then 

fi ■■ YxZ ^ ]0, oo[, O, z) <p/(y), f 2 '■ Y xZ —> ]0, oo[, (y, z) h* <p g f(z) 

are scaling functions for /?. We have a factorization D 2 (h) — D\(h)D\{h) where 
D\(h)(x,y,z) = (x,y - f(x),z ) and Dj(h)(x,y,z) = (x,y,z- gf(x )) and 
we use h = (/, gf) with gf = gf. The diagram 

R" + m +p | {x , 0, gfx } T " mXl > r n+n+ P\{0.x.gfx} 

| OfW jlxZ) 2 (g/) 

R n+m +^|{x,0,0} — TnmXl > R m+ "+^|{0,x,0} 


commutes. The notation {(x, 0, gfx)} means that we take the set of all element of 
the given form where x e X. We verify that the diagram 


r \D n x R m 


D m x \RP\Z 
? 


r +;»+P|{ x0 ,g/ x } 


T nmX 1 


T nmXl 


> [R m |£> m x r|£>" x K^|Z 

|txDi(g/) 

—> R m + n +^|{0, x.gfx} 


with £ = D\h o Dj/io (1 x Dig) and r. lR m | D m C R m |0 commutes up to homo¬ 
topy. The map £ is, with the choice (pi, = <p g f, the assignment 

(x, y, z) h* (<p gf (z) ■ x, cp g (z) • y - f(<p gf (z) ■ x), z). 

We use the linear homotopy (<p g f (z) • x, 5 (z) • y — / (<p g / (z) • x) + (1 — s)y, z). 

We verify that this is a homotopy of pairs, i.e., an element {x, 0, gf(x)} only occurs 
as the image of an element (x, y, z) e D n x D m x Z. Thus assume 
(i) x = (p g f (z) • x e X ; 
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(ii) s<p g (z) ■ y - sf(<p gf (z) ■ x) + (1 - s)j = 0; 

(iii) z = gf(x). 

Since (p g f(z) • x e X, we can replace in (ii) / by /. We apply (p g f to (iii) and 
obtain 

<Pgf(z) = (Pgf(gf((Pgf(z) ■ x)) > (pgf{z) • [IjcII, 

hence ||x|| < 1. The equation (ii) for 5 = 0 says y — 0, hence y e D m . Thus 
assume s ^ 0. Then f{(p g f(z) ■ x) — (<p g (z) + s -1 — 1) • y. We apply g to this 
equation and use (ii): 

Z = gf(<Pgf(z) ■ x) = g(((pg(z) + s~ l - 1) • y). 

Finally we apply cp g to this equation and obtain 

<Pg( z ) = <Pgg((<Pg( z ) + ^ — !)•>’) — (<Pg( z ) + s~ 1 - l)||j|| > <p g (z)\\y\\, 

and therefore || v|| < 1. 

Finally we show that the diagram 

R"| D n x \R m+ P\G(g) — W l+m+p \{x, 0,0} 

lx 

R"| D n x R m |T x R*|0 

commutes up to homotopy. In this case we use for h the scaling function \j/\. Then 
D\h : (x, y, z) i-> (cp/iy) ■ x, _y, z) and 

(D#f x 1) o (1 o D 2 g)(x,y,z) = (ipf(y) • x,y — f(<pf(y)-x),z-g(y)), 

D#{h)(x, y, z) = ((pfiy) -x,y- f((p f (y) ■ x), z - gf((p f (y) ■ x)). 

Again we use a linear homotopy with z — g((l — t)y + tf {(p/(y) ■ x)) as the third 
component and have to verify that it is a homotopy of pairs. Suppose the image is 
contained in {x, 0,0}. Then 

(i) q)f(y) ■ x e X; 

(ii) y = f(<pf(y) ■ x) = f(spf(y) ■ x) e Y; 

(iii) z = g((l - t)y + tf{(p f (y) ■ x)) = g{y). 

(iii) shows that (y, z) e G(g). We apply <py to (ii) and see that ||x|| < 1. The three 
diagrams in this proof combine to the h-commutativity of the diagram in (7.4.4). 

□ 



(7.4.5) Proposition. Suppose that h : X x I Y is a proper homotopy. Then 

D(ho) = D(ln). 
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Proof. Let jo'. X —> X x I, x i-> (x,0). The map is the composition of the 
homeomorphism a : X -x XxO and the inclusion b: X xO c X x I. Thus Da is an 
isomorphism and Db is induced by the inclusion R n+1 |Zx/ c R" +1 \X xO; hence 
Db is an isomorphism, since induced by a homotopy equivalence (use (7.4.2)). 
Thus Dj o is an isomorphism. The composition pro j 0 is the identity; hence D(pr) 
is inverse to D(/o). A similar argument for j\ shows that Djo = Dj\. We conclude 
that the maps h t —ho j t have the same image under D. □ 

(7.4.6) Remark. The construction of the dual morphism is a little simpler for a map 
between compact subsets of Euclidean spaces. Let X C IR" be compact. Choose a 
disk D such that X C D. Then the dual morphism is obtained from 

R n |0 x R m \Y D R" \D x [R m |T c IR" +m |G(/) ->• K”|Z x R m |0 

where the last morphism is as before (x, y ) i-> (x, y — f (x)). Also the proof of 
the functoriality (7.4.4) is simpler in this case. 

The composition (D# f x 1)(1 x D#g ) is (x, y, z ) (x. y — f (x), z — g{y)). 
The other composition is (x, y, z) (x,y,z — gf (x)). Then we use the homo- 
topies of pairs (x, y-f{x), z-g((\-t)y+t f (xjj) and (x, y-tf(x), z-gf{xj). 

O 


Problems 

1. Verify in detail that the commutativity of the diagram in (7.4.4) implies that D is a 
functor. 

2. Use the homotopy invariance of the duality functor and generalize (7.1.3) as follows. 
Suppose X C IR" and Y C R m are closed subsets which are properly homotopy equivalent. 
Let n < m. 

(1) If R" ^ X / 0, then R m ^ Y / 0. 

(2) Let R" X. For each choice of a base point R" ? \ Y has the same stable homotopy 
type as £' 1-m (R" \ X). 

(3) If R" \ X is empty and R m \ Y is non-empty, then R m \ Y has the stable homotopy 
type of S m ^ n ^ 1 . 

(4) If n = m then the complements of X and Y have the same number of path components. 

3. Let X C R' ? and Y C R m be closed subsets and / : X —> Y a proper map. Consider the 
closed subspace W C R m x R x R" of points 

y € Y. t = 0, x=0 
((1 — t)f(x ), t, tx), x e X, tel. 

Then W is homeomorphic to the mapping cylinder Z(/) of /. 

4. Let X C R" and /: X R' 1 x R m the standard embedding x k>- ( x , 0 ). Then Df is 
represented by the homotopy equivalence 

C(R"|A x R'"|0) C(R"|A) A C m ~ C(R ,! |A) a S'". 


(y,t,x) = 
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(Direct proof or an application of (7.4.3).) 

5. Let X C R" be compact. Suppose ||x|| < r > 0 for x e X. Then the constant function 
(p(t) = r is a scaling function for each /: X —> Y. Show that the map 

C(R m |7) A C n -4 C n A C(R m |7) -► C(R"|X) A C m 

which is obtained from the definition in (7.4.6) is homotopic to the map C(D#f ) of the 
general definition. 

7.5 Duality 

We have associated to a proper map between closed subsets of Euclidean spaces 
a dual morphism in the stable category ST. If X C R" then the stable homotopy 
type of R” \ X or C(R" \X) is to be considered as a dual object of X. There is a 
categorical notion of duality in tensor categories. 

Let A and B be pointed spaces. An n-duality between (A, B) consists of an 
evaluation 

e: B aA^ S' 1 

and a coevaluation 

rj: S n -► A A B 

such that the following holds: 

(1) The composition 

(1 A e)(f? A 1): S n A A ^ A a B A A ^ A A S n 

is homotopic to the interchange map r. 

(2) The composition 

(e a 1)(1 at]): B AS n ^ B aAaB ^ S n aB 
is homotopic to (— l)"r. 

We now construct an n-duality for (B, A) = (C(R n \ K), K + ) where K C R ,! 
is a suitable space. In the general definition of an n -duality above we now replace 
S n by C n . The evaluation is defined to be 

e: C(R n \K)AC(K,0) C(til n \KxK\K) C(K”|0) 
where d is the difference map 

d: (R” x K, (IR” ^ K) x K) ^ (R”, R” \ 0), (x,k)v+x-k 
as a map of pairs. This definition works for arbitrary K C R”. 
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Let K C R" be compact and D C R” a large disk which contains K. Let V be 
an open neighbourhood of K. Consider the following diagram 

R" |04-1-JR”|D-?-> R" K 

m- j u 

V\Vx R n \K ^-V\V x R"|/sT ^— V\K 

with the diagonal A: x i-»- (x. x). We apply the mapping cone functor and (7.2.1), 
(7.2.7). The maps i and j induce h-equivalences. We obtain 

r] V : C n -> V + A C(R"|W). 

We want to replace V by K in order to obtain the desired map. This can be done 
if we assume that there exists a retraction r: V — > K of K C V. Then we can 
compose with r + : V + —> K + and obtain a coevaluation 

t ]: C n -x C(K,0) aC(R"|JO. 

We call a closed subspace K C IR” a Euclidean neighbourhood retract (= ENR) 
if there exists a retraction r : V —^ K from a suitable neighbourhood V of K in R”. 
We mention here that this is a property of K that does not depend on the particular 
embedding into a Euclidean space; see (18.4.1). 

The basic duality properties of s and i] are: 

(7.5.1) Proposition. The maps e and i] are an n-duality for the pair(K + , C( R” | K)). 

Proof. For the proof of the first assertion we consider the diagram 


R”ID x K\K 



V\V x R"|04 


K x K\K 


with a(x,y) = (y,x). P(x,y) = (y,x- y), and y = (lx d )(A x 1): (x,y) 

(x, x — y). The homotopy (x, y, t) i-> (tx + (1 — t)y, x — y) shows that the right 
square is h-commutative and the homotopy (x, y, t) i->- (y.x — ty) shows that the 
triangle is h-commutative. The axiom (1) of an n -duality now follows if we write 
out the morphisms according to their definition and use the result just proved. 

For the proof of the axiom (2) we start with the diagram 


R”|^ x R"|D R ,! \K x R"|AT 4——-R"|W x V\K 


R" | D x R" | W R” | W x K 


(lxrxl)(lxA) 

K x R”|7<: 
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with a(x,y) = (~y,x), P(x,y) = (x - y,x), and y(x, y) = (x - y,y). The 
homotopy (x, y. t) i-> (x — tv — (1 — t)r(y), y) shows that the bottom triangle is h- 
commutative; the homotopy (x, y, t ) (jc — y, (1 —t)x + ty) shows y ~ f>(\ x j); 
the homotopy (x, y. t) i-> (tx — v, x) shows a — f>{\ x j'). Again we write out 
the morphisms according to their definition and use this result. □ 


Given a natural duality for objects via evaluations and coevaluations one can 
define the dual of an induced map. We verify that we recover in the case of compact 
ENR the morphisms constructed in the previous section. The following three propo¬ 
sition verify that the duality maps have the properties predicted by the categorical 
duality theory. 

(7.5.2) Proposition. Let I C R n be compact and a retract of a neighbourhood V. 
The following diagram is homotopy commutative 


C([R m |7) A C r 


1A7).y 


x tPf m X-nl x 


C m AC(K"|Z)4- 


£y Al 


> C(R m |7) A C(X,0) A C(R n |7) 
iaC(/)ai 
C(R m |F) A C(Y, 0) A C(R" \X). 


Proof We reduce the problem to maps of pairs. We use the simplified definition 
(7.4.6) of the duality map. First we have the basic reduction 

R m |Y x R"|0 «- R m |7 x R ”\D -> R'"|7 x R "\X IR m |7 x V\X. 

Then the remaining composition R m |7 x V\X -x [R m |0 x R" |X which involves r], 
C(f), 8 is the assignment ( v, x) i-a> ( y — fr(x), x). The other map is (v, x) xx 
(v — / (x), x). Now we observe that we can arrange that f\V — fr (by possibly 
passing to a smaller neighbourhood, see Problem 1). □ 


Dual maps are adjoint with respect to evaluation and coevaluation. This is the 
content of (7.5.3) and (7.5.4). 

(7.5.3) Proposition. The following diagram is homotopy commutative 


C(R"|D) A C(R'"|7) A C(X,0| « P#/Al > §f:(R"|X) A C(R m |0) A C(X,0) 


iaiaC(/) 
C(R"|D) A C(R m |7) A C(7,0) 


(sAl)r 

4C" aC” 


Proof. Consider the diagram 


R"|D" x [R m |7 x X\X °* fXl > R n |7 x R m |0x X\X 


lxl X/ 


R n | D n x R m |7 x 7|7-—-> R n |0 x R m |0. 


(dx l)r 
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The composition down-right sends the element ( a.b.x ) to (a. b — fix)) and the 
composition right-down to ((p(b) ■ a — x,b — f ((p(b) ■ a)). We use the homotopies 
(<p(b)-a—x, b—f (txp(b)-a + (l—t)x)) and then ((1 —t)a+t((p(b)-a—x), b—f(x)). 

□ 


(7.5.4) Proposition. Let X and Y be compact and retracts of open neighbourhoods. 
Then the following diagram is homotopy commutative 


C n A C r 


T) Al 


C(Y. 0) A C(R" 


r(lAjp 


>C(Z.0)aC’(R"|A') aC' 

|c(/)AlAl 


D) A C(R m |T) lAg#/ > C(Y, 0) A C(R”|X) A C m . 


Proof We unravel the dehnitions and deform suitable maps between pairs. The 
composition (1 A £>#/)( r A 1)(1 A t]) is induced by maps 

R”|0 x lR m |0 <- R"| D x W n \D -||"| D x R m |T 


Y\Y x R ”\X x R m |0 t—^— R"|Z) x W\Y 


witha(x.j) = (ry(y), x, y — f{x)). Further investigations concern a. We use 
the next diagram 

R"| D x W\Y -> R" \X x W\Y < - V\X x W\Y 

X R"|0 1—^— (V X W)\G(f) 4- U\G(f). 

Let 

A: VxWxI ^ R m , (x,y,t) ty + (1 -t)fr x (x). 

This homotopy is constant on G(f). Hence there exists an open neighbourhood U 
of G(f ) such that X(U x /) C W. On U we consider the homotopy of a given 
by ( ry(ty + (1 — t)frx(xj),x,y — fix)). For ( = Owe obtain the morphism 
(frx(x). x.y — f (xj) which is defined on V\X x R'”| Y . Consider the composition 
( C(f) A 1 A 1 ){r] A 1). It is induced by 

V\X x R m |0 —4 Y\Y x R"|Z x R m |0, (x,y) ( fr x {x),x,y ). 



Y\Y x R” 


Now we use the homotopy ( fr x {x ), x,y — tf (a)). For t = 1 this homotopy is 
defined on V\X x R m |T. □ 
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(7.5.5) Remark. Let X C IR” be a compact ENR and /: X —> X a continuous 
map. From the associated n -duality we obtain a homotopy class 

If. S n \ X + aC(R"|A) 4 C(R"|Z) Al + C(R"|Z) aZ + 4 s n . 

The degree d(Xj) = L(f) e Z is an interesting invariant of the map /, the 
Lefschetzfixedpoint index. If / is the identity, then L (id) is the Euler characteristic 
of X. [51] [54] O 

Problems 

1. Let A be a closed subset of a normal space X. Let r: W A be a retraction of an open 
neighbourhood. Choose open sets U, V such that 

AcUcUcVcVcW. 

Choose a continuous function tp : X —> [0, 1 ] such that <p(U) = { 1 } and < p(X \ V) = {0}. 
Let /: A —> [0,1] be continuous. Define F: X —>■ [0, 1 ] by F(x) = <p(x) ■ fr(x) for 
x e V and F(x) = 0 for x e X \ V. Then F is aTietze extension of / and F\U = fr\U. 

2. Verify directly that the homotopy class of the coevaluation r) does not depend on the choice 
of the retraction r: V —> X. 

3. The n -dualities which we have constructed can be interpreted as representative elements 
for morphisms in the category ST. We obtain 

e: (C(R"|X),-«)®(X + ,0) -► (S°,0) 
ty. (5°, 0) (X+,0) ® (C(R"|X), —n). 

They satisfy the relations 

(1 A e)(r] A 1) = id, (e A 1)(1 a rj) = id 
which define dualities in tensor categories. 


7.6 Homology and Cohomology for Pointed Spaces 


A homology theory for pointed spaces with values in the category A 1 -MOD of 
left modules over the commutative ring R consists of a family (h n \ n e Z) of 
functors h n : TOP 0 — »• R- MOD and a family (o(„) n e Z) of natural suspension 
isomorphisms a — U( n ) : h n —> h n +\ ° E. These data are required to satisfy the 
following axioms. 

(1) Homotopy invariance. For each pointed homotopy f t the equality h n (f 0 ) = 
M/t) holds. 


(2) Exactness. 

f* 


For each pointed map /: X 


fi* 


Y the induced sequence 


K(X) 


>h n (Y) 


*h n (C(f)) is exact. 
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Let (Xj | j e ./) he a family of well-pointed spaces with inclusions i v : X v — 
V/e/ x j of the summands. The theory is called additive , if 

0/ s jhn(Xj)^h n ( V j eJ X j)- (x J ) ^ Ej e J dj ) * (*j ) 

is always an isomorphism. 

As a variant of the axioms we require the suspension isomorphisms and the 
exact sequences only for well-pointed spaces. 

If we apply the exactness axiom to the identity of a point P we see that 
h„(P) = 0. If X and Y are well-pointed, then the inclusion and projection give 
a cofibre sequence X —> X V Y —> Y. This is used to verify that the additivity 
isomorphism holds for a finite number of well-pointed spaces. The groups h n (S °) 
are the coefficient groups of the theory. 

A natural transformation of homology theories for pointed spaces consists of 
a family of natural transformations h n (—) —»• k n (—) which commute with the 
suspension isomorphisms. 

A cohomology theory for pointed spaces consists of a family of contravari- 
ant functors h n : TOP 0 —»• R -MOD and natural suspension isomorphisms a — 
a (n) . /j« _> / 7 »+i o E such that the analogous axioms (1) and (2) hold. The theory 
is called additive , if 

*"( \/jej X J ) five/ *"(■*», x ^ (dj)*{x)) 

is always an isomorphism for well-pointed spaces Xj. 

In Chapter 10 we define homology theories by the axioms of Eilenberg and 
Steenrod. They involve functors on TOP(2). We show in Section 10.4 that they 
induce a homology theory for pointed spaces as defined above. 

Given a homology theory h * for pointed spaces we construct from it a homology 
theory for pairs of spaces as follows. We set h n ( X. A ) = h n (C(X , A)). It should 
be clear that the h n are part of a homotopy invariant functor TOP(2) —> R- MOD. 
We define the boundary operator as the composition 

3: h n (X,A) = hn(C{i+)) /t„(S(A+)) ^ h n - l (A+) = h n -i(A). 

The isomorphism is the given suspension isomorphism of the theory h *. The 
Eilenberg-Steenrod exactness axioms holds; it is a consequence of the assumption 
that /?* transforms a cofibre sequence into an exact sequence and of the naturality 
of the suspension isomorphism. The excision isomorphism follows from (7.2.5). 
We need the additional hypothesis that the covering is numerable. Remark (7.2.6) 
is relevant for the passage from one set of axioms to the other. 
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7.7 Spectral Homology and Cohomology 

In this section we report about the homotopical construction of homology and 
cohomology theories. We work in the category of compactly generated spaces. A 
pre-spectrum consists of a family (Z(n) | n e Z) of pointed spaces and a family 
(e n : SZ(n) —> Z(n + 1) | n e Z) of pointed maps. Since we only work with 
pre-spectra in this text, we henceforth just call them spectra. A spectrum is called 
an Sl-spectrum, if the maps s„ : Z(n) —QZ(n + 1) which are adjoint to e„ are 
pointed homotopy equivalences. 

Let Z = ( Z(n ),£„) be an f2-spectrum. We define Z"(X) = [ X , Z(n)]° for a 
pointed space X. Since Z(n) is up to h-equivalence a double loop space, namely 
Z(n) — Q 2 Z(n + 2), we see that Z n (X ) is an abelian group, and we can view Z" 
as a contravariant and homotopy invariant functor TOP 0 —> Z-MOD. We define 
a: Z"( X ) = Z n+1 (EX) via the structure maps and adjointness as 

[X, Z(n)]° [X, QZ(n + 1)]° ^ [EX, Z(n + 1)]°. 

We thus have the data for a cohomology theory on TOP 0 . The axioms are satisfied 
(Puppe sequence). The theory is additive. 

We now associate a cohomology theory to an arbitrary spectrum Z = (Z (n ), e n ). 
For k > 0 we have morphisms 

b k n : [Z k X, Z(n)]° —[S(E fe X), SZ(n)]° [E fe+1 X, Z(n + 1)]° . 

Let Z n ~ k (X) be the colimit over this system of morphisms. The b k are compatible 
with pointed maps /: X —> Y and induce homomorphisms of the colimit groups. 
In this manner we consider Z n as a homotopy invariant, contravariant functor 
TOP 0 —Z-MOD. (The b k are for k > 2 homomorphisms between abelian 
groups.) The exactness axiom again follows directly from the cofibre sequence. 
The suspension isomorphism is obtained via the identity 

[S fc+1 X, Z(n + k + 1)]° ^ [E*(SX), Z(n + k + 1)]° 

which gives in the colimit Z”(X) = Z n + ] (LX). If the spectrum is an ^-spectrum, 
we get the same theory as before, since the canonical morphisms [X, Z(n)]° —>■ 
Z n (X) are natural isomorphisms of cohomology theories. Because of the colimit 
process we need the spaces Z(k) only for k > ko- We use this remark in the 
following examples. 

7.7.1 Sphere spectrum. We define Z(n) = S(n) and e n : E S{n) = S(n + 1) the 
identity. We set co k (X) = colim,, [E"X, 5“+*]° and call this group the k -th stable 
cohomotopy group of X. O 
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7.7.2 Suspension spectrum. Let Y be a pointed space. We define a spectrum with 

spaces H n Y and e n : E(E n T) ^ H n+l Y. O 

7.7.3 Smash product. Let Z = (Z(n), e n ) be a spectrum and Y a pointed space. 
The spectrum Y A Z consists of the spaces Y A Z(«) and the maps 

id Ae„: S(T A Z(n)) = T A SZ(n) -> Fa Z(n + 1). 

(Note that HA = AaI/ dl. Here and in other places we have to use the associativity 
of the A-product. For this purpose it is convenient to work in the category of 
k-spaces.) We write in this case 

Z k (X; Y) = colim„ [H n X, Y A Z(n + k)]°. 

The functors Z k {—\ Y) depend covariantly on Y: A pointed map /: Y\ —> Y 2 
induces a natural transformation of cohomology theories Z k {—\ Y\) —> Z k (— ; Y 2 ). 

O 

in general, the definition of the cohomology theory Z*(—) has to be improved, 
since this theory may not be additive. 

We now construct homology theories. Let 

E = ( E(n),e„: E(n) A 5 1 —> E(n + 1) | n e Z) 

be a spectrum. We use spheres as pointed spaces and take as standard model the 
one-point compactification S n = R” U { 00 }. If V is a vector space one often writes 
S v — V U { 00 } with base point 00 . Then we have a canonical homeomorphism 
S v A S w = S I 7 ® n-', p lc identity awa y from the base point. A linear isomorphism 
/: V —> W induces a pointed map S? : —> S w . 

The homology group Ek(X) of a pointed space X is defined as colimit over the 
maps 

b: [S n+k ,XAE(n)]° -+ [S n+k AS\X aE(h)aS 1 ] 0 [S n+k+1 , XaE(h+1)]°. 

The first map is — A 5 1 and the second map is induced by id Ae n ■ For n + k >2 
the morphism b is a homomorphism between abelian groups. 

It should be clear from the definition that E & (—) is a functor on TOP 0 . We need 
the suspension morphisms. We first define suspension morphisms 

or. E k (Z) ^ E k+l (S l AZ). 

They arise from the suspensions S 1 A — 

[. S n+k , Z A E(n)]° -+ [5" +fc+1 , S 1 A Z A E(n)]°, 

which are compatible with the maps b above. Then we set a = (—l) fc r *07 where 
the map r: S'aZ^ZaS 1 interchanges the factors. 
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(7.7.4) Lemma. 07 is an isomorphism. 

Proof. Let x e E^ (Z) be contained in the kernel of ay. Then there exists [/] e 
[S n+k , Z A E(n)]° representing x such that 1 A / is null homotopic. Consider the 
diagram 


S 1 a S n+k lA/ > 5 1 a Z a £(«) 

n 1 T2 

A 5 1 Jjf- Z A £■(„) A 51 z A E(n + 1 ) 


with permutation of factors t\ and r 2 . Since 1 A / is null homotopic, the rep¬ 
resentative (1 A e) o (/ a 1) of x is also null homotopic. This shows that 07 is 
injective. 

In order to prove surjectivity we consider the two-fold suspension. Let x e 
Ek+ 2 (S 2 A Z) have the representative g: S n+k+2 —>• S 2 A Z A E(n). Then 


2 

/: s "+ fc + 2 -£> S 2 A z a £(«) Aza £(n) a5 2 -%Za E(n + 2) 

represents an element y e E^iZ). Here e 2 is the composition of the spectral 
structure maps 

E(n ) A 5 2 = (£(«) aS‘)aS'a £(n + 1 )aS'a E(n + 2). 

We show of(y) — x. Once we have proved this we see that the second oy is 
surjective and injective and hence the same holds for the first ct/. 

The proof of the claim is based on the next diagram with interchange maps 


S 2 A S n+k+2 

1A g 


> S n+k+2 A S 2 

gAl 


S 2 A (5 2 A Z A £(«)) —^ S 2 AZ A E(n) A S 2 

1 At 

S 2 A (Z A £(«) A S 2 ) lAe 2 

lAe 2 

>K 'v' 

S 2 AZ A E(n + 2) — S 2 AZ A E(n + 2) 


The maps x' and r" are homotopic to the identity, since we are interchanging a 
sphere with an even-dimensional sphere. The composition of the left verticals 
represents o 2 (y), and the composition of the right verticals represents x. □ 
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(7.7.5) Proposition. For each pointed map f. Y —? Z the sequence 
E k (Y) U > E k (Z) E k (C(f )) 


is exact. 

Proof. The exactness is again a simple consequence of the cofibre sequence. But 
since the cofibre sequence is inserted into the “wrong” covariant part, passage 
to the colimit is now essential. Suppose z e E k (Z) is contained in the kernel 
of /i*. Then there exists a representing map h: S n+k -t Z A E(n ) such that 
(/i A 1) o h is null homotopic. The next diagram compares the cofibre sequences 
of id: S n+k — S n+k and / A 1: Y A E(n) -t Z A E(n). 


S n+k -—-> C(id)-—-> S n+k A S l ---> S n+k A S 1 


H 


hA\ 


„ w X (/ Al ) 1 r'! c n f(/ Al ) v w \ /AlAl 7 

Z A £(n)-> C(/ A 1)-> F A E(n) A 5 1 -> Z A £(«) A S 1 


\Ae 


/At 


lAe 


C(/) A E(n) Y a E(n + 1) —- > Z A E(n + 1) 


The map <p is the canonical homeomorphism (in the category of k-spaces) which 
makes the triangle commutative. Since (/ A l)i o It is null homotopic, there exists 
El such that the first square commutes. The map ft is induced from (It. H) by 
passing to the quotients, therefore the second square commutes. It is a simple 
consequence of the earlier discussion of the cofibre sequence that the third square is 
h-commutative (Problem 1). The composition (1Ae )(h A1) is another representative 
of z, and the diagram shows that (1 A e)f represents an element y e E k (Y) such 
that /* y = z. □ 

A similar proof shows that the Z k (X\Y) form a homology theory in the vari¬ 
able Y. 


Problems 

1. Consider the cofibre sequences of two maps /: A —> B and f : A! —> B'. In the 
diagram 


f „ /i ,, P(f) ^ , s/ ^,, 

A - B - C(f) - ¥ EA - EB - > ■ 


T.h 



h 

H 

& 


f ' 

A . J 

L p<f'\ J 

, S/' 

1 


EB' - >■ 
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assume given h and H such that the first square commutes. The map is induced from 
(h, H) by passing to the quotients. Show that the third square commutes up to homotopy 
(use (4.6.2)). 

2. Show that the homology theory defined by a spectrum is additive (for families of well- 
pointed spaces). 

3. Show that a weak pointed h -equivalence between well-pointed spaces induces an isomor¬ 
phism in spectral homology. The use of k-spaces is therefore not essential. 

4. Let Z be the sphere spectrum (7.7.1). Then, in the notation of (7.7.3), 

ST ((X,n), (: Y,m )) = Z m ~ n (X\ Y), 
the morphism set of the category ST of Section 7.1. 


7.8 Alexander Duality 

Let E = (E n , e(n): E n A S 1 —> Zs„+i) be a spectrum. Let iy. S n —> B A A, 
e: A A B —> S n be an /7-duality. The compositions 

[A A S', E k+t ]° [BaAaS\Ba E k+t ]° [5” A S', B a E k+t ]° 
are compatible with the passage to the colimit and induce a homomorphism 

D m : E k {A) -a- E n - k (B). 

The compositions 


[, S t+n ~ k , Ba E t ]° [A A S t+n ~ k , A A B A E t ]° [A A , S n A E t ]° 

T * > [AAS n+k - , ,E t AS n ]°—^^[AAS t+n - k ,E t+n ]° 

with the interchange map r are compatible with the passage to the colimit if we 
multiply them by (—\) nt . They induce a homomorphism 

D.: E n - k (B) E k (A). 

(7.8.1) Theorem (Alexander duality). The morphisms D* and D. are isomor¬ 
phisms. They satisfy D,D * = (— l) nk id and D*D, = (— l) nk id. 

Proof. The relations of the theorem are a direct consequence of the defining prop¬ 
erties of an n -duality. The composition e* o (A A —) o rf o (B A —) equals 

r*o£" : [Aa5 ? , E k+t }° [5”aAa5', S n AE k+t ]° [AaS*" aS‘, S n AE k+t ]°. 

The definition of D, then involves the sign (—1 y ,(k + t \ This morphism differs from 
a map in the direct system for E k (A) by the interchange 5” AS' — > S’ A S n , hence 
by a sign (— 1)”L Hence the sign (— 1 ) nk remains. The second relation is verified 
similarly. □ 








186 Chapter 7. Stable Homotopy. Duality 


Let PE * (—) and Pit* (—) be the homology and cohomology theories on TOP(2) 
constructed from the theories £■*(—) and E*(—). If we use the n -duality between 
X + and C(IR” | X ) for a compact ENR in R” we obtain isomorphisms 

PE n - k (X, R” ^ X) s PE k (X), PE n - k (X) ^ PE*(R n , r ^ X). 

This is the usual appearance of Alexander duality. 

In this setting one can also work with the bi-variant theory Z k (X; Y) = 
Z- k (X:Y). Then one obtains from an n -duality an adjointness isomorphism 
Z k (AAX;Y) ^ Z n _ k (X;B aY). 

A homology theory /j*(—) is defined on the category ST. Here one defines 
hi((X,n)) = hi-n ( X ). Letamorphism / € ST((X, n), (Y, m)) berepresented by 
f k : X A S n+k —>• F A S m+k . The induced morphism is defined by commutativity 
of the next diagram 


hi((X,n ))-> hi- n (X) h l+k (X a S n+k ) 

hdf ) (A-)* 

_ y^m-\-k 

hi((Y,m ))-> hi- m (Y) -> h l+k {Y a S m+k ). 


Given a homology theory /z*(—) one can define via the complement duality 
functor a sort of cohomology for spaces which admit an embedding as a closed 
subset of a Euclidean space. Let X be such a space. Choose an embedding i : X —> 
R" and define h k (iX) = h n - k (C(\R n \iX)) = h- k (C(R n \iX),-n). If j \ X 
R m is another embedding, we have the homeomorphism ji~ ] : iX —»• / Y and we 
have the duality map D (j i ~ 1 ). The set of embeddings together with the morphisms 
D(ji~ x ) from i to j form a contractible groupoid; it is a complicated replacement 
for the space X. We obtain the induced contractible groupoid of the h k {iX). It 
is equivalent to a group which we denote h k (X). From the complement duality 
functor we obtain a well-defined homomorphism h k (f ): h k (Y ) —> h k (X) for a 
proper map /: X —>• T; in this way h k (—) becomes a contravariant functor. We 
do not discuss in what sense the h k (X) can be made into a cohomology theory. 
This cohomology theory is the “correct” one for duality theory in the sense that the 
Alexander duality isomorphism h k (X) = h- k (C(l R” \X), —n ) holds for all spaces 
in question (and not only for compact ENR). A similar devise can be applied to 
a given cohomology theory. One obtains a homology theory which is again the 
“correct” one for duality theory. 


7.9 Compactly Generated Spaces 

Several constructions in homotopy theory lead to problems in general topology. A 
typical problem arises from the fact that a product of quotient maps is in general 
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no longer a quotient map. We met this problem already in the discussion of CW- 
complexes. In this auxiliary section we report about some devices to deal with such 
problems. The idea is to construct a category with better formal properties. One has 
to pay a price and change some of the standard notions, e.g., redefine topological 
products. 

A compact Hausdorff space will be called a ch-space. For the purpose of the 
following investigations we also call a ch-space a test space and a continuous map 
/: C -x X of a test space C a test map. A space A is called weakly hausdorff or 
wh-space , if the image of each test map is closed. 

(7.9.1) Proposition. A Hausdorff space is a wh-space. A wh-space is a T\-space. 

A space X is a wh-space if and only if each test map f : K —> X is proper. If X is 
a wh-space, then the image of each test map is a Hausdorff space. A subspace of a 
wh-space is a wh-space. Products ofwh-spaces are wh-spaces. □ 

A subset A of a topological space (X, T ) is said to be k-closed ( k-open ), if 
for each test map /: K —> X the pre-image / -1 (A) is closed (open) in K. The 
k-open sets in ( X, T) form a topology kT on A. A closed (open) subset is also 
k-closed (k-open). Therefore kT is finer than T and the identity i = ix'. kX —> X 
is continuous. We set kX = k(X) — ( X.kT ). Let f: K X be a test map. 
The same set map /: K —> kX is then also continuous. For if U C kX is open, 
then U C X is k-open, hence f~ l (U) C K is open. Therefore ix induces for each 
ch-space K a bijection. 

TOP(A, kX) TOP(A, X), f ^ L X o /. 

Lienee X and kX have the same k-open sets, i.e., k(kX) = kX. A topological space 
X is called k-space , if the k-closed sets are closed, i.e., if X = kX. Because of 
k(kX) = kX the space kX is always a k-space. A k-space is also called compactly 
generated. We let k-TOP be the full subcategory of TOP with objects the k-spaces. 
A whk-space is a space which is a wh-space and a k-space. 

The next proposition explains the definition of a k-space. We call a topology S 
on X ch-definable, if there exists a family i f) : Kj — X \ j e /) of test maps 
such that: A C X is S -closed for each j € J the pre-image f ~ 1 (A) is closed in 
Kj. We can rephrase this condition: The canonical map (fj): ]J / Kj —(A, S) 
is a quotient map. A ch-definable topology is finer than T. We define a partial 
ordering on the set of ch-definable topologies by S\ < $2 O Si D $ 2 - 

(7.9.2) Proposition. The topology kT is the maximal ch-definable topology with 
respect to the partial ordering. 

Proof. By Zorn’s Lemma there exists a maximal ch-definable topology S. If this 
topology is different from kT, then there exists an ^-open set U, which is not 
k-open. Flence there exists a test map t: K X such that t~ l {U) is not open. If 
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we adjoin this test map to the defining family of S, we see that S is not maximal. 

□ 

(7.9.3) Corollary. The k-spaces are the spaces which are quotients of a topological 

sum of ch-spaces. □ 

(7.9.4) Proposition. The following are equivalent: 

(1) X is a k-space. 

(2) A set map f \ X —> Y is continuous if and only if for each test map t: K —> X 
the composition f t is continuous. 

Proof. (1) => (2). Let U C K be open. In order to see that f~ l (U) is open it 
suffices to show that this set is k-open, since X is a k-space. Let t: K —> X be a 
test map and / 1 continuous. Then k~ l (/ -1 (£/)) is open, and this shows what we 
want. 

(2) => (1). We show that the identity X —> kX is continuous. This holds by (2) 
and because X and kX have the same test maps. □ 

(7.9.5) Proposition. Let f : X —> Y be continuous. Then the same set map 

kf : kX k Y is continuous. □ 

The assignments X kX, f i-> kf yield a functor k\ moreover, we have the 
inclusion functor i , 


k : TOP k- TOP, i: k- TOP TOP . 

(7.9.6) Proposition. The functor k is right adjoint to the functor i. 

Proof. A natural bijection is k- TOP (Y, kX) = TOP (7 Y. X ), / io /. This 
map is certainly injective. If Y is a k-space and /: Y —>• X continuous, then 
kf: Y = kY —*■ kX is continuous; this is used to show surjectivity. □ 

(7.9.7) Proposition. Let X be a wh-space. Then A C X is k-closed if and only if 
for each ch-space K C X the set A D K is closed in K. In particular a wh-space 
X is a k-space if and only if: A C X is closed O for each ch-space K C X the 
intersection A IT K is closed in K. 

Proof. Let A be k-closed. The inclusion K C X of a ch-space is a test map. Hence 
A fl K is closed in K. 

Conversely, suppose that A satisfies the stated condition and let /: L —> X be 
a test map. Since X is a wh-space, f(L) is a ch-space and therefore f{L) fl A is 
closed in f(L). Then f~ l (A ) = / _1 (/(L) FI A) is closed in L — f~ l f(L). 
This shows: A is k-closed. □ 

Thus we see that wh-spaces have an internal characterization of their k-closed 
sets. For wh-spaces therefore k(X) can be defined from internal properties of X. 
If X is a wh-space, so is kX. 
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(7.9.8) Theorem. X is a k-space under one of the following conditions: 

(1) X is metrizable. 

(2) Each point of X has a countable neighbourhood basis. 

(3) Each point of X has a neighbourhood which is a ch-space. 

(4) For Q C X andx e Q there exists a ch-subspace K C X such x is contained 
in the closure of Q fl K in K. 

(5) For each Q C X the following holds: Q fl K open ( closed ) in K for each 
test space K C X implies Q open ( closed) in X. 

Proof (1) is a special case of (2). 

(2) Let Q C X and suppose that f~ 1 (Q) is closed for each test map /: C —» 
X. We have to show that Q is closed. Thus let a € 0 and let ( U n | n € IN) be 
a neighbourhood basis of a. For each n choose a n e Q fl U\ fl • • • fl U n . Then 
the sequence (a„) converges to a. The subspace K = {0,1,2 _1 ,3 -1 ,...} of R 
is compact. The map /: K —>• X, /(0) = a, f(n~ l ) = a n is continuous, and 
n~ l e f~ l (Q). By assumption, f~ l (Q) is closed in K, hence 0 e f~ l {Q ), and 
therefore a — /(()) e (). 

(3) =>■ (4). Let Q C X and suppose a € Q. We choose a ch-neighbourhood 
K of a and show that a is contained in the closure of Q fl K in K. Thus let U be 
a neighbourhood of a in K. Then there exists a neighbourhood U' of a in X such 
that U' Cl K C U. Since U' fl K is a neighbourhood of a in X and a e Q, we 
conclude 


u n (Q n K) d (V nf)n(OnA') = (u' nf)n ^ 0. 

Hence a is contained in the closure of Q (T K in K. 

(4) => (5). Suppose Q fl K is closed in K for every test subspace K C X. Let 
a e Q. By (4), there exists a test subspace K 0 of X, such that a is contained in 
the closure of Q fl K 0 in K 0 . By the assumption (5), Q H is closed in K 0 \ and 
hence a e Q n Kq c Q. 

(5) Let f~ 1 (Q) be closed in K for each test map f:K->X. Then, in 
particular, for each test subspace L C X the set Q fl L is closed in L. The 
assumption (5) then says that Q is closed in X. This shows that X is a k-space. 

□ 

(7.9.9) Theorem. Let p: Y X be a quotient map and Y a k-space. Then X is 
a k-space. 

Proof. Let B C X be k-closed. We have to show that B is closed, hence, since p 
is a quotient map, that p~ 1 (B ) is closed in Y. Let g: D —>• Y be a test map. Then 
g~ l (p~ l (B)) — ( pg)~ 1 (B) is closed in D, because B is k-closed. Since Y is a 
k-space, p~ 1 (B) is closed in Y. □ 
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(7.9.10) Proposition. A closed {open) subspace of a k-spcice is a k-space. The same 
holds for whk-spaces. 

Proof Let A be closed and B C A a subset such that / _1 (5) is closed in C for 
test maps /: C —x A. We have to show: B is closed in A or, equivalently, in X. 

If g: D —»• X is a test map, then g~ 1 (/I) is closed in D and hence compact, 
since D is compact. The restriction of g yields a continuous map h: g _1 (A) —x A. 
The set h~ 1 {B) — g~ 1 {B) is closed in g~ 1 (A) and therefore in D , and this shows 
that B is closed in X. 

Let U be open in the k-space X. We write X as quotient q: Z —> X of a sum 
Z of ch-spaces (see 7.9.3). Then q : q~ l (U) —> U is a quotient map and q~ l {U) 
as the topological sum of locally compact Hausdorff spaces is a k-space. Therefore 
the quotient U is a k-space. 

The second assertion follows, if we take (7.9.1) into account. □ 

In general, a subspace of a k-space is not a k-space (see (7.9.23)). Let X be a 
k-space and i: A C X the inclusion. Then the map k(i): k{A) —> X = k(X) is 
continuous. The next proposition shows that k(i) has in the category k-TOP the 
formal property of a subspace. 

(7.9.11) Proposition. A map h: Z —>• k {A) from a k-space Z into k(A) is contin¬ 
uous if and only ifk{i) o h is continuous. 

Proof If h is continuous then also is k(i) oh. Conversely, let k(i)oh be continuous. 
We have k(i) = i o la ■ Since i is the inclusion of a subspace, la ° h is continuous; 
(7.9.6) now shows that h is continuous. □ 

(7.9.12) Theorem. The product in TOP of a k-space X with a locally compact 
Hausdorff space Y is a k-space. 

Proof. By (7.9.8), a locally compact Hausdorff space is a k-space. We write X as 
quotient of Z, where Z is a sum of ch-spaces, see (7.9.3). Since the product of 
a quotient map with a locally compact space is again a quotient map, we see that 
I x 7 is a quotient of the locally compact Hausdorff space, hence k-space, Zxf, 
and therefore a k-space by (7.9.9). □ 

A product of k-spaces is not always a k-space (see (7.9.23)). Therefore one is 
looking for a categorical product in the category k- TOP. Let {Xj j e J ) be a 
family of k-spaces and ]”[ ■ Xj its product in the category TOP, i.e., the ordinary 
topological product. We have a continuous map 

Pi - k(prj): k( Uj x j) k(Xj) = Xj. 

The following theorem is a special case of the fact that a right adjoint functor respects 
limits. 
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(7.9.13) Theorem, (pj : k ( [~[ j Xj) -x Xj \ j e J) is a product of (Xj \ j e J) 
in the category k- TOP. 

Proof. We use (7.9.6) and the universal property of the topological product and 
obtain, in short-hand notation, for a k-space B the canonical bijection 

k-TOP (B.k(Y[ Xj)) = TOP(2?,n*,) = r[TOP(B,X;) = f[k-TOP(B, Xj), 

and this is the claim. □ 

In the case of two factors, we use the notation X x k Y for the product in k- TOP 
just defined. The next result shows that the wh-spaces are the formally hausdorff 
spaces in the category k- TOP. 

(7.9.14) Proposition. A k-space X is a wh-space if and only if the diagonal Dx of 
the product X x k X is closed. 

Proof. Let X be a wh-space. In order to verify that Dx is closed, we have to 
show that for each test map /: K — > X x k X the pre-image / _1 ( Dx ) is closed. 
Let fj : K —>■ X be the j - th component of /. Then Lj = fj(K) is a ch-space, 
since X is a wh-space. Hence L = Lj U L 2 C I is a ch-space. The relation 
f~ l Dx = f^ 1 ((L x L) fl Dx) shows that this set is closed. 

Let Dx be closed in X x k X and /: K ^ X a test map. We have to show that 
f(K) C X is closed. Let g: L —»• X be another test map. Since X is a k-space, 
we have to show that g~ l f(K) C L is closed. We use the relation 

g- l f{K)= V r 2 (ifxg)- l D x ). 

Since D x is closed, the pre-image under f xg is closed and therefore also its image 
under pr 2 as a compact set in a Hausdorff space. □ 

Recall the mapping space F(X, Y) with compact-open topology. 

(7.9.15) Theorem. Let X and Y be k-spaces, and let f: X x^ Y -x Z be con¬ 
tinuous. The adjoint map / A : X ~x kF(Y, Z), which exists as a set map, is 
continuous. 

Proof. The map/ A : X -x kF(Y, Z) is continuous, if for each test map t: C -x X 
the composition f A °t is continuous. Weuse / A o t = (/o(;xidy)) A . Thereforeit 
suffices to assume that X is a ch-space. But then, by (7.9.12), Xx^Y = X xY and 
therefore / A : X -x F(Y, Z) is continuous and hence also / A : X -x kF{Y,Z), 
by (7.9.4). □ 

(7.9.16) Theorem. Let Y be a k-space. Then the evaluation 

e Y ,z : kF(Y, Z)x k Y -x Z, (/, y) xx f(y) 


is continuous. 
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Proof. Let t : C — > k F( Y. Z) x k Y be a test map. We have to show the continuity 
of ey,z ° t- Let tf: C —»• F(Y, Z) and t 2 \ C —»• 7 be the continuous components 
of /. We show first: The adjoint t\ : C x 7 —»• Z of is continuous. By (2.4.3), 
this continuity is equivalent to the continuity of the second adjoint map t x : Y —> 
F(C , Z). In order to show its continuity, we compose with a test map s: D —>■ Y. 
But tf os = F(s , Z) o tf is continuous. Moreover we have ey.z °t = t\ o (id, t 2 ), 
and the right-hand side is continuous. □ 

A combination of (7.9.15) and (7.9.16) now yields the universal property of the 
evaluation ey.z for k-spaces: 

(7.9.17) Proposition. Let X and Y be k-spaces. The assignments f i-> / A and 
g m>- ey.z o (g Xfc idy) = g~ are inverse bijections 

TOP(Z x fc Y, Z) s* TOP(Z, kF(Y, Z)) 


between these sets. □ 

(7.9.18) Theorem. Let X, Y and Z be k-spaces. Since ey.z is continuous, we have 
an induced set map 

A: kF(X,kF(Y,Z )) kF(X x k Y.Z). f ey, z ° (/ x fc idy) = /~. 

The map A is a homeomorphism. 

Proof. We use the commutative diagram 


kF(X, kF(Y, Z)) x k X x k Y 

Axid x id 

kF(X x k Y, Z) x k X x k Y 


ejxid 


> kF(Y, Z) x k Y 

> z 


«3 


with ci = e x ,kF(Y,z ). e 2 = £y,z, and e 3 = e X x k Y,z ■ Since e x x id and e 2 are 
continuous, the universal property of e 3 shows that A is continuous; namely, using 
the notation from (7.9.17), we have e 2 o (e x x id) = A'"'. The universal property of 
e x provides us with a unique continuous map 

ir. kF(X x k Y.Z) -+ kF(X, kF(Y, Z)), / / A , 

such that e\o(fix id(AQ) = e 3 , where e 3 : kF(X x k Y, Z)x k X —*■ kF(Y , Z) is 
the adjoint of e 3 with respect to the variable Y. One checks that A and /i are inverse 
to each other, hence homeomorphisms. □ 

(7.9.19) Theorem. Let X and Y be k-spaces, and f : X —> X' and g: Y Y' 
be quotient maps. Then f x g: X x k Y —>■ X' x k Y' is a quotient map. 
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Proof. It suffices to treat the case g = id, since a composition of quotient maps is 
a quotient map. Using (7.9.18), the proof is now analogous to (2.4.6). □ 

(7.9.20) Proposition. Let f X —> Y be a quotient map and X a whk-space. Then 
Y is a whk-space if and only if R = {(xi.X) | f(x i) = / fe)} is closed in X x k X. 

Proof. The set R is the pre-image of Dy under / x /. Since / x k / is a quotient 
map (7.9.19), Dy is closed if and only if R is closed. Now apply (7.9.9) and 
(7.9.14). □ 


(7.9.21) Proposition. Let Y and Z be k-spaces and assume that Z is a wh-space. 
Then the mapping space kF(Y. Z) is a wh-space. In particular, if Y and Z are 
whk-spaces, then kF(Y , Z) is a whk-space. 

Proof. Let f A : K — kF(Y. Z) be a test map. We have to show that it has 
a closed image hence is k-closed. For this purpose let g A : L —> kF(Y , Z) be 
another test map. It remains to show that the pre-image M of f A (K) under g A 
is closed. We use the adjoint maps f:KxY —> Z and g: L x Y —> Z. For 
y e Y let i y : K x L —»• (K x Y) x k (L x Y ), (k.l) ( k,y,l,y ). Then 

M — pr 2 (fl y ey((f x iihyU 1 Dz). Since Z is a wh-space and therefore the 
diagonal Dz is closed by (7.9.14), we see that M is closed. □ 


We now consider pointed spaces. Let (Xj \ j e J) be a family of pointed 
k-spaces. Let Xj be its product in k-TOP. Let WjXj be the subset of the 
product of those points for which at least one component equals the base point. 
The smash product /\ k - Xj is the quotient space (]”[/ Xj)/Wj Xj. In the case that 
J = {1,...,«} we denote this space by Xi X n . A family of pointed maps 

fj : Xj —> Yj induces a pointed map f\ k fj : f\j Xj —> f\ k Yj. 

Let X and Y be pointed k-spaces. Let F°(X, Y) C F(X, Y ) be the subspace of 
pointed maps. We compose a pointed map /: I Aj 7 —^ Z with the projections 
p: IxjF —X Ak Y. The adjoint (/ p) A : X — kF(Y, Z) is continuous and has 
an image contained in kF°(Y , Z). We obtain a continuous map X —»• kF°(Y , Z) 
which will be denoted by f A . 

The evaluation ey t z induces Cy z which makes the following diagram commu¬ 
tative: 


kF°(Y, Z) x k X 

p 

'V' 

kF°(Y.Z) A k X 


k(i)x id 


-> kF(Y, Z) x k X 

ey.z 

z 

-> Y. 


i is the inclusion and p the quotient map. The continuity of k(i) and ey z implies 
the continuity of the pointed evaluation e z z . In analogy to (7.9.18) one proves: 
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(7.9.22) Theorem. Let X, Y and Z be pointed k-spaces. The assignment 

H°: kF°(X A k Y, Z) -+ kF°(X , icF°(Y, Z), f h * f A 
is a homeomorphism. □ 

(7.9.23) Example. Let [R/Z be obtained from R by identifying the subset Z to a 
point (so this is not the factor group!). We denote by p\ R —>■ R/Z the quotient 
map. 

(1) The product p x id: IRxQ-t R/Z x Q of quotient maps is not a quotient 
map. 

(2) The product R/Z x (Q is not a k-space, but the factors are k-spaces (see 
(7.9.4)). 

(3) The product R/Z x R is a k-space (see (7.9.9) and (7.9.12)), but the subspace 
R/Z x Q is not a k-space by (2). 

If K C R/Z is compact, then there exists / e N such that K C p[—l, /]. 

Let (r n | n e N) be a strictly decreasing sequence of rational numbers with 
limit y/2. The set F = {(m + | n.m e N} C R x <Q is saturated with 

respect to p x id and closed in R x (Q. 

ThesetG = (/>xid)(F) is not closed in R/ZxQ. Notethatz = (/>(0),0) ^ G; 
but we show that z e G. Let U be a neighbourhood of z. Then there exists a 
neighbourhood V of p( 0) in R/Z and s > 0 such that V x (] — e, e[nQ) C U. 
Choose m e LI such that /n _1 \fl < 2 _1 e. The set p~ ] (V ) is then a neighbourhood 
of m in R, since m e p~ 1 p(0) c Hence there exists 8 > 0 such 

that ]m — 8,m + 5[c p~ x {V). Now choose n e N such that h < S and 
r„ — \fl < m §. Then (p x id )(m + ^-) e V x (] — e, e[n<Q) C U holds, 
because m + ^ e ]m—8, m+8[C p~ l {V) andO < ^ = ^ + < | + | = e. 

We see that U fl G ^ 0. This finishes the proof that z e G. 

We now see that p x id is not a quotient map, since there exists a saturated closed 
set F with non-closed image G. 

The space R/Z x Q is not a k-space. Let s: K -a- R/Z x Q be an arbitrary 
test map. We show that W 1 (G) is closed in K although G is not closed (this could 
not occur in a k-space). The two projections pr, s(K) are compact and Hausdorff. 
Hence there exists l e LI such that pr, s(K) C p[—I, /]. The inclusion 

s(K) C pr, s(K) x pr 2 s(K ) C p[—l — 1] x pr 2 s(K ) 

then shows that we have s -1 (G) = s -1 (G FI p[—l,l] x pr 2 s(F)). But the set 
G fl p[—l, 1 ] x pr 2 s(K) is finite: By construction, F is a closed discrete subspace 
of R x <Q; moreover, F fl [—/, /] x pr 2 s(K) is finite as a closed discrete subspace 
of the compact space [—/, /] x pr 2 s(K)\ therefore also 


(p x id)(F Fl [—/, /] x pr 2 s(K )) = G fl p[—l, 1] x pr 2 s{K) 
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is finite. A finite set in a Hausdorff space is closed, and therefore 5 1 (G) as pre¬ 
image of a closed set is closed itself. O 

(7.9.24) Example. It is stated already in [155, p. 336] that (Q a Q) A No and 
Q A (<Q A N 0 ) are not homeomorphic. In [128, p. 26 ] it is proved that the canonical 
continuous bijection from the first to the second is not a homeomorphism. O 

Problems 

1. A space is a k-space if and only if it is a quotient of a locally compact Hausdorff space. 

2. Let Xi C X 2 C • • •, let Xj be a whk-space and let Ay C Xj+i be closed. Then 
X = [J ■ Xj , with colimit topology, is a whk-space. If the A, are k-spaces, then A is a 
k-space, being a quotient of the k-space JJ ( - A,-. If the A,- are wh-spaces, hence 7) -spaces, 
then each test map /: A —> A has an image which is contained in some A; and therefore 
closed. If each inclusion is A,- C A,-_|_i closed, the image is also closed in A and therefore 
A is a wh-space. 

3. Let A and Y be k-spaces. Passage to adjoint maps induces bijections of homotopy sets 
[A x k Y, Z] [A, kF(Y, Z)\ and [A A F, Z]° ^ [A, kF°(Y, Z)]°. 

4. Let (Xj | j e J) be a family of k-spaces. Then the topological sum JJy e y Xj is a 
k-space. The product in k-TOP is compatible with sums. 

5. Let a pushout of topological spaces with closed j : A C A be given. 

A — B 

i j F V 

X -Af 

Let A and B be whk-spaces. Then Y is a whk-space. 




Chapter 8 

Cell Complexes 


The success of algebraic topology is largely due to the fact that one can describe 
spaces of interest by discrete (or even finite) combinatorial data. Purely combina¬ 
torial objects are simplicial complexes. Given such a complex, one defines from 
its data by simple linear algebra the homology groups. It is then a remarkable 
fact that these groups are independent of the combinatorial description and even 
homotopy invariant. Simplicial complexes are a very rigid structure. A weaken¬ 
ing of this structure is given by the cell complexes (CW-complexes in the sense of 
J. H. C. Whitehead). They are more flexible and better adapted to homotopy theory. 

An n-cell in a space is a subset which is homeomorphic to the standard n-cell 
E n = {x e IR” | || jc || < 1}. A cell complex is a decomposition of a space into 
cells. In order that one obtains something interesting, one has to add conditions 
about the closure of the cells, and one has to relate the topology of the space to the 
topology of the closed cells. 

A finite cell complex is easily defined: a Hausdorff space X which is the union 
of a finite number of cells. It e is an «-cell of this decomposition, then it is required 
that there exists a continuous map <p\ D n —>• X which induces a homeomorphism 
E n —>• e and sends S n ~ l into the union of the cells up to dimension n — 1. 

From these data one obtains already an interesting invariant of X, the so-called 
Euler characteristic. Let n ( i ) denote the number of i -cells. Define the combinatorial 
Euler characteristic to be the alternating sum /(A) = JT >0 (— l)'n(i). It is a non¬ 
trivial fact that h-equivalent finite complexes have the same Euler characteristic. 
The origin of the notion is the famous result of Leonhard Euler (~ 1752) that for a 
sphere S 2 each polyhedral decomposition yields the value n (0) — n(\)+n (2) = 2. 

In this chapter we present some point-set topology and elementary homotopy 
theory of cell complexes. Then we demonstrate the use of cell complexes in the 
construction of spaces with specific properties. In particular we construct so-called 
Eilenberg-Mac Lane spaces K(n, n). They have a single non-vanishing homotopy 
group n n (K(n, n) ) = n (here jx can be an arbitrary abelian group). Eilenberg-Mac 
Lane spaces can be used as building blocks for general homotopy types (Postnikov 
systems). They also yield a homotopical definition of cohomology (and homology) 
groups: The homotopy set [ X , K(n, n)\ carries a natural structure of an abelian 
group and is known to be a version of a cohomology group denoted II"(X \ jt). 
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8.1 Simplicial Complexes 

Simplicial complexes are the objects of combinatorial topology. 

A simplicial complex K = (E, S ) consists of a set E of vertices and a set S 
of finite non-empty subsets of E. A set s e S with q + 1 elements is called a 
q-simplex of K. We require the following axioms: 

(1) {e} e S for each e e E. 

(2) If t e S and ,v C / is non-empty, then s € S. 

11 .v € S is a g-simplex, then q is called the dimension of s. If t C s, then t is 
a face of s. A 1-simplex of K is also called an edge of K. The O-simplices of 
K correspond to the elements of E\ a 0-simplex is called a vertex. A simplex is 
determined by its 0 -faces. 

A simplicial complex is n-dimensional, if it contains at least one //-simplex but 
no (// + l j-simplices. A subcomplex L of K consists of a set of simplices of K 
which contains with s also the faces of 5 . A 1-dimensional complex is a graph. 
A complex K = ( E.S ) is finite if E is finite and locally finite if each vertex 
is contained in a finite number of simplices. The //-skeleton K n = (E, S n ) of 
K = (E, S ) is the subcomplex with S" = {s e S | dim.v < //}. 

(8.1.1) Example. Let U — (Uj | ye/) be a covering of a set X by non¬ 

empty sets Uj. For a finite non-empty set £ C J let Ue = Rye e R anc l let 
E(J) = {E C J | Ue f 0}- Then (J, E(J)) is a simplicial complex, called the 
nerve N{U) of the covering U. O 

(8.1.2) Example. Let P be a set with a partial ordering <. The simplicial complex 

(P, Sp) associated to a partially ordered set has as simplices the totally ordered 
finite subsets of P. O 

(8.1.3) Example. Let K = ( E. S) be a simplicial complex. Define a partial order 

on S by s<tOsCt. The simplicial complex A" associated to this ordered set 
is called the barycentric subdivision of K. O 

Let K = {E.S) be a simplicial complex. We denote by | K the set of functions 
a: E —> I such that 

(1) {e e E | a{e) > 0} is a simplex of K. 

(2 ) E«£«(c) = L 

We regard K\ as a subset of the product I E . Let \K\ P denote this set with the 
subspace topology of the product topology. We have a metric d on | K\ defined by 

d{a,f) = (£ e 6 £ (a(e)-^(e)) 2 ) 2 . 

We denote | K \ with this metric topology by | K \ m . Each vertex e e E gives us a con¬ 
tinuous map e: \K\ m —> /, a i-> a(e). Therefore the identity \K\ m —> \K\ p is 
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continuous. We leave it as an exercise to show that this map is actually a homeo- 
morphism. The numbers (a(e) | e e E) are the barycentric coordinates of a. 

We define a further topology on | AT |. For 5 e S let A (s) be the standard 
simplex {(t e ) e |Aj \ t e = 0 for e f. s }. Then K\ is the union of the A (s), and 
we write \K\ C for K\ with the quotient topology defined by the canonical map 
LUs A( 5 ) — \K\. The identity \K\ C —> \K\ P is continuous but not, in general, a 
homeomorphism. The next proposition will be proved in the more general context 
of simplicial diagrams. 

(8.1.4) Proposition. [ K\ c \K\ p is a homotopy equivalence. □ 

In the sequel we write \K\ = \K\ C and call this space the geometric realization 
of K. We define |j| C \K\ as |s| = {a e |/f| | a(e) ^ 0 =$ e e s} and 
call this set a closed simplex of \K\. For each simplex s of K the open simplex 
(s) C | AT| is the subspace (s) = {a e \K\ \ a(e) ^ 0 e e s}. The complement 
|s| \ (s) = d |v is the combinatorial boundary of |s|; it is the geometric realization 
of the subcomplex which consists of the proper faces of ,v. The set | K is the disjoint 
union of the (s),s e S. 

Let \K\ n be the union of the A (s ) with dim.y < n. 

(8.1.5) Proposition. The space K\ is the colimit of the \ K\ n . The equality \K n \ — 
\K\ n holds. The canonical diagram 

LUm,=« 9 A (s) -H K\ n ~ l 

Li,,dim,=„ Ms) -> |AT|» 


is a pushout. □ 

A homeomorphism I : K \ —> X is called a triangulation of X. The triangu¬ 
lation of surfaces was proved by Rado [161], the triangulation of 3-dimensional 
manifolds by Moise (see [141] for references and proofs; [197, 7.5.1]). Differen¬ 
tiable manifolds can be triangulated, and the triangulation can be chosen in such a 
way that it is on each simplex a smooth embedding ([193]; [143]). 

Since \K\ m is separated and id : K\ —> \K\ m continuous, \K\ is separated. For 
finite K the identity |^| -> \K\ m is a homeomorphism. 

For each vertex e e E the set St(e) = {a e |W| | a(e) ^ 0} is called the star 
of e. Since a m- a(e) is continuous, the set St(e) is open in \K\ c i and therefore 
also in | AT| . If we identify e with the function a(e) = 1, a(e') = 0 lor e f e' . then 
St(e) is an open neighbourhood of e. 

Points eo, ... ,e/c of R” are affinely independent, if the relations SA,e, = 0 
and Ea,- = 0 imply that each A/ =0. If eo ,..., e± arc affinely independent, then 

the simplex ( Y^i=o ^‘ e i \ A/ > 0, EA ,■ = 1 } spanned by eo __ Ck is the convex 

hull of this set and homeomorphic to the A-dimensional standard simplex. 
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Let K = (E. S) be a simplicial complex and (x e e e £) a family of points 
in R". Consider the continuous map 

f:\K\^\R n , on-J2eeE a ( e ) x e- 

If / is an embedding, we call the image of / a simplicial polyhedron in R" of type 
K, and f(\K\) is a realization of K as a polyhedron in R”. 

Standard tools for the application of simplicial complexes in algebraic topology 
are subdivision and simplicial approximation [67, p. 124]. 

Problems 

1. id: \K\ m —? \K\ P is ahomeomorphism. 

2. Let K = (No, S) be the simplicial complex where S consists of all finite subsets of No- 
The canonical map |A"| C —► \K\ P is not a homeomorphism. 

3. Let L be a subcomplex of K. We can identify \ L\ with a subset of \K\, and |L| canies then 
the subspace topology of |JC|. If (Lj \ j e J) is a family of subcomplex of K , then (J Lj 
and f] Lj are subcomplexes and the relations [J \ Lj | = | [J Lj | and p| | Lj | = | f] Lj \ 
hold. 

4. Let K be a simplicial complex. Then the following assertions are equivalent: (1) K is 
locally finite. (2) |A"| is locally compact. (3) The identity \K\ —> \K\^ is a homeomorphism. 
(4) |^| is metrizable. (5) Each point of |^| has a countable neighbourhood basis. (See [44, 
p. 65].) 

5. Let K be a countable, locally finite simplicial complex of dimension at most n. Then K 
has a realization as a polyhedron in R 2 " +1 . (See [44, p. 66].) 


8.2 Whitehead Complexes 

We use the standard subsets of Euclidean spaces S n ~ l , D n , E n = D n \ 5” _1 , 
(n > 1). We set S~ 1 = 0 and let D° be a point, hence E° = D°. A k-dimen- 
sional cell (a k-cc\\) in a space X is a subset e which is, in its subspace topology, 
homeomorphic to E k . A point is always a 0-cell. 

A Whitehead complex is a space X together with a decomposition into cells 
(ex | A e A) such that: 

(Wl) X is a Hausdorff space. 

(W2) For each n-cell ex there exists a characteristic map O; : D n = D'! X 
which induces a homeomorphism E n —»• ex and sends S” -1 into the union 
X n ~ l of the cells up to dimension n — 1. 

(W3) The closure ex of each cell ex intersects only a finite number of cells. 

(W4) X carries the colimit topology with respect to the family (ex \ A e A). 

A subset A of a Whitehead complex is a subcomplex if it is a union of cells and 
the closure of each cell in A is contained in A. We will see that a subcomplex together 
with its cells is itself a Whitehead complex. From the definition of a subcomplex 
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we see that intersections and unions of subcomplexes are again subcomplexes. 
Therefore there exists a smallest subcomplex X(L) which contains a given set L. 

The decomposition of a Hausdorff space into its points always satisfies (Wl)- 
(W3). We see that (W4) is an important condition. Condition (W3) is also called 
(C), for closure finite. Condition (W4) is called (W), for weak topology. This is the 
origin for the name CW-complex. In the next section we consider these complexes 
from a different view-point and introduce the notion of a CW-complex. 

(8.2.1) Lemma. Let : D n —> X be a continuous map into a Hausdorff space. 
Let e — 4>( E n ). Then <t>( D n ) — e. In particular e is compact. 

Proof. A>(D n ) is a compact subset of a Hausdorff space and therefore closed. This 
yields e = <&(E n ) C 3>(D") = 0(0") = 4>(is") C $(£'") = e. □ 

(8.2.2) Example. Suppose X has a cell decomposition into a finite number of cells 

such that properties (Wl) and (W2) hold. Then X is a finite union of closures e of 
cells and therefore compact by (8.2.1). Properties (W3) and (W4) are satisfied and 
X is a Whitehead complex. O 

(8.2.3) Examples. The sphere S" has the structure of a Whitehead complex with 
a single 0-cell and a single n-cell. The map 

A>:D n ^S n , x i—> (2^1 - M*-x,2\\x\\ 2 - 1) 

sends S n ~ { to the 0-cell e n +\ = (0,_0,1) and induces a homeomorphism of 

E n with S n \ {e n +\}, hence is a characteristic map for the 77-cell. 

From this cell decomposition we obtain a cell decomposition of D n+1 by adding 
another (n + l)-cell E n+l with characteristic map the identity. 

Another cell-composition of S n has two j -cells for each j e {0,... ,77} and 
is obtained inductively from D'f = {(x,) e S n | ±x„+ 1 > 0} with intersection 
S n-1 = S" -1 x 0. A characteristic map is D n —> Df, x m- (x, ±^/\ — ||x|| 2 ).0 

(8.2.4) Proposition. Let X be a Whitehead complex. 

(1) A compact set K in X meets only a fin ite n umber of cells. 

(2) A subcomplex which consists of a finite number of cells is compact and closed 
in X. 

(3) X(e) = X(e) is for each cell e a finite subcomplex. 

(4) A compact subset of a Whitehead complex is contained in a finite subcomplex. 

(5) X carries the colimit topology with respect to the finite subcomplexes. 

(6) A subcomplex A is closed in X. 

Proof. (1) Let E be the set of cells which meet K. For each e e E we choose a 
point x e e K fl e and set Z = {x e \ e e E). Let Y C Z be any subset. For each 
cell / of X the closure / is contained in the union of a finite number of cells. Thus 
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Y fl / is a finite set, hence closed in / since / is a Hausdorff space. The condition 
(W4) now says that Y is closed in X and hence in Z. This tells us that Z carries 
the discrete topology and is closed in X. A discrete closed set in a compact space 
is finite. 

(2) Let A = e\ U-• -Ue r be a finiteunion of cells ej. Then A = ei U - • -Ue r C A, 
by definition of a subcomplex. By (8.2.1), A = A is compact and closed. 

(3) Induction over dim(e). If e is a 0-cell. then e is a point and closed, hence a 
subcomplex and X(e) = X(e) = e. Suppose X(/) is finite for each cell / with 
dim(/) < 77 . Let e be an 77 -cell with characteristic map <t>. 

The set <J>(5” _1 ) is contained in the union of cells of dimension at most n — 1, 
hence is contained in e \ e. 

Then e ^ e = <L(S" -1 )is compact, hence contained in a finite number of 
cells e\,...,ek, by (1), which are contained in X" -1 , by (W2). By induction 
hypothesis, the set C — e U X{e\) U ••• U X(e*) is a finite subcomplex which 
contains e and hence X(e). Therefore X(e) is finite. Since X(e) is closed, by (2), 
we have e C X(e ) and X(e) C X(e). 

(4) This is a consequence of (1) and (3). 

(5) We show: A C X is closed if and only if for each finite subcomplex V the 
intersection A fl Y is closed in Y. 

Suppose the condition is satisfied, and let / be an arbitrary cell. Then A fl X(f) 
is closed in X(f), hence, by (2) and (3), closed in X; therefore A fl / — AT I 
X(f) fl / is closed in X and in /, hence closed in X by condition (W4). 

(6) If Y is a finite subcomplex, then A n Y is a finite subcomplex, hence closed. 

By (5), A is closed. □ 

(8.2.5) Proposition. A subcomplex Y of a Whitehead complex X is a Whitehead 
complex. 

Proof. Let e be a cell in Y and <I>: D n —> X a characteristic map. Then <f>(/J”) = 
e C Y, since Y is closed. Hence O can be taken as a characteristic map for Y. 

It remains to verify condition (W4). Let L C Y and suppose ifI e is closed 
in e for each cell e in Y. We have to show that L is closed in Y. We show that L 
is closed in X. Let / be a cell of X. By (W3), / is contained in a finite union 
e\ U • • • U ek of cells. Let e\ ,..., ey be those which are contained in Y. Then 

/ fl Y C e x U • • • U ej C e x U • • • U ej C Y 

since Y is a subcomplex. Hence 

fnY = (fne l )u---u(fne j ), fnL = fnmY = ULt (/ n ^ni). 

By assumption, e^ fl L is closed in ey, hence / fl fl L is closed in /; therefore 
/ n L is a finite union of sets which are closed in X. □ 
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(8.2.6) Proposition. Let X be a Whitehead complex. Then: 

(1) X carries the colimit topology with respect to the family ( X n \ n e No). 

(2) Let (ex | A e A («)) be the family of n -cells of X with characteristic maps 

: D'l —> X n and restrictions <px : S” _1 —> A” -1 . Then 


u 


cn —1 
A 


u 


n» 
A U X 


<P={<P a ) 


> A 


ft—1 


3>=($ a ) 


-> x r 


is a pushout in TOP. (A 1 = 0.) 

Proof (1) Suppose AT I A" is closed in A” for each n. Then for each //-cell e of 
A the set A Cl e = A Cl e IT A" is closed in e. By (W4), A is closed in A. 

(2) The diagram is a pushout of sets. Give A" the pushout topology and denote 
this space by Z. By construction, the identity k : Z —A" is continuous. We show 
that k is also closed. Let V C Z be closed. By definition of the pushout topology 
this means: 

(i) V fl A" -1 is closed in A" -1 . 

(ii) <f> -1 (L) fl D" is closed in £)", hence also compact. 

We conclude that <f>(<L _1 (L) fl D") = V fl 3>(D") = V Li ex is closed in ex, being 
a continuous image of a compact space in a Hausdorff space. From (i) and (ii) we 
therefore conclude that for each cell e of A" the set V He is closed in e. Since A” 
is a Whitehead complex, V is closed in A”. □ 


(8.2.7) Proposition. Let X be a Whitehead complex, pointed by a 0-cell. The 

inclusions of the finite pointed subcomplexes F C A induce a canonical map 
colinijr tt k (F, *) —> n k (X, *). This map is an isomorphism. □ 

Recall from Section 7.9 the notion of a k-space and the k-space k( A) obtained 
from a space A. 

(8.2.8) Proposition. Let X have a cell decomposition such that (W1)-(W3) hold 
and such that each compact set is contained in a finite number of cells. Then k( A) 
is a Whitehead complex with respect to the given cell decomposition and the same 
characteristic maps. Moreover, X is a Whitehead complex if and only if k(X) = A. 

Proof. Let <t>: D n —>■ A be a characteristic map for the cell e. Since e is compact 
it has the same topology in k( A). Hence O: D n —> k(X) is continuous. Since $ 
is a quotient map and <F -1 (e) = E n , we see that e has the same topology in k(X ) 
and A. Thus e is a cell in k(X) with characteristic map O. 

Let A fl r be closed in e for each cell e. Let K C k( A) be compact. By 
hypothesis, K is contained in a finite number of cells, say K C e\ U • • • U e k . Then 
ALK = ((A fl Ti) U • • • U (A fl e k )) fl K is closed in K. Hence A is k-closed. □ 
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Let X and Y be Whitehead complexes and e C X, f C Y cells. Then 
ex / cXxTisa cell. From characteristic maps <3>: D m —> X, TL D n Y 
for e, / we obtain $x>f: D m x D n —>■ X x Y, and this can be considered as a 
characteristic map for e x /. For this purpose use a homeomorphism 

(D m+n ,S m+n ~ 1 ) -> ( D m x D n , D m x 5"” 1 U S'"” 1 x D"). 

With this cell structure, X x Y satisfies conditions (W1)-(W3) in the definition 
of a Whitehead complex. In general, property (W4) may not hold. In this case 
one re-topologizes X xY such that the compact subsets do not change. The space 
X Xfc Y — k(X x Y) is then a Whitehead complex (see (8.2.8)). 

Problems 

1. R carries the structure of a Whitehead complex with 0-cells {/?}, n e Z and 1-cells 
]n,n + 1[, n e Z. There is an analogous Whitehead complex structure W(S) on IR" with 
0-cells the set of points S(k i,..., k n ), kj e Z, S > 0 fixed and the associated <S-cubes. 
Thus, given a compact set K C IR" and a neighbourhood U of K , there exists another 
neighbourhood L of K contained in U such that L is a subcomplex of the complex W(S). 
In this sense, compact subsets can be approximated by finite complexes. 

2. The geometric realization of a simplicial complex is a Whitehead complex. 


8.3 CW-Complexes 


We now use (8.2.6) as a starting point for another definition of a cell complex. Let 
( X , A ) be a pair of spaces. We say, X is obtained from A by attaching an n-cell, 
if there exists a pushout 


s n ~ 1 

<p 

- > A 

! n 

. l n 

D n - 

<P ^ 

— >x. 


Then A is closed in X and X \ A is homeomorphic to E n via <t>. We call X \ A an 
n-cell in X, <p its attaching map and its characteristic map. 


(8.3.1) Proposition. Let a commutative diagram with closed embeddings j. J be 
given: 



Suppose F induces a bijection X \ A —>• Z \ Y . Then the diagram is a pushout, 
provided that (1) F(X) C Z is closed; (2) F : X —> F(X ) is a quotient map. 
Condition (2) holds if X is compact and Z Hausdorjf. 
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Proof. Let g: X —> U and h : Y U he given such that gj = hf. The diagram 
is a set-theoretical pushout. Therefore there exists a unique set map <p\ Z —U 
with (pF — g, (pj — h. Since J is a closed embedding, (p\J(Y) is continuous. 
Since F is a quotient map, <p\F(X) is continuous. Thus <p is continuous, since 
F(X) and /(F) are closed sets which cover Z. □ 

(8.3.2) Note. Let X be a Hausdorjf space and A a closed subset. Suppose there 
exists a continuous map <t>: D n —* X which induces a homeomorphism <t>: E n —> 
X \ A. Then X is obtained from A by attaching an n-cell. 

Proof. We show <I>(S" -1 ) C A. Suppose there exists s e S" -1 with <f>(.s) e F \ /l. 
Then there exists a unique t e E n with <J>(^) = 0(0- Let V C E n , W C D n 
be disjoint open neighbourhoods of t, s. Then O(L) C X \ A is open in X, since 
<3>: E" —> X \ A is a homeomorphism and A is closed in X. Since <!> is continuous, 
there exists an open neighbourhood W\ C IT' of s with <t>( IT]) c O(K). This 
contradicts the injectivity of Q\E n . 

Thus <f> provides us with a map <p : S n ~ l —> A. We now use (8.3.1). □ 

(8.3.3) Example. The projective space R P n is obtained from R P n ~ 1 by attaching 
an n-cell. The projective space C P n is obtained from C / J ” -1 by attaching a 2n- 
cell. 

We recall that C P n ~ l is obtained from 5 2 ” -1 by the equivalence relation 

(zi,_ z n ) ~ (Azi.Az„), A e S l , or from C” \ 0 by z ~ Az, A e C*. 

The class of z is denoted [zi,..., z„]. A characteristic map $: D 2n —> C P n is 
X [X, y/\ - ||X|| 2 ]. 

The space Ri 3 ” -1 is obtained from .S'" -1 by the relation z ~ —z, or from R" \ 0 
byz Az, A e R*. A characteristic map <t>: D n —> R P n is given by the same 
formula as in the complex case. O 

We can also attach several n -cells simultaneously. We say X is obtained from A 
by attaching n-cells if there exists a pushout 


iw sr 1 


u 


jeJ D] 


> A 

n 

-> X. 


The index j just enumerates different copies of the same space. Again, A is then 
closed in X and O induces a homeomorphism of [J / E" with X \ A. Therefore 
X \ A is a union of components and each component is an /7-cell. (By invariance 
of dimension, the integer n is determined by X \ A.) We allow / = 0; in that case 
A = X. We write <f> 7 = <3>| D'j and (pj — (p\S n ~ l and call Oy the characteristic 
map of the n-cell T( E") and <pj its attaching map. 
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Let us give another interpretation: A = X(tp) is the double mapping cylinder 

P r <P 

of / <— S n x / —> A where J is a discrete set. From this setting we see: If <p 
is replaced by a homotopic map t ft, then A(i p) and A(i ft) are h-equivalent under A. 

Let /: A —> Y be a given map. Assume that X is obtained from A by attaching 
n-cells via attaching maps (<pj) : ]J ■ 5” _1 —> A. From the pushout definition of 
the attaching process we obtain: 

(8.3.4) Note. There exists an extension F : X —>■ Y of f if and only if the maps 
f tpj are null homotopic. We view a null homotopy of f cpj as an extension to D'j. 
Then the extensions F correspond to the set of null homotopies of the f(pj. □ 

In view of this note we call the homotopy classes [ f<pj\ the obstructions to 
extending /. 

Let A be a subspace of A. A CW-decomposition of ( X , A) consists of a sequence 
of subspaces A — A -1 C A 0 C A 1 C • • • C A such that: 

(1) A = U„> 0 A". 

(2) For each n > 0, the space A" is obtained from A” -1 by attaching //-cells. 

(3) A carries the colimit topology with respect to the family (A”). 

A;t is a subspace of the colimit A of a sequence Xj C Ay+i C •••. If the 
inclusions are closed, then A* is closed in A. This is an immediate consequence 
of the definition of the colimit topology. 

A pair (A, A) together with a CW-decomposition (A” | n > —1) is called a 
relative CW-complex. In the case A — 0 we call A a CW-complex. The space A” 
is the n-skeleton of (A, A) and (A" | n > — 1) is the skeleton filtration. The cells 
of A” \ A” -1 are the n-cells of (A, A). We say, (A, A) is finite (countable etc.) if 
A \ A consists of a finite (countable etc.) number of cells. If A = A”, A f A” -1 
we denote by n = dim(A, A) the cellular dimension of (A, A). If A — 0, then A 
is suppressed in the notation. We call A a CW-space if there exists some cellular 
decomposition A 0 C A 1 C ••• of A. 

Let A be a Whitehead complex. From (8.2.6) we obtain a CW-decomposition 
of A. The converse also holds: From a CW-decomposition we obtain a decompo¬ 
sition into cells and characteristic maps; it remains to verify that A is a Hausdorff 
space and carries the colimit topology with respect to the closures of cells (see 
(8.3.8)). 

In the context of CW-complexes (A, A), the symbol A” usually denotes the 
n-skeleton and not the n-fold Cartesian product. 

(8.3.5) Note. If ( A, A) is a relative CW-complex, then also (A, A”) and (A", A) 

are relative CW-complexes, with the obvious skeleton-filtration inherited from 
(A" | n > -1). □ 

(8.3.6) Example. From (8.3.3) we obtain cellular decompositions of C P n and 
\RP n . The union of the sequence IRF” C R” +1 C ••• defines the infinite projective 
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space RP°° as a CW-complex. It has a single //-cell for each n > 0. Similarly, we 
obtain C P°° with a single cell in each even dimension. O 

(8.3.7) Example. The sphere S n has a CW-decomposition with a single 0-cell 

and a single /7-cell, and another CW-composition with two /-cells for each j e 
{0,..., /;}, see (8.2.3). The quotient map S n —> R P n sends each cell of the latter 
homeomorphically onto a cell of R P" in the decomposition (8.3.6). We can also 
form the colimit S°° of S n C S n+] C • • •, a CW-complex with two cells in each 
dimension. O 

The general topology of adjunction spaces and colimit topologies gives us the 
next results. 

(8.3.8) Proposition. Let ( X , A) be a relative CW-complex. If A is a T\-space, then 
X is a T i -space and a compact subset of X meets only a finite number of cells. If 
A is a Hausdorff space, then X is a Hausdorjf space. If A is normal, then X is 
normal. If A is a Hausdorff space, then X carries the colimit topology with respect 
to the family which consists of A and the closures of cells. 

Proof. We only verify the last statement. Let C be a subset of X and suppose A fl C 
in closed in A and A fl e closed in e for each cell e. We show inductively, that 
C fl X n is closed in X n . This holds for n — — 1 by assumption. The space X n 
is a quotient of Z" = X n ~ ] + ]j D". Each characteristic map : D 1 - —»• e) is 
a quotient map, since X is Hausdorff. From the assumptions we see that X n fl C 
has a closed pre-image in Z n . □ 

The considerations so far show that a CW-complex is a Whitehead complex. 

(8.3.9) Proposition. Let ( X , A) be a relative CW-complex. Then A C X is a 
cofibration. 

Proof. We know that ]j S” -1 —»• jj D" is a cofibration. Hence X" -1 C X n is 
an induced cofibration. Therefore the compositions X n C X n+k are cofibrations. 
Given /: X —> Z and ahomotopy h~ l : X~ l x I Z of f\X~ x , we can extend 
this inductively to homotopies/i" : X n x I -* Zsuchthat/ 2 M+1 |X”x/ = h n . Since 
X x I is the colimit of the X n x /, the h n combine to a homotopy /;: X x I Z. 

□ 

Problems 

1. The attaching map for the n-cells yields a homeomorphism \/j ( D n /S n ~ 1 )j = X/A. 

2. Let ( X , A) and ( V. B) be relative CW-complexes. Consider XxY with the closed 
subspaces 

(X x Y) n = U"=-i xi x T" -, \ n>- 1. 
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In favorable cases, the filtration ((X x Y) n \ n > —1) is a CW-decomposition of the pair 
(X x Y, A x B). 

Let Y be locally compact. Then (X x Y) n is obtained from (X x Y ) n ~ 1 by attaching 
tt-cells. 

3. Let (X, A) be a relative CW-complex and let C C A. Then ( X/C , A/C) is a relative 
CW-complex with CW-decomposition {X n / C). Moreover, X/A is a CW-complex. 

4. Let A C X be a subcomplex. Then X/A is a CW-complex. 

5. Let A and B be subcomplexes of X. Then A/{A (T B) is a subcomplex of X/B. 

6. Let A be a subcomplex of B and Y another CW-complex. Then A A* T is a subcomplex 
of B A/c Y. 

7. Let A be a CW-complex. Suppose X is obtained from A by attaching n -cells via attaching 
maps i p : ]J Sj 1 -» A n 1 . Then if is a CW-complex with CW-decomposition X J = A-’ 
for j < n and X J = A J U (X \ A) for j > n, and A is a subcomplex of X. 

8. Leti^o.^i: Li -S'" -1 —> A be homotopic attaching maps. The spaces X (0), X(l) which 
are obtained by attaching n -cells with (po,(p\ are h-equivalent under A. (Homotopy theorem 
for cofibrations.) 

9. Let if be a pointed CW-complex with base point * a 0-cell. Then the cone CX and the 
suspension EX are CW-complexes. (In statements of this type the reader is asked to find a 
canonical cell decomposition induced from the initial data.) 

10. Let (Xj | j e J ) be a family of pointed CW-complexes with base point a 0-cell. Then 
Vy e j Xj has the structure of a CW-complex such that the summands are subcomplexes. 

11. Let p: E —> B be a Serre fibration and ( X,A) a CW-pair. Then each homotopy 
h: X x I —> B has a lifting along p with given initial condition on3f xOUlxf. 

12. Suppose X is obtained from A by attaching ??-cells. Let /?:£—> X be a covering and 
E' = p~ l (A). Then E is obtained from E' by attaching tt-cells. 

13. Let X be a CW-complex with n -skeleton X n and p : E —> X a covering. Then £ is a 
CW-complex with n-skeleton E n = p ~ 1 (B n ) such that p maps the cells of E homeomor- 
phically to cells of X. An automorphism of p maps cells of E homeomorphically to cells. 

14. Each neighbourhood U of a point x of a CW-complex contains a neighbourhood V 
which is pointed contractible to .r. A connected CW-complex has a universal covering. The 
universal covering has a cell decomposition such that its automorphism group permutes the 
cells freely. 

15. Let X and Y be countable CW-complexes. Then X x Y is a CW-complex in the product 
topology. 


8.4 Weak Homotopy Equivalences 

We now study the notion of an n -connected map and of a weak homotopy equiva¬ 
lence in the context of CW-complexes. 

(8.4.1) Proposition. Let (Y, B) be n-connected. Then a map f : ( X , A) —> (7, B ) 
from a relative CW-complex (X, A) of dimension dim(X, A) < n is homotopic 
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relative to A to a map into B. In the case that dim (A, A) < n the homotopy class 
of A — y B is unique relative to A. 

Proof. Induction over the skeleton filtration. Suppose A is obtained from A by 
attaching q -cells via <p: \l k Sr l ^A,q<n. Consider a commutative diagram 


usr tM^A 

I 4 


->B 


4 7 . 


Since ( Y , B) is zz-connected, F& is homotopic relative to ]j S^~ l to a map into 
B. Since the left square is a pushout, we obtain a homotopy of F from a pair of 
homotopies of FA> and Fi which coincide on ]J 1 . Since we have homotopies 
of F <t> relative to ]J S% 1 , we can use on A the constant homotopy. Altogether we 
obtain a homotopy of F relative to A to a map into B. 

For an arbitrary (X, A) with dim (A', A) < n we apply this argument inductively. 
Suppose we have a homotopy of / relative to A to a map g which sends X k into 
B. By the argument just given we obtain a homotopy of g\X k+l relative to X k 
which sends X k+1 into B. Since X k+1 C X is a cofibration, we extend this 
homotopy to X. In the case that n = oo, we have to concatenate an infinite number 
of homotopies. We use the first homotopy on [0,1/2] the second on [1/2, 3/4] and 
so on. (Compare the proof of (8.5.4).) Suppose dim (A, A) < n. Let If , /*) : X —»• 
B be homotopic relative to A to /. We obtain from such homotopies a map 
(X x 7, X x dl U A x I) —»• (F, B) which is the constant homotopy on A. We 
apply the previous argument to the pair (X x I. X x 37 U A x I) of dimension < n 
and see that the homotopy class of the deformation X —> B of / is unique relative 
to A. □ 

(8.4.2) Theorem. Let h . B —> Y he n-connected, n > 0. Then /z*: [X. B] —> 
[X. F] is bijective ( surjective ) if X is a CW-complex with dim X < n (dim X < n). 
Ifh : B —>■ Y is pointed, then /z* : [ X , 7?]° —»• [ X , F]° is injective ( surjective ) in the 
same range. 

Proof. By use of mapping cylinders we can assume that h is an inclusion. The 
surjectivity follows if we apply (8.4.1) to the pair (X, 0). The injectivity follows, 
if we apply it to the pair (X x I, X x 37). In the pointed case we deform ( X , *) 

(F, B) rel {*} to obtain surjectivity, and for the proof of injectivity we apply (8.4.1) 
to the pair {X x 7, X x 3/ U * x 7). □ 

(8.4.3) Theorem. Let / : Y —> Z be a map between CW-complexes. 

(1) / is a homotopy equivalence, if and only if for each b e Y and each q > 0 
the induced map /* : n q (Y, b) —> n q {Z, f(b)) is bijective. 
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(2) Suppose dim Y < k, dim Z < k. Then f is a homotopy equivalence if /* is 
bijective for q < k. 

Proof (1) If /* is always bijective, then /* is a weak equivalence, hence the induced 
map /* : [ X , Y) —»• [X, Z] is bijective for all CW-complexes X (see (8.4.2)). By 
category theory, / represents an isomorphism in h-TOP: Take X = Z; then there 
exists g: Z —> Y such that fg — id(Z). Then g* is always bijective. Hence g 
also has a right homotopy inverse. 

(2) /* : [Z, Y] [Z, Z] is surjective, since / is k-connected (see (8.4.2)). 
Hence there exists g: Z —> Y such that fg ~ id(Z). Then g* : 7t q (Z) —*■ Jt q (Y) 
is bijective for q < k, since /*g* = id and /* is bijective. Hence there exists 
h'.Y^-Z with gh ~ id(F). Thus g has a left and a right h-inverse and is therefore 
anh-equivalence. From fg ~ id we then conclude that / is an h-equivalence. □ 

The importance of the last theorem lies in the fact that "homotopy equivalence” 
can be tested algebraically. Note that the theorem does not say: \in q (Y) = n q (Z) 
for each q, then Y and Z are homotopy equivalent; it is important to have a map 
which induces an isomorphism of homotopy groups. Mapping a space to a point 
gives: 

(8.4.4) Corollary. A CW-complex X is contractible if and only if n q (X) = 0 for 

q > 0. □ 

(8.4.5) Example. From itj(S n ) = 0 for j < n and nj(S°°) — colim,, 7tj(S n ) we 
conclude that the homotopy groups of S 00 are trivial. Hence S 00 is contractible. O 

(8.4.6) Example. A simply connected 1-dimensional complex is contractible. A 

contractible 1-dimensional CW-complex is called a tree. O 

(8.4.7) Theorem. A connected CW-complex X contains a maximal (with respect 
to inclusion ) tree as subcomplex. A tree in X is maximal if and only if it contains 
each 0-cell. 

Proof. Let S3 denote the set of all trees in X, partially ordered by inclusion. Let 
T C B be a totally ordered subset. ThenC = Urer Lis contractible: nfC) — 0, 
since a compact subset of C is contained in a finite subcomplex and therefore in 
some T e T. Thus, by Zorn’s lemma, there exist maximal trees. 

Let B be a maximal tree. Consider the 1-cells which have at least one end point 
in B. If the second end point is not contained in B , then B is obviously not maximal. 
Therefore the union V of these 1-cells together with B form a subcomplex of A 1 , 
and the remaining 1 -cells together with their end points form a subcomplex X 1 \ V. 
Since X is connected so is X 1 , hence V = X 1 , and B° = V° = X°. 

Let B be a tree which contains X°. Let B' D B be a strictly larger tree. Since 
B is contractible, B’ and B'/B are h-equivalent. Hence B’/B is contractible. 
Since Z° C B, the space B'/B has the form \J S 1 and is not simply connected. 
Contradiction. □ 
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We now generalize the suspension theorem (6.10.4). Let X and Y be pointed 
spaces. We have the suspension map E* : [ X , T]° —»• [EX, E7]°. We use the 
adjunction [EX, ET]° ^ [X, flSF] 0 . The resulting map [X, Y]° -> [ X , Q.EY] 0 
is then induced by the pointed map a: Y —»• Q E F which assigns to y e F the 
loop t m- [y, t] in EY. 

(8.4.8) Theorem. Suppose irfY) — 0 for 0 < i < n. Then the suspension 
E* : [ X , F]° —> [EX, EF]° is bijective ( surjective ) if X is a CW-complex of di¬ 
mension dim X < In (dim X < 2 n + 1). 

Proof By the suspension theorem (6.10.4), the map o is (2 n + l)-connected. Now 
use the pointed version of (8.4.2). □ 

(8.4.9) Theorem. Let X be a finite pointed CW-complex. Then 

E* : [E k X, E k Y]° -* [E* +1 X, E fc+1 F]° 
is bijective for dim(X) < k — 1. 

Proof We have dim E k X = k + dim X. The space ET is path connected. By 
the theorem of Seifert and van Kampen, E 2 Y is simply connected. From the 
suspension theorem we conclude that nj(E k Y) = 0 for 0 < j < k — 1. By the 
previous theorem, E* is a bijection for k + dim X < 2(k — 1). □ 

8.5 Cellular Approximation 

(8.5.1) Proposition. Suppose X is obtained from A by attaching (n + 1 )-cells. 
Then (X, A) is n-connected. 

Proof. We know that ( D n+1 , S n ) is //-connected. Now apply (6.4.2). □ 

(8.5.2) Proposition. Let X be obtained from A by attaching n-cells (n > 1). 
Suppose A is simply connected. Then the quotient map induces an isomorphism 
Jt n (X, A) -»• n n (X/A). 

Proof. (8.5.1) and (6.10.2). □ 

(8.5.3) Proposition. For each relative CW-complex (X. A) the pear (X, X n ) is 
n-connected. 

Proof. From (8.5.1) we obtain by induction on k that (X n+k . X n ) is //-connected. 
The compactness argument (8.3.8) finally shows (X, X") to be //-connected. □ 

LetX and Y be CW-complexes. A map /: X —> Y is cellular, if f(X n ) C Y" 
for each n e N 0 . The cellular approximation theorem (8.5.4) is an application of 
(8.4.1). 
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(8.5.4) Theorem. A map f : X —>■ Y is homotopic to a cellular map g: X —>• Y. 
If B C X is a subcomplex and f\B cellular, then the homotopy f ~ g can be 
chosen relative to B. 

Proof. We show inductively that there exist homotopies 77” :Ix/->7 such that 

(1) 77° = /, 77f -1 = //" for n > 1; 

(2) H?(X r ) c T' for i < n; 

(3) 77” is constant on X” -1 U B. 

For the induction step we assume f(X‘) c Y' for i < n. Let : (£>", S” _1 ) —»• 
(X”, X" -1 ) be a characteristic map of an n -cell not contained in B. The map / o $ 
is homotopic relative to S” _1 to a map into Y n , since ( Y, Y n ) is //-connected. A 
corresponding homotopy is used to define a homotopy of / on the associated closed 
//-cells. This process defines the homotopy on B U X”; and we extend it to X, 
using the fact that B U X" C X is a subcomplex and hence a cofibration. We now 
concatenate the homotopies 77”: 

[H i (x,2 i + l {t - 1 +2-')), 1-2 <t < 

H(x, t) = < 

( H‘(x, 1), x eX 1 , t — 1. 

This map is continuous on X’ x I and hence on X x I , since this space is the colimit 
of the X' x / . □ 

(8.5.5) Corollary. Let /o, f\: X Y be cellular maps which are homotopic. 
Then there exists a homotopy f between them such that f(X n x I) C Y n+l . If 
fo, fi are homotopic rel B, then f can be chosen rel B. 

Proof. Choose a homotopy /: fo — ft rel B. Then / maps X x 3/ U B x I into 
Y n . Now apply (8.5.4) toXx9/U5x/cXx/. □ 

Problems 

1. Let A C X be a subcomplex and / : xl —> Y a cellular map. Then Y = Z U/ 7 is a 
CW-complex. 

2. A CW-complex is path connected if and only if the 1-skeleton is path connected. The 
components are equal to the path components, and the path components are open. 


8.6 CW-Approximation 

We show in this section, among other things, that each space is weakly homotopy 
equivalent to a CW-complex. Our first aim is to raise the connectivity of a map. 

(8.6.1) Theorem. Let f: A —»• Y be a k-connected map, k > — 1. Then there 
exists for each n > k a relative CW-complex (X, A) with cells only in dimensions 
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j € {k + 1,...,/;}, n < oo, and an n-connected extension F . X —> Y of f. If A 
is CW-complex, then A can be chosen as a subcomplex of X. 

Proof. (Induction over n.) Recall that the map / is ^-connected if the induced 
map /* : it j (A. *) —jij (Y, /(*)) is bijective for j < k and surjective for j — k 
(no condition for k = —1). If we attach cells of dimension greater than k and 
extend, then the extension remains ^-connected. This fact allows for an inductive 
construction. 

Let n = 0, k = —1. Suppose /*: jto(A) — jto(Y) is not surjective. Let 
C — {cj | j € /} be a family of points in Y which contains one element from each 
path component n 0 (Y) \ /*7r 0 (A). Set X = A + ]J Dj and define F: X —Y 
by F\A = f and F{D 9) = {cy j. Then X is obtained from A by attaching 0-cells 
and F is a 0-connected extension of /. 

n = 1. Suppose /: A —> Y is 0-connected. Then /*: tz 0 (A) -> Jt 0 (Y) is 
surjective. Let c_i, C\ be points in different path components of A which have the 
same image under /*. Then cp : ,S'° — A, cp(± 1) = c±i, is an attaching map for a 
1-cell. We can extend / over A U p D l by a path from f(c~) to /(c+). Treating 
other pairs of path components similarly, we obtain an extension F ': X' —> Y of / 
over a relative 1-complex (X', A) such that F* : jzo(X') —> n 0 (Y) is bijective. The 
bijectivity of F^ follows from these facts: We have F* /* = /* with the inclusion 
j: A —>■ X'\ the map j is 0-connected; path components with the same image 
under /* have, by construction, the same image under /*. 

We still have to extend F': X’ —> Y to a relative 1-complex X D X' such that 
F* : 7Ti( X , x) —i tc\{Y, f (x)) is surjective for each x e X. Let Fj : (D 1 ,5°) —>• 
(K, y) be a family of maps such that the [Fy] e jt i (K. y) together with F*(jt] (X', x)) 
generate rt\ ( Y. y), y — F'(x). Let X D X' be obtained from X’ by attaching 1- 
cells with characteristic maps (Oy, qjj ): {D 1 , S°) —> (X 1 , x). We extend F' to F 
such that Fo Oy = Fy. Then F* : tT| (X, x) —> tT| (T, y) is surjective. 

n > 2. Suppose /: A —> L is (n — l)-connected. By the use of mapping 
cylinders, we can assume that / is an inclusion. Let (Oy ,<pj): ( D ", S" _1 , Cq) —>• 
(T, /I. a) be a set of maps such that the yy = [Oy, < pj] e jt„ (Y, A, a) generated the 
jt i (/I, a )-module tt„ (F, ,4, a). We attach n-cells to /I by attaching maps <pj to obtain 
X and extend / to F by the null homotopies Oy of /< pj. The characteristic map 
of the /(-cell with attaching map <pj represents xy e jt n (X. A, a) and F*xy = yy. 
The map F induces a morphism of the exact homotopy sequence of (X, A. a) into 
the sequence of (F, A. a), and F* : n n (X, A,a) —>• it n (Y, A, a) is surjective by 
construction. Consider the diagram 


jr n (A) -> jt„(X) - > 7 t„(X, A) -> Tt n -i{A) -> Ji n -\(X) 


(i) 


( 2 ) 


( 3 ) 


Ttn(A) -> 7t n (F)- > jt„(Y, A) -/ n n -i(A) -/ Jr„_i(F) 


■+0 


-> 0 . 
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The sequences end with 0, since 7t„-i(X, A) = 0 and jz n -i(A) —> n„-\(Y ) is 
surjective by assumption. (2) is surjective. The Five Lemma shows us that (1) 
is surjective and (3) injective. By induction hypothesis, (3) is already surjective. 
Hence F is «-connected. 

In order to obtain A as a subcomplex of X , one works with cellular attaching 
maps. □ 

(8.6.2) Theorem. Let Y be a CW-complex such that tt,- (Y ) = 0 for 0 < i < k. 
Then Y is homotopy equivalent to a CW-complex X with X k = {*}. 

Proof. Start with the k -connected map f \ A — {*} —> Y and extend it to a weak 
equivalence F : X — > Y by attaching cells of dimension greater than k. □ 

(8.6.3) Proposition. Let A and B be pointed CW-complexes. Assume that A is 
(m — \)-connected and B is (n — 1 )-connected. Then A B is (m + n — 1)- 
connected. 

Proof We can assume that A has no cells in dimensions less than m and n no cells 
in dimensions less than n (except the base point). Then A B has no cells in 
dimensions less than m + n. □ 

(8.6.4) Theorem. LetfXj | j e J) be a family of {n — \)-connected CW-complexes. 
Let Lk : Xk -a- \/ j € j Xj be the inclusion of the k-th summand. Then 

<*J = (O'* : > 0/e/ X n (Xj) -* X j) 

is an isomorphism (n > 2). 

Proof. Let J be finite. Up to h-equivalence we can assume that Xj has no cells 
in dimensions less than n, except the base point. Then [~[ ( Xj is obtained from 
\f j Xj by attaching cells of dimension > 2 n. Hence 7i m ( V Xj) —■* 71 mi P[ x j) i s 
an isomorphism for m < 2 n — 2. From the diagram 


^n(V X j) 

OiJ 

0 Tt n (Xj) 


^n n {\\ Xj) 
= ( pj *) 

mxj) 


we conclude that aj is an isomorphism. 

Let now J be arbitrary. For each x e tt„ ( \/ je j Xj) there exists a finite E C J 
such that x is contained in the image of n n ( \/ E Xj) -a- n n (\/ j Xj), since a 
compact subset is contained in a finite wedge. The result for E now shows that 
aj is surjective. If xi and X 2 have the same image under aj, then these elements 
are contained in some finite sum 0 £ and, again by a compactness argument, they 
have the same image under some ole , if E is chosen large enough. This shows the 
injectivity of a j. □ 
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(8.6.5) Proposition. Suppose Jtj (Y ) = 0 for j > n. Let X be obtained from 
A by attaching cells of dimension > n + 2. Then A C X induces a bijection 
[X, Y] [A, ¥]. 

Proof Surjective. Let f: A —»• Y be given. Attach (n + 2)-cells via maps 
cp: S n+1 —*■ A. Since ftp : S” +1 —>■ Y is null homotopic, we can extend / 
over the (n + 2)-cells. Continue in this manner. 

Injective. Use the same argument for (X x I, X x 3/ U A x I). The cells of 
this relative complex have a dimension > n + 2. □ 

(8.6.6) Theorem. Let A be an arbitrary space and k e N () . There exists a relative 
CW-complex (X, A) with cells only in dimensions j > k + 2, such that jt„(X. x ) = 0 
forn > kandx e X, and the induced map 7i n (A, a) —>■ Jt n (X , a) is an isomorphism 
for n < k and a e A. 

Proof. We construct inductively for t > 2 a sequence A = X k+1 C X k+2 C 
• • • C X k+t such that n n (A , a) = n n (X k+t , a) for « < k, n„(X k+t ,a) = 0 for 
k < n < k + t — 1, and A'" +1 is obtained from X m by attaching (m + l)-cells. 

The induction step: If we attach (m + l)-cells to X m by the attaching maps 
q)j : (S™,e 0 ) ( X m .a ) to obtain X m+l , then n n (X m ,a) = n„(X m+1 ,a) for 

n < m — 1. The exact sequence 

7Z m+1 (X m+ \X m ,a) n m {X m ,a) n m (X m+ \ a ) 0 

shows that the \<pj] are in the image of 3. Thus, if the [cpj] generate jz m (X m , a), 
then n m (X m+1 , a) = 0. □ 

(8.6.7) Example. We can attach cells of dimension > n + 2 to S n to obtain a space 

K(Z,n ) which has a single non-trivial homotopy group ir n ( K(T. n)) = YL. See 
the section on Eilenberg-Mac Lane spaces for a generalization. O 

Let in'-X -¥ X[n] be an inclusion of the type constructed in (8.6.6), namely 
X[n] is obtained by attaching cells of dimension greater than n + 1 such that 
itk{X[n]) — 0 for k > n and i„ induces an isomorphism ttk(in ) i° r k < n. Given 
a map f: X —*■ Y and ij n : Y Y[m\ for m < n, there exists a unique homotopy 
class f ntm : X[n\ —> Y[m] such that ij n of = f nm o \ this is a consequence 
of (8.6.5). We let j* : X(n) —> X be the homotopy fibre of . We call ff the 
n-connective covering of X. The induced map tt,- (j„ ): tt,- (X(n )) —> jzj (X) is an 
isomorphism for i > n and tt, (X(n)) = 0 for i < n. The universal covering has 
such properties in the case that» = 1. Sowe have a generalization, in the realm of 
fibrations. Objects of this type occur in the theory of Postnikov decompositions of 
a space, see e.g., [192]. 

As a consequence of (8.6.1) for A — 0 we see that for each space Y there 
exists a C W -complex X and a weak equivalence /: X —> Y. We call such a weak 
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equivalence a CYf-approximation of Y. Note that a weak equivalence between CW- 
complexes is a homotopy equivalence (8.4.3). We show that CW-approximations 
are unique up to homotopy and functorial in the homotopy category. 

(8.6.8) Theorem. Let f : Y\ —> Y 2 be a continuous map and let oij : Xj —> Yj be 
CW-approximations. Then there exists a map tp\ Xi —> X 2 such that fa i ~ a 2 cp, 
and the homotopy class ofcp is uniquely determined by this property. 

Proof. Since a 2 is a weak equivalence, a 2 \ [X\.X 2 ] —> [X]. Y 2 \ is bijective. Hence 
there exists a unique homotopy class <p such that fa\ — a 2 (p. □ 

A domination of X by K consists of maps i \ X —»• K. p : K —>■ X and a 
homotopy pi ~ id(Z). 

(8.6.9) Proposition. Suppose M is dominated by a CW-complex X. Then M has 
the homotopy type of a CW-complex. 

Proof. Suppose i: M —»• X and r : X —»• M are given such that ri is homotopic to 
the identity. There exists a CW-complex i: X C Y and an extension R : Y —>• M 
of r such that R induces an isomorphism of homotopy groups. Let j = li: M —*■ 
X —> Y. Since Rj — ri — id, the composition Rj induces isomorphisms of 
homotopy groups, hence so does j. From JRj — j we conclude that jR induces 
the identity on homotopy groups and is therefore a homotopy equivalence. Let k 
be h-inverse to jR , then j(Rk) — id. Hence j has the left inverse R and the right 
inverse Rk and is therefore a homotopy equivalence. □ 

A (half-exact) homotopy functor on the category C° of pointed connected CW- 
spaces is a contravariant functor h : C° —> SET 0 into the category of pointed sets 
with the properties: 

(1) (Homotopy invariance) Pointed homotopic maps induce the same morphism. 

(2) (Mayer-Vietoris property) Suppose X is the union of subcomplexes A and B. 
11' a e h(A) and h e h (B) are elements with the same restriction in h(A fl B), 
then there exists an element x e h(X) with restrictions a and b. 

(3) (Additivity) Let X = \J ■ Xj with inclusions ij : Xj —>• X. Then 

h{X) -> f[ ; h(Xj ), x m- (h(ij)x) 


is bijective. 

(8.6.10) Theorem (E. H. Brown). For each homotopy functor h: C° —> SET 0 there 
exist K e C° and u e h(K) such that 

[X,K]°^h(X), [f]»f*(u) 


is bijective for each X e C°. 


□ 
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In category theory one says that K is a representing object for the functor h. 
The theorem is called the representability theorem ofE. H. Brown. For a proof see 
[31], [4], 

(8.6.11) Example. Let h(X ) = [X , Z]° for a connected pointed space Z. Then h 
is a homotopy functor. From (8.6.10) we obtain K e C° and /: K —>■ Z such that 
/* : [X , X]° —»• [X, Z]° is always bijective, i.e., / is a weak h-equivalence. Thus 
we have obtained a CW-approximation X of Z. O 

Problems 

1. As a consequence of (8.6.8) one can extend homotopy functors from CW-complexes 
to arbitrary spaces. Let F be a functor from the category of CW-complexes such that 
homotopic maps f — g induce the same morphism F( f) = F(g). Then there is, up to 
natural isomorphism, a unique extension of F to a homotopy invariant functor on TOP which 
maps weak equivalences to isomorphisms. 

2. A point is a C W -approximation of the pseudo-circle. 

3. Determine the C W-approximation of {0} U {n ~ 1 | n e N}. 

4. Let X and Y be CW-complexes. Show that the identity X x* T —X x T is a CW- 
approximation. 

5. Let (Yj | j e J) be a family of well-pointed spaces and ay : Xj —>■ Yj a family of 
pointed CW-approximations. Then \Jj aj is a CW-approximation. Give a counterexample 
(with two spaces) in the case that the spaces are not well-pointed. 

6. Let /: A —> B and g: C -> D he pointed weak homotopy equivalences between well- 
pointed spaces. Then / A g is a weak homotopy equivalence. 

7. Verify from the axioms of a homotopy functor that h(P) for a point P contains a single 
element. 

8. Verify from the axioms of a homotopy functor that for each inclusion A C X in C° the 
canonical sequence h(X/A) —> h{X) -*■ h(A ) is an exact sequence of pointed sets. 

8.7 Homotopy Classification 

In favorable cases the homotopy class of a map is determined by its effect on 
homotopy groups. 

(8.7.1) Theorem. Let X be an (n — Y)-connectedpointed CW-complex. Let Y be 
a pointed space such that tt,- (Y ) = 0 for i > n > 2. Then 

hx : [X, Y]° Hom(7r„(X), [/] ^ /* 


is bijective. 

Proof. The assertion only depends on the pointed homotopy type of X. We use 
(8.6.2) and assume X” -1 = {*}. The hx constitute a natural transformation in the 
variableX. Since(X, X" +1 )is (« + l)-connected,theinclusionX”" 1 " 1 C Xinduces 
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an isomorphism on n n . By (8.6.5), the restriction r : [X, F]° —4 [X” +1 , T]° is a 
bijection. Therefore it suffices to consider the case, that X has, apart from the base 
point, only cells of dimension n and n + 1. Moreover, by the homotopy theorem for 
cofibrations, we can assume that the attaching maps for the (n + l)-cells are pointed, 
in this case X is the mapping cone of a pointed map /: A — \J S£ —4 \J S" = B. 
We therefore have the exact cofibre sequence 

[A, T]° £- [B , T]° 4- [X, T]° 4- [XM, T]°. 

Our assumption about Y yields [SA, Y]° = [\/ 7]° ^ \\k n n+\{Y) = 0. 

We apply the natural transformation h and obtain a commutative diagram 


[A,Y]° 4- 
hA 


[B,Y]° f- 
hB 


/r 


[X, T]° 4- 
h.x 


Hom(7T„A, ji n Y) <— Hom(jr„5, n n Y) <— Hom(7r«X, n„Y) 


As one of the consequences of the excision theorem we showed that the sequence 
x n ( A) —4 7i n ( B ) —4 7T n (X) —4 0 is exact, and therefore the bottom sequence of 
the diagram is exact. We show that Iia and h b are isomorphisms. If A = S n , then 

h A : iz n (Y) = [5”, Y]° -4 Hom(7r„(5 n ), n„(Y)) 

is an isomorphism, since n n (S n ) is generated by the identity. In the case that 
A = V S £, we have a commutative diagram 


[\/S”Y]°- 


^U[s n k .r] 


'vsl' 


Y\h s 


(1) 


Hom(^„(V Sg),7Tn(Y)) —-4 nHom(7r„(S^), n n (Y)). 


The map (1) is induced by the isomorphism 0 jz n (S£) = n n (\/ S£) and there¬ 
fore an isomorphism. We now want to conclude from the diagram by a Five 
Lemma type argument that hx is bijective. The proof of surjectivity does not 
use the group structure. Injectivity follows, if f* is injective. In order to see 
this, one can use the general fact that [XA, T]° acts on [X, Y ]° and the orbits are 
mapped injectively, or one uses that / is, up to homotopy, a suspension, because 
£* : [ V V s ;- 1 ] 0 -► [ V S£,V 5 ”]° is surjective. □ 


8.8 Eilenberg-Mac Lane Spaces 

Let 7z be an abelian group. An Eilenberg-Mac Lane space of type K{n, n) is a 
CW-complex K(tt, n) such that jt n (K(7t, n)) = n and jtj /?)) 4 Ofor j f n. 
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In the cases n = 0,1, the group n can be non-abelian. In the case n = 0, we think 
of K(n, 0 ) — Jt with the discrete topology. 

(8.8.1) Theorem. Eilenberg-Mac Lane spaces K(ir. n) exist. 

Proof. Let n > 2. There exists an exact sequence 

0 -» F\ > F 0 ^ > n -> 0 

with free abelian groups If and F\. We fix a basis (a^ \ k e K) of F\ and 
(bj | j e /) of If. Then a is determined by the matrix a(ak) = n(j,k)bj. 
We now construct a geometric realization of this algebraic situation. The group 
(V k S%) = ®k n n (S’k) is free abelian (8.6.4). A basis is given by the canonical 
inclusions S " —»• \f . There exists a unique homotopy class /: A — \J k —>■ 

V Sj — B which realizes the matrix ( n(j,k )) with respect to these bases. Let 
X = C(f) be the mapping cone of /. Then the sequence 

7T n {A) f * > 7T n (B) fl * > 7T n (X) -■> 0 

is exact. Hence jt„(X) = n. Also tt/ ( X ) = 0 for i < n. We can now attach cells 
of dimensions > n + 2 to X in order to obtain a K{n. n), see (8.6.6). □ 

(8.8.2) Examples. The space 5 1 is a K{TL, 1). We know ^(S 1 ) = Z, and from 
the exact sequence of the universal covering R —>• S 1 we know that 7i n (S 1 ) = 0 for 
n > 2. The space CP°° is a model for K( Z, 2). The space R P°° is a K( Z/2,1). 

O 

The adjunction [Y.X, Y ]° = [ X , K]° shows that QK(n. n + 1) has the ho¬ 
motopy groups of a K(n,n). By a theorem of Milnor [132], [67], LIY has the 
homotopy type of a CW-complex if Y is a CW-complex. If one does not want to 
use this result one has the weaker result that there exists a weak homotopy equiva¬ 
lence K(n, n) —>■ n + 1). 

We now establish further properties of Eilenberg-Mac Lane spaces. We begin 
by showing that Eilenberg-Mac Lane spaces are //-spaces. Then we construct 
product pairings Kijc. m) A K(p. n) —»• K(n (g> p, m + n). In this context tt (f p 
denotes the tensor product of the abelian groups n and p (alias Z-modules) over Z. 

We call the space K{jt.n) polarized , if we have chosen a fixed isomorphism 
cr. jz n (K{jt,n)) —»• tt. If ( K(n.n),a ) and (K(p.n), ft) are polarized complexes, 
the product K(ti , n) x K(p. n) will be polarized by 

n n (K(n. /?) x K(p, n)) = n n (K(7t , n )) x n n (K(p, n )) ^ > tt\ x 7r 2 . 


(8.8.3) Proposition. Having chosen polarizations, we obtain from (8.7.1) an iso- 
morphism [K(n,n), K(p,n)]° = Hom(7r, p). □ 
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(8.8.4) Theorem. Let 7i be an abelian group. Then an Eilenberg-Mac Lane com¬ 
plex K{n, n) is a commutative group object in h-TOP. 

Proof. Let K = (K(jr.n).a) be a polarized complex with base point a 0-cell 
e. For an abelian group n, the multiplication /x: n x tt —*■ u, (g. h ) i-> gh is 
a homomorphism. Therefore there exists a map m : K x K —> K, unique up to 
homotopy, which corresponds under (8.8.3) to /x. Similarly, i: n —> n, g !->• g _1 is 
a homomorphism and yields a map i: K —*■ K. Claim: ( K. m,i) is an associative 
and commutative H- space. The maps m o (m x id) and m o (id xm) induce the 
same homomorphism when jz n is applied; hence these maps are homotopic. In a 
similar manner one shows that x m(x. e) is homotopic to the identity. Since 
K V K C A" x A" is a cofibration, we can change m by a homotopy such that 
m(x, e) — m(e, x) — x. We write x m(x, i (x)) as composition 


K 


KxK 


id xi 


KxK 


K 


and apply n n \ the result is the constant homomorphism. Hence this map is null 
homotopic. Commutativity is verified in a similar manner by applying n„. See also 
Problem 1. □ 


For the construction of the product pairing we need a general result about 
products for homotopy groups. We take the smash product of representatives 
/: I' n /dl m X, g: I n /dl n Y and obtain a well-defined map 

Jt m {X) X 7 T n (Y) 7Z m+n (X A k Y), ([/], [g]) l-> [/ A g] = [/] A [g]. 

We call this map the A-product for homotopy groups. It is natural in the variables 
Z and Y. 

(8.8.5) Proposition. The A-product is bi-additive. 

Proof. The additivity in the first variable follows directly from the definition of the 
addition, if we use + 1 . We see the additivity in the second variable, if we use the 
composition laws +i and + m +i in the homotopy groups. □ 

(8.8.6) Proposition. Let A be an (m — Y)-connected and B an (/; — 1 )-connected 
CW-complex. Then A A B is (m + n — \j-connected and the A-product 

A/u (.1) ® tz n (B) > xr m _|~ n (A A k B) 

is an isomorphism ( m , n > 2). Ifm or n equals 1, then one has to use the abelianized 
groups. 
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Proof. The assertion about the connectivity was shown in (8.6.3). For A = S m the 
assertion holds by the suspension theorem. For A = \J- S™ we use the commuta¬ 
tive diagram 


Xm{\JS?) ® 7tn(B) ^i fc^Jr m+ „((VS ; m ) A k B) 


( 1 ) 


J 

( 2 ) 


( ®n,AS™)) <g> n n (B) 7i m+n (\/(S’ n A B )) 


(3) 


©(7T m (S ; m ) ® A B). 


J 

(4) 


(1) is an isomorphism by (8.6.4). (2) is induced by a homeomorphism. (3) is an 
isomorphism by algebra. (4) is an isomorphism by (8.6.4). (5) is an isomorphism 
by the suspension theorem. This settles the case of a wedge of m-spheres. Next 
we let A be the mapping cone of a map /: C —»• D where C and D are wedges of 
m-spheres. Then we have a commutative diagram with exact rows: 


7t m (C) <g> 7 z m (Y) -Fir m(D) ® Jt n (B) - f JI m (A) ® 7l n (B )-^-o 

-V” Nr 

7tm+n (C A k B ) T-stl 7T m + n {D A k B) )■ Tlm+n (A A k B ) ■ - .. 0. 


The general case now follows from the observation that the inclusion A m+l —> A 
induces an isomorphism on n m and A m+1 A k B —> A A k B induces an isomorphism 
on . EH 

Let ( K(G , m), a), ( K(H , n), ft) and ( K(G <S> H, m +n), y ) be polarized Eilen- 
berg-Mac Lane complexes for abelian groups G and H. A product is a map 

Ym,n ■ K(G. m ) A k K(H , n) K{G ® H , m + n) 

such that the diagram 


n m (K(G,m)) ® n n {K{H.n)) - > n m+n {K(G,m) A k K(H,n)) 


a®fi 


H 


( Ym,n )* 


A 7T m+n (K(G ® H,m + «)) 


is commutative. Here we have use the A-product (8.8.5). 

(8.8.7) Theorem. There exists a product. It is unique up to homotopy. 





















8.8. Eilenberg-Mac Lane Spaces 221 


Proof. Let G and 77 be abelian groups. The first non-trivial homotopy group of 
K(G,m) A k K(H.n) is 7i m+n and it is isomorphic to G ® 77, see (8.8.6). By 
(8.6.6) there exists an inclusion 

Ym.n : K(G, m) A k K(H , n) -> K(G <g> 77, m + n). 

We can choose the polarization y so that the diagram above becomes commutative. 
Uniqueness follows from (8.7.1). □ 

The products (8.8.7) are associative, i.e., 

Ym+n,p ° (Vm,n A id) ~ Ym,n+p ° (id A.y n p). 

The products are graded commutative in the following sense: 

K{r, m + n) o Ym,n - (—l) m ”r / o y nm 

with the interchange maps x ': K(m , G) A K (n , H) -a K(n, H) A K(m, G) and 
> H ® G. 

Let R be a commutative ring with 1. We think of the multiplication as being a 
homomorphism fi : R®R —> R between abelian groups. From this homomorphism 
we obtain a unique homotopy class K(ix ): K(R ® R.m ) —»• K{R,m). 

We compose K(/x) with y k j and obtain a product map 

m kJ : K(R.k) A k K(R. 1) -a K(R,k + /). 

Also these products are associative and graded commutative. 

In the associated homotopy groups H k (X\ R) = [X + , K(R.k)]° we obtain 
via (f g) m k j(f A g ) products 

H k {X; R) <g> H l (Y; R) H k+l (X x T; 7?), 

which are also associative and graded commutative. (See also Problem 3.) In a 
similar manner we can start from an 77-module structure R <g> M -a- M on M. 
Later, when we study singular cohomology, we show that for a CW-complex X the 
group [X + . K{R.k)]° is naturally isomorphic to the singular cohomology group 
H k (X: R) with coefficients in the ring 77. This opens the way to a homotopical 
study of cohomology. The product (8.8.7) can then be used to construct the so-called 
cup product in cohomology. 

Once singular cohomology theory is constructed one obtains from the repre- 
sentability theorem of Brown Eilenberg-Mac Lane spaces as representing objects. 

8.8.8 Eilenberg-Mac Lane spectra. Let A be an abelian group. The Eilenberg- 
Mac Lane spectrum HA consists of the family (K(A, n) \ n e N 0 ) of Eilenberg- 
Mac Lane CW-spaces and maps e n : Y. K(A.n) -a- K(A. n + 1) (an inclusion of 
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subcomplexes; attach cells to HK(A, n) to obtain a K(A. n + 1)). This spectrum is 
an ^-spectrum. We have proved in any case that s n : K(A , n) —»• QK( A, n + 1) is 
a weak homotopy equivalence. This suffices if one wants to define the cohomology 
theory only for pointed CW-spaces. O 

Problems 

1. From the natural isomorphism [X, K(jt, «)]° ^ [X, Q. 2 K(ji, n + 2)]° we see that X h>- 
[X, K(n, «)]° is a contravariant functor into the category of abelian groups. Therefore, by 
category theory, there exists a unique (up to homotopy) structure of a commutative h-group 
on K(jt, n) inducing the group structures of this functor. 

2. Let a e jt m (X), P e n n (Y), and r: X A* Y —> Y A& X the interchange map. Then 
a A P = (_\) mn ft Aa. 

3. Let M be an /^-module. A left translation l r : M —> M , x i-> rx is a homomorphism 
of the abelian group M and induces therefore a map L r : K(M, k ) —> K(M , k). Use these 
maps to dehne a natural structure of an /^-module on [A, K(M, k)]°. 

4. The simply connected surfaces are S 2 and R 2 [44, p. 87], If a surface is different from 
S 2 and R P 2 , then it is a K(n , 1). 

5. Let E(n) —>■ B(n) be a ;r-principal covering with contractible E(jt). Then B(n) is a 
K(n, 1). Spaces of the type B(n) will occur later as classifying spaces. There is a bijection 

1), K(p, 1)] = Homffi, p)/ ~ between homotopy classes and group homomorphisms 
up to inner automorphisms. 

6. Let S°° be the colimit of the unit spheres S(C' r ) C 5'(C' ? + 1 ) C • • ■. This space carries 
a free action of the cyclic group Z /m C .S' 1 by scalar multiplication. Show that S°° with 
this action is a Z/tu-principal covering. The quotient space is a CW-space B(Z/m) and 
hence a (Z/m, 1). 

7. A connected 1-dimensional CW-complex X is a K(jt, 1). Determine n from the topology 
of X. 

8. A connected non-closed surface (with or without boundary) is a K(n, 1). 


Chapter 9 

Singular Homology 


Homology is the most ingenious invention in algebraic topology. Classically, the 
definition of homology groups was based on the combinatorial data of simplicial 
complexes. This definition did not yield directly a topological invariant. The 
definition of homology groups and (dually) cohomology groups has gone through 
various stages and generalizations. 

The construction of the so-called singular homology groups by Eilenberg [56] 
was one of the definitive settings. This theory is very elegant and almost entirely 
algebraic. Very little topology is used as an input. And yet the homology groups are 
defined for arbitrary spaces in an invariant manner. But one has to pay a price: The 
definition is in no way intuitively plausible. If one does not mind jumping into cold 
water, then one may well start algebraic topology with singular homology. Also 
interesting geometric applications are easily obtainable. 

In learning about homology, one has to follow three lines of thinking at the same 
time: (1) The construction. (2) Homological algebra. (3) Axiomatic treatment. 

(1) The construction of singular homology groups and the verification of its main 
properties, now called the axioms of Eilenberg and Steenrod. 

(2) A certain amount of algebra, designed for use in homology theory (but also of 
independent algebraic interest). It deals with diagrams, exact sequences, and 
chain complexes. Later more advanced topics are needed: Tensor products, 
linear algebra of chain complexes, derived functors and all that. 

(3) The object that one constructs with singular homology is now called a ho¬ 
mology theory, defined by the axioms of Eilenberg and Steenrod. Almost all 
applications of homology are derived from these axioms. The axiomatic treat¬ 
ment has other advantages. Various other homology and cohomology theories 
are known, either constructed by special input (bordism theories, K-theories, 
de Rham cohomology) or in a systematic manner via stable homotopy and 
spectra. 

The axioms of a homology or cohomology theory are easily motivated from 
the view-point of homotopy theory. But we should point out that many results of 
algebraic topology need the idea of homology: The reduction to combinatorial data 
via cell complexes, chain complexes, spectral sequences, homological algebra, etc. 

Reading this chapter requires a parallel reading of the chapter on homological 
algebra. Already in the first section we use the terminology of chain complexes and 
their homology groups and results about exact sequences of homology groups. 
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9.1 Singular Homology Groups 

The n-dimensional standard simplex is 

A" = A[n] = {(h>. tn) € r +1 j E"=o ti = Ui > 0} C r +1 . 

We set [n\ = {0,..., n}. A weakly increasing map a : [m\ -> [/?] induces an affine 
map 

A(a): A [m\ -* A[«], JfT=o { i e i ^ Er=o U e a(i)- 

Here <?/ is the standard unit vector, thus YlT=o h e ( — (to> ■ ■ • > hn )- These maps 
satisfy the rules of a functor A(a o f) = A(a) o A(/l) and A(id) = id. Let 
8" : [n — 1] —> [»] be the injective map which misses the value i. 

(9.1.1) Note. 8'j +1 8f = 8f +1 8"_ v i < j. (The composition misses i and j.) We 
write d" = A(<5”). By functoriality, the d ” satisfy the analogous commutation 
rules. □ 

A continuous map a\ A n —> X is called & singular n-simplex in X. The i-th 
face of o is er o df. We denote by S n (X ) the free abelian group with basis the 
set of singular «-simplices in X. (We also set, for formal reasons, S n (X ) = 0 
in the case that n < 0 but disregard mostly this trivial case. If X = 0, we let 
S„ (X ) = 0.) An element x e S n (X ) is called a singular n-chain. We think of x 
as a formal finite linear combination x = n a o, n a e Z. In practice, we skip 
a summand with n a = 0; also we write 1 ■ a = a. We use without further notice 
the algebraic fact that a homomorphism from S n (X ) is determined by its values on 
the basis elements o\ A" —► X, and these values can be prescribed arbitrarily. The 
boundary operator d q is defined for q > 1 by 

d q : S q (X) S,_tW. ^ Ef=o 

and for q < 0 as the zero map. Basic for everything that follows is the 

9.1.2 Boundary relation. d q -id q = 0. 

Proof We decompose the sum 33 o = Ej=oEf=o( — odj into the 
parts JT • and Ei>y When we rewrite the first sum using (9.1.1), the result is 
the negative of the second sum. □ 

The singular chain groups S q (X ) and the boundary operators d q form a chain 
complex, called the singular chain complex S,(X) of X. Its n-th homology group 
is denoted II n ( X) — 11„ ( X : Z) and called singular homology group of X (with 
coefficients in Z). A continuous map /: X —> Y induces a homomorphism 


/# = S q (f): S q (X) -► S q (Y), o h* fa. 
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The family of the S q (f ) is a chain map 5. (/): S.(X ) — S.(Y). Thus we have 
induced homomorphisms /* = II q (/): H q (X) — H q (Y). In this manner, the 
H q become functors from TOP into the category ABEL of abelian groups. 

Let now i: A C A be an inclusion. We define S n ( X, A) as the cokernel of 
S„(i): S n (A ) —> S n (X). Less formally: The group S„(X. A) is free abelian and 
has as a basis the singular simplices a: A” —X with image not contained in 
A. Since S n (0) — 0, we identify canonically S„ (X) = S n (X, 0). The boundary 
operator of S,(X) induces a boundary operator 3„ : S n ( X , A) —> S n -\ ( X, A) such 
that the family of quotient homomorphisms S n (X) —*■ S n {X, A) is a chain map. 
The homology groups H n (X,A) = H n {X,A\ Z) of S 9 (X, A) are the relative 
singular homology groups of the pair ( X, A) (with coefficients in Z). A continuous 
map /: (X, A) —> (Y, B) induces a chain map /. : S.(X, A) S m (Y, B ) and 
homomorphisms /* = H q (f) : ll q (X, A) —»• H q (Y , B). In this way, H q becomes 
a functor from TOP(2) to ABEL. 

We apply (11.3.2) to the exact sequence of singular chain complexes 
0 -»■ S.(A) S.(X) -+ S.(X, A)-> 0 

and obtain the associated exact homology sequence: 

(9.1.3) Theorem. For each pair (X, A) the sequence 

H„(A) -+ H n (X) -> H n (X, A) H n -i(A) ••• 

is exact. The sequence terminates with // () ( X) Hq(X. A) —> 0. The undeco¬ 
rated arrows are induced by the inclusions ( A , 0) C (X. 0) and (X. 0) C (X, A). 

□ 

Let (X, A, B) be a triple, i.e., B C A C X. The inclusion S.(A) —>■ S,(X) 
induces by passage to factor groups an inclusion S.(A, B) —> S,(X. B), and its 
cokernel can be identified with S,(X , A). We apply (11.3.2) to the exact sequence 
of chain complexes 

0 5.(A, B) -* S.(X, B) -+ S.(X, A) -+ 0 


and obtain the exact sequence of a triple 


H n (A,B) H n (X.B) H n (X, A) —► H n - X (A. B) 


The boundary operator 3: H n (X , B) —> ll n - \ (A, B) in the exact sequence of a 
triple is the composition of the boundary operator for (X, A) followed by the map 
H„-i(A) —> H n -i(A. B) induced by the inclusion. 

It remains to verify that the connecting morphisms 3 constitute a natural trans¬ 
formation, i.e., that for each map between triples /: (X, A.B) —>■ ( XA ', B') the 
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diagram 

H k {X,A)—^H k ^{A,B) 

V- a A 

H k (X', A r ) ——> H k _i{A', B') 

is commutative. This is a special case of an analogous fact for morphisms be¬ 
tween short exact sequences of chain complexes and their associated connecting 
morphisms. We leave this as an exercise. 

One cannot determine the groups H q (X , A) just from its definition (except in a 
few trivial cases). Note that for open sets in Euclidean spaces the chain groups have 
an uncountable basis. So it is clear that the setup only serves theoretical purposes. 
Before we prove the basic properties of the homology functors (the axioms of 
Eilenberg and Steenrod) we collect a few results which follow directly from the 
definitions. 

9.1.4 Point. Let X = P be a point. There is a unique singular /(-simplex, hence 

S„(P) = Z, n > 0. The boundary operators 3 0 and 3 2 /+i are zero and 3 2 , (U,... 
are isomorphisms. Hence Hj(P ) = 0 for i ^ 0; and //o ( P) = Z, via the 
homomorphism which sends the unique 0-simplex to 1 e Z. O 

9.1.5 Additivity. Let ( Xj \ j e /) be the path components of X, and let 
t 7 : ( Xj , Xj fl A) —> (X. A) be the inclusion. Then 

©;e7 S„(Xj, Xj fl A) —> S n (X. A), (Xj) ,J #( x j) 

is an isomorphism. Similarly for //„ instead of S„. The reason is that A" is path 
connected, and therefore a : A” — X has an image in one of the Xj , so we can 
sort the basis elements of S n (X) according to the components Xj. O 

9.1.6 The groups Hq. The group H 0 (X) is canonically isomorphic to the free 

abelian group Z 7t 0 (X) over the set tz 0 (X) of path components. We identify a 
singular 0-simplex a: A 0 —>• X with the point er(A°). Then Sq(X) is the free 
abelian group on the points of X. A singular 1-simplex a: A 1 —> X is essentially 
the same thing as a path, only the domain of definition has been changed from / 
to A 1 . We associate to a the path w a : I —> X,t er(l — t, t). Then 3 0 a — w a {\) 
and3ia = u/oTO), hence 3cr = 3 0 er—3 icr corresponds to the orientation convention 
dw = w ( 1) — u/(0). If two points a.b e X arc i n the same path component, then 
the zero-simplices a and b are homologous. Hence we obtain a homomorphism 
from Ztto(X) into IIq(X), if we assign to the path component of a its homology 
class. We also have a homomorphism Sq{X) —> Ztt 0 (X) which sends the singular 
simplex of a e X to the path component of a. This homomorphism sends the 
image of 3: Si (X) —> Sq(X) to zero. Hence we obtain an inverse homomorphism 
H 0 (X) -* Ztto(X). O 
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The signs which appear in the definition of the boundary operator have an inter¬ 
pretation in low dimensions. They are a consequence of orientation conventions. 
A singular 1-simplex a : A 1 —> A is essentially the same thing as a path, only the 
domain of definition has changed from [0,1] to A 1 . We associate to a the path 
/ —> A, t cr(1 — t,t). The inverse path is then a~(toJi) — cr(t\,to). The 

product of paths has now the form 


(o * r)(t 0 Ji) = 


a(2to — 1, 2ti), 
r(2?o. 2fi - 1), 


h < 1/2, 
h > 1/2. 


If we define &>: A 2 —A, (toJiJi) (a * r )(f 0 + ?i/2,i 1 /2 + tf), then °ne 
verifies dco = a—a*z + z. A loop a: A 1 —> X is a 1-cycle; let [ct] be its 
homology class. Thus for loops a, r we have 

(1) [o' * r] = [a] + [r], 

(Here [z] denotes the homology class of the cycle z.) Let k\ A 1 x I —> A 
be a homotopy of paths A 1 —A. The map k factors over the quotient map 
A 1 x / —A 2 , (t 0 ,ti,t) (i 0 .L(l and yields ct: A 2 —A. We 

compute da — c — k\ + /.'o, with a constant c. A constant 1-simplex is a boundary. 
Hence ko — k t is a boundary 


[fco] = [An] £ Ci(X)/Bi(X). 

In particular, homotopic loops yield the same element in H i(A). Thus we obtain 
a well-defined map h' \ tti(A, x 0 ) —> H\ (A); by (1), it is a homomorphism. The 
fundamental group is in general non-abelian. Therefore we modify h! algebraically 
to take this fact into account. Each group G has the associated abelianized factor 
group G ab = G/{G. G]: the commutator group [G. G] is the normal subgroup 
generated by all commutators xyx~ l y~ l . A homomorphism G A to an abelian 
group A factorizes uniquely over G ab . We apply this definition to h' and obtain a 
homomorphism 

h: m(X,xo) ab Hi(X). 

(9.2.1) Theorem. Let X be path connected. Then h is an isomorphism. 

Proof. We construct a homomorphism in the other direction. For.x: e A we choose a 
path u(x) from x 0 to x. Weassign to a 1-simplex a: A 1 —>• A from a 0 = cr(l,0)to 
ctj = ct( 0,1) the class of the loop (m(cto) * o') * u{ai )~. We extend this assignment 
linearly to a homomorphism l'; Ci(A) —>• iti(X.xo) ab - Let r: A 2 -> A be a 
2-simplex with faces y = r dj . Since A 2 is contractible, r 2 * to ~ n. This 
implies 


Z'([t 2 ]) + /'([to]) = /'([t 2 ] + [r 0 ]) = /'([r 2 * r 0 ]) = /'([n]). 
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Hence /' factors over C\(X)/B\{X) and induces /: H\ (X) —>■ tt\ (X, X(f) ab . By 
construction, Ih — id. We show that h is surjective. Let ]T a„a € Cj ( X ) be a 
cycle. Then 

'Y^a (J [o] = ^a CT ([n(a 0 )] + [o'] - [n(ai)]) = ^a CT [(w(cro) * o) * m(cti) - ], 

and the last element is contained in the image of h. □ 

One of the first applications of the homology axioms is the computation 
Hits 1 ) = Z. Granted the formal result that u \ (S 1 ) is abelian, we obtain yet 
another proof for n\ (S *) = Z. 

9.3 Homotopy 

We prove in this section the homotopy invariance of the singular homology groups. 
We begin with a special case. 

9.3.1 Cone construction. Let X be a contractible space. Define a chain map 
e = (e n ): S.(X) -* S.(Z)bye„ = Oforn ± 0 and by e 0 ( J2 n <J cr ) = (E'g) ct o 
where oq : A 0 —> {.Vo}- We associate to each homotopy h : X x I —> X from the 
identity to the constant map with value A'o a chain homotopy 5 = (s„) from e to 
the identity. The homomorphisms 5: S„_i (X) —>• S„ (X) are obtained from a cone 
construction. Let 

q: A” -1 x / -> A", ((/r 0 ,..., H n -\), t) ^ (t, (1 - t)n 0 ,..., (1 -t)n„- 1 ). 

Given a: A" -1 —>• A, there exists a unique simplex s(a) = so: A" —such that 
h o (a x id) = s(<j) o q, since q is a quotient map. For the faces of so we verify 
(so)dj = s{odi- 1 ), for i > 0, and ( so)d 0 — a. From these data we compute for 
n > 1, 

d(so) = (so)d 0 - Ei(-1 Y~ 1 (so)d i = o - I^o ^-l) 7 s(odj-i) 

— o — s(do) 

and clfsa) = a — cro for a 0-simplex a. These relations imply 8s + s'd = id —s. 
Note that s induces the zero map in dimensions n ^0. O 

(9.3.2) Proposition. Let X be contractible. Then H n (X ) = 0 forn ^0. □ 

The inclusions rfiX) — rf : X —>• X x /, x (x,t) induce chain maps 
( )f n ) = rf, : S, ( X ) —> S,(X x 7). We consider these chain maps as natural 
transformations between functors; the naturality says that for each continuous map 
/: X —> Y the commutation relation (/ x id).;/(A). = if (Y ). /. holds. 

(9.3.3) Theorem. There exists a natural chain homotopy s m from rto q\. 
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Proof. We apply (11.5.1) toG = TOP. F*(X) = S.(X), G*(X) = S.(X x 7) 
and the natural transformation rf t . The model set for F n consists of A", and the 
corresponding ^-element is the identity of A” considered as a singular simplex. 
From (9.3.2) we see that G* is acyclic. It should be clear that if, and if, induce the 
same transformations in Ho- □ 

For the convenience of the reader we also rewrite the foregoing abstract proof in 
explicit terms. See also Problem 2 for an explicit chain homotopy and its geometric 
meaning. 

Proof. We have to show: There exist morphisms sf : S n (X ) —»• S n +\(X x I) such 
that 

(K n ) dsf + .J^L, 3 = rjl(X) — rf n (X) 

(chain homotopy), and such that for continuous X —>■ Y the relations 

(N n ) (/ X id)# O s* = sl o f # 

hold (naturality). We construct the s n inductively. 

n = 0. In this case, s 0 sends the 0-simplex a : A 0 —> {.v j C X to the 1-simplex 
5ocr: A 1 —>■ X x /, (/ 0 . / 1 ) i—> (x, t\ ). Then the computation 

d(s 0 a) = ( s 0 o)d 0 - (s 0 o)d l = rj^o - 

shows that (7f 0 ) holds, and also (No) is a direct consequence of the definitions. 

Now suppose that the Sk for A: < n are given, and that they satisfy (K]f) and ( Nf ). 
The identity of A” is a singular n-simplex; let i„ e S„( A") be the corresponding 
element. The chain to be constructed s n i„ should satisfy 

d($n Ln) = Vn (hi) dn On ) S n —19(hi) ■ 

The right-hand side is a cycle in S n ( A” x /), as the next computation shows. 

3(^0n)- rf n (L n ) - S„-id(L n )) 

= ^_i(3(«) - ??“_!( din) - ds n -\(dL n ) 

= vh-i(di n ) - (^_i(3i«)- y?°_i(3i„)-5„_ 2 33i„) = 0. 

We have used the relation (K n -\) for ds n -1 <)(i n ) and that the if, are chain maps. 
Since A” x 7 is contractible, there exists, by (9.3.2), an a e S„ +1 (A” x 7) with the 
property da — r)„ (t„) — rff (i n ) — s n -id(i n ). We choose an a with this property and 
define s n (i n ) = a and in general s n (a) = (a x id)#a for o: A" X; the required 
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naturality ( N n ) forces us to do so. We now verify (K n ) and ( N n ). We compute 
3 s„(o) = 3 (a x id)#<3 = (a x id)#3a 

= (a x id)#(^t„ - rj°t„ -s„- l di„) 

= hn a # L n - *ln a #l n - S«-lCr#3 In 

= hn° ~ r] 0 n o -s n -xdo. 

We have used: (a x id)# is a chain map; choice of a; naturality of r]\, rj,, and 
(N n -i): a#L n = a; a# is a chain map. Thus we have shown (K n ). The equalities 

(/ x id)#,S'„( ct) = (/ x id)# (a x id)#a = (/a x id)#a = s n {fa) = s„f#o 

finally show the naturality ( N n ). □ 

With (9.3.3) we control the universal situation. Let /: ( X , A) x I —> ( Y. B ) 
be a homotopy in TOP(2) from f° to / 1 . The s n in (9.3.3) induce by naturality 
also a chain homotopy s n : S n ( X, A ) —>• S„+\(X x /, Ax I). The computation 

3(/# ° s n ) + (/# O s„-i)d = f#ds n + f#s n -13 = ^(t? 1 - J( 0 ) = Z# 1 - Z # ° 

proves the Zt^« to be a chain homotopy from / # ° to Z# 1 ■ Altogether we see: 

(9.3.4) Theorem. Homotopic maps induce homotopic chain maps and hence the 

same homomorphisms between the homology groups. □ 

(9.3.5) Example. Let a°(X),a 1 (X): S, ( X) —> S. ( X ) be chain maps, natural in 

X, which coincide on So(X). Then there exists a natural chain homotopy from a 0 
to a 1 . This is a consequence of (11.5.1) for E* = G* and the models A” as in the 
proof of (9.3.3). O 

Problems 

1. Let T n : A" —>■ A", (Ao_, A„) i->- (A„,...,Ao). Verify that S n (X) —> S„(X), 

a i->- (—1) ( " _ * _1) "^ 2 ctt„ is a natural chain map. By (9.3.5), it is naturally homotopic to the 
identity. 

2. One can prove the homotopy invariance by constructing an explicit chain homotopy. 
A natural construction would associate to a singular n -simplex a: A" —> X the singular 
prism a x id: A" x I —>• X x I. The combinatorial (set-theoretic) boundary of A” x I 
is A" x 1 U A" x 0 U (3A") x 7, and this corresponds exactly to the definition of a chain 
homotopy, if one takes orientations into account. This idea works; one has to decompose 
A" x 7 into simplices, and it suffices to do this algebraically. 

In the prism A" x 7 let 0. 1. n denote the vertices of the base and O', T,.... n' those 

of the top. In the notation for affine singular simplices introduced later, show that an explicit 
formula for a = s n L n is 

Snhi = E"=o( _1 )'[0.1 + 1 n']. 

(This is a special case of the Eilenberg-Mac Lane shuffle morphism to be discussed in the 
section on homology products.) 
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The basic property of homology is the excision theorem (9.4.7). It is this theo¬ 
rem which allows for effective computations. Its proof is based on subdivision of 
standard simplices. We have to work out the algebraic form of this subdivision first. 

Let D C IR” be convex, and let uo> • • ■ > v p be elements in D. The affine singular 
simplexa: A p —»• D , JT A/g, m>- JT A ,-u,- will be denoted a = [uo, ..., v p \. With 
this notation 


9N. v p \ = 


where v} means that u,- has to be omitted from the string of vertices. For each 
v e D we have the contracting homotopy D x I —>■ D, (x, t)ex (1 — t)x + tv. If 

we apply the cone construction 9.3.1 to [i>o. v p \ we obtain [u, vq, ..., v p \. We 

denote the chain homotopy associated to the contraction by S P (D) S p+l {D), 
c m- v ■ c. We have for c e S P (D): 


( 1 ) 


d(v ■ c ) 


c — v ■ dc, p > 0, 
c — s(c)v , p = 0, 


with e: S 0 {D) —> Z, ^ n a o n a- 

The barycenter of a = [uo,.... v p \ is o p = Hf=o v ‘ ■ We define induc¬ 
tively 

£ P (X) = S p : S P (X) -+ S P (X) 

to be the homomorphism which sends a : A p —>■ X to S p (o) — o#33 p {l p ), where 
3} p (t p ) is defined inductively as 

0 , 

0 . 

(9.4.1) Proposition. The ‘B p constitute a natural chain map which is naturally 
homotopic to the identity. 


( 2 ) 


•®p( 1 p) — 


Wo, 


• Bp-iidtp), 


P > 


Proof. The equalities 


f#Ba = f#o#B(i p ) = ( fa)#S(i p ) = B(fo) = 

prove the naturality. We verify by induction over p that we have a chain map. Let 
p = 1. Then 3l8(ii) = 3(tf • l8(3ii)) = 3ri = 183(4). For p > 1 we compute 

3 Si p = 3(tj| • 18(3 t p )) = 183 i p - i p ■ dBdtp = 183 i p - i p p ■ 1833 i p = 183 i p . 

We have used: Definition; (1); inductive assumption; 33 = 0. We now use this 
special case and the naturality 


183 a — £do#i p = Bo#di p — o#Bdi p — cr#d Bi p — do#JBi p — 3l8cr, 


232 Chapter 9. Singular Homology 


and this computation covers the general case. 

The chain map 3 is naturally homotopic to the identity (see (9.3.5)). □ 

Let U be a family of subsets of X such that their interiors cover X. We call 
a singular simplex tf-small, if its image is contained in some member of XL. The 
subgroup spanned by the K-small simplices is a subcomplex ( X ) of S. ( X ) with 
homology groups denoted by II^iX). 

(9.4.2) Lemma. The diameter d (r>o,..., v p ) of the affine simplex [ jj 0 ...., tty,] with 
respect to the Euclidean norm is the maximum of the ||u,- — vj ||. 

Proof Let x,y e [i>o,.... v p ] and x = XjVj. Then, because of ^ Xj = 1, 
Ik- y\\ = II H, Xj {vj — y)|| < T.Xj\\vj — y || < max; ||u; - y\\. 

This shows in particular ||y — Vj || < max/ || Vj — Vj |: we insert this in the above 
and obtain ||x — y || < max/j ||i>, — vj ||; hence the diameter is at most as stated. 
On the other hand, this value is clearly attained as the distance between two points. 

□ 

(9.4.3) Lemma. Let vq. ... .v p e R". Then £ p [uq, ..., v p ] is a linear combination 
of affine simplices with diameter at most jj^jd(v o,..., v p ). 

Proof. From the inductive definition (2) and the naturality of 3 we conclude 

(3) 3[v 0 ,...,v p ] = Ef= ■ 3[v 0 ,...,Vj . v p ] 

where o — [u 0 . v p ]. 

We prove the claim by induction over p. The assertion is obvious for p — 0, 
a point has diameter zero. By induction hypothesis, the simplices in the chain 
<S[i>o, ..., Vj,.. ■, v p ] are affine of diameter at most ^y-d{ Vq, ... ,vj, , v p ) < 

Tj^-d(v o,..., v p ). The simplices in 3[v 0 ,... ,v p ] have vertices a& and vertices 
from simplices m 3 [vq, ... .v).... ,v p \. It suffices to evaluate the distance of rk 
from such vertices. It is less than or equal to sup(||ek — jc|| | x e [no,.... u^]). 
Let x = Xj Vj . Then || — x|| < max || — Vj ||, as in the proof of (9.4.2). 

Moreover we have 

11°^ - V J II = II ^il( E( v >) ~ V J II < fTi Hi II Wi - vj || 

< ^ma x u ||n/ - vj\\ = ^d(v 0 ,...,v p ). 

Since (p — 1 )/p < p/(p + 1) we have verified, altogether, the claim. □ 

(9.4.4) Lemma. Leto : A p —> X be a singular simplex. Then there exists a k e N 
such that each simplex in the chain 3 k a has an image contained in a member of 11. 
(Here 3 k is the k-fold iteration of 3.) 
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Proof. We consider the open covering (a -1 ([/°)), U e U of A p . Let s > 0 be a 
Lebesgue number of this covering. The simplices of 33 k o arise by an application of 
a to the simplices in 33 k i p . From (9.4.3) we see that the diameter of these simplices 
is at most (~^i) k d(e o, ... ,e p ). If A: is large enough, this number is smaller than e. 

□ 

(9.4.5) Theorem. The inclusion of chain complexes ,S'. U ( A) C S, (A) induces an 
isomorphism II} 1 (A ) //* (A). 

Proof. Let a e S} 1 (A ) be a cycle which represents a homology class in the kernel. 
Thus a = db with some h e S n + \(X). By (9.4.4), there exists k such that 
33 k (b) e S? + | (A) (apply (9.4.4) to the finite number of simplices in the linear 
combination of b). By (9.4.1), there exists a natural chain homotopy T k between 
3B k and the identity. Therefore 

S k (b) -b = T k (db) + dT k {b) = T k (a) + dT k (b), 


and we conclude 

3 33 k (b) -3 b = dT k (a), a = db = d(S k (b) - T k {a)). 

From the naturality of T k and the inclusion a e S^ u ( A) we see T k (a) e S^ +1 (A). 
Therefore a is a boundary in ,S'. U (A). This shows the injectivity of the map in 
question. 

Let a e S n ( A) be a cycle. By (9.4.4), there exists k such that 33 k a e S^( A). 
We know that 

33 k a — a = T k (da ) + dT k (a) = 3 T k (a). 

Since 33 k is a chain map, fB k a is a cycle. From the last equality we see that a 
is homologous to a cycle in S^( A). This shows the surjectivity of the map in 
question. □ 

Let now (A, ^4) be a pair of spaces. We write VLr\A = (Ur\A\U e U) and 
define the chain complex .S. U (A, A) = .S'. u (A)/.S'. ,ini/t (/l) with homology groups 
H^f( A, A). We obtain a commutative diagram of chain complexes with exact rows: 

0 Sy- rA (A) -> s? S^(X, A) —> 0 

0-> S.(X)-> 5.(A) —> S.( A, A) —> 0. 

Each row has its long exact homology sequence. We apply (9.4.5) to (A, U) and 
(A, U (T A), use the Five Lemma (11.2.7), and obtain: 

(9.4.6) Theorem. The inclusion of chain complexes i : S. U (X, A) —> S(X. A) in¬ 
duces an isomorphism li^AX. A) = //* (A, A). By an application of{ 11.6.3) we 
see that the inclusion i is actually a chain equivalence. □ 
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(9.4.7) Theorem (Excision Theorem). Let Y = T, 0 U Yf. Then the inclusion 
induces an isomorphism I I tt (Y 2 , Yj fl T 2 ) = H*(Y,Y\). Let B C A C X and 
suppose that B C /1°. Then the inclusion (X \ B , H ^ 5) —>• (if, /l) induces an 
isomorphism //*(X \ /i, T \ 5) = H*(X, A). Again we can invoke (11.6.3) fl/?c/ 
conclude that the inclusion actually induces chain equivalences between the chain 
complexes under consideration. 

Proof. The covering %l = (Y\ , IT) satisfies the hypothesis of (9.4.5). By definition, 
we have S,^(X) = S„(Yf) + S„(Y 2 ) and also S n (Y\ n Y 2 ) — S n (Y x ) n S„{Y 2 ). 
The inclusion S,(Y 2 ) —»• S,(Y ) induces therefore, by an isomorphism theorem of 
elementary algebra, 

Sn(Y 2 ) _ S n (Y 2 ) _ S n (Y x ) + S n (Y 2 ) _ S,U(Y) 

S„(Y ! n y 2 ) s n (Yi) n s„(y 2 ) ~ s n (YO s n (Y t ) ' 

By (9.4.5) and (11.2.7) we see, firstly, that S^ l (Y)/S,(Y 1 ) ->• S,(Y)/S,(Y{) and, 
altogether, that S.(T2)/S.(1T fl Y 2 ) —>■ S,(Y)/ 5. (Y]) induces an isomorphism in 
homology. The second statement is equivalent to the first; we use X = Y, A = Y \, 
X^B = Y 2 . □ 


Problems 

1. Let D C R m and E C R" be convex and let /: D —> E be the restriction of a linear 
map. Then f#(v ■ c) = /(d) ■ f#(c). 

2. Although not necessary for further investigations, it might be interesting to describe the 
chain ,S[uo, • • •. v p \ in detail. We use (3) in the proof of (9.4.3). By (2), formula (3) also 

holds for [t>o. v p \. This yields 18[uo, Di] = [uoi, Dt] — [doi, fo] with barycenter Dot, 

and for ,2[do, Vi , v 2 ] we obtain in short-hand notation what is illustrated by the next figure. 

[ 012 , 12 , 2 ] - [ 012 , 12 , 1 ] - [ 012 , 02 , 2 ] + [ 012 , 02 , 0 ] + [ 012 , 01 , 1 ] - [ 012 , 01 , 0 ]. 

V2 [ 012 , 12 , 2 ] 



One continues inductively in this manner. Let S(p + 1) denote the permutation group 
of {0,..., p }. We associate to a = [do,..., v p \ and n e S(p + 1) the simplex a 71 = 
[Vq ,..., v p ], where vf = [ 1 , v n ( p ff. With this notation the following holds: 
= £ 3 reS(p+l) si g n ( 7r ) ff ’ 7 '. 
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9.5 Weak Equivalences and Homology 

Although singular homology groups are defined for arbitrary topological spaces, 
they only capture combinatorial information. The theory is determined by its values 
on cell complexes. Technically this uses two facts: (1) a weak homotopy equiv¬ 
alence induces isomorphisms of homology groups; (2) every topological space is 
weakly equivalent to a CW-complex. One can use cell complexes to give proofs 
by induction over the skeleta. Usually the situation for a single cell is quite trans¬ 
parent, and this fact makes the inductive proofs easy to follow and to remember. 
Once a theorem is known for cell complexes, it can formally be extended to general 
topological spaces. We now prove this invariance property of singular homology 
[56], [21], 

Let ( X , A, *) be a pointed pair. Let A[A:]” be the //-skeleton of the standard 
simplicial complex A [k] (this is the reason for switching the notation for the standard 
^-simplex). Let sj^’ A \x) for n > 0 denote the subgroup of Sk(X) spanned by 
the singular simplices a: A [&]—»■ X with the property 

(#) <r(A[*]") C A. 

The groups (S^ n ’ A \x) [ k > 0) form the Eilenberg subcomplex si"’ A \x ) of 
S,(X). 

(9.5.1) Theorem. Let (X, A) be n-connected. Then the inclusion of the Eilenberg 
subcomplex a: si n,A \x) —*■ S, ( X) is a chain equivalence. 

Proof. We assign to a simplex o: A [A ] —»• X a homotopy P(r>): A [/c] x I —> X 
such that 

(1) P(o) o = a, 

(2) P(a) i satisfies)#), 

(3) P{o) t = cr, provided a satisfies already (#), 

(4) P(o) o (df x id) = P(o o df). 

According to (3), the assignment P is defined for simplices which satisfy (#). For 
the remaining simplices we use an inductive construction. 

Suppose k — 0. Then a(A[0]) e X is a point. Since (X,A) is 0-connected, 
there exists a path from this point to a point in A. We choose a path of this type 
as P(o). 

Suppose P is given for /-simplices, j < k. Then for each k-simplcx a the 
homotopy P(o ° df ) is already defined, and the P(o o df) combine to a homotopy 
3 A [A'] x I —> X. Moreover /Aojo is given. Altogether we obtain 

P(o) : (A[Ar] xOU 9 A [Ik] x /, 9A[Ar] xl)-t (X. A). 

Let k < n. Then A [k] n = A[k], and similarly for the faces. By the inductive 
assumption, P{a) sends 9A [k] x 1 into A. 


236 Chapter 9. Singular Homology 


There exists a homeomorphism k : A [A] x / -> A [A ] x / which induces home- 
omorphisms (see (2.3.6)) 

A [A:] x 0 ^ A[A] x 0 U 3 A [A] x /, 

3A[A] x 0 ^ 3 A [A] x 1, 

3 A [A] x I U A[A] xl ^ A [A] x 1. 

Since ( X , A) is A-connected, the map 

P(a) ok: (A[A] x 0, 3 A [A] x 0) (X, A) 

can be extended to a homotopy Q : A [A] x I —> X which is constant on 3 A [A] x I 
and sends A[A] x 1 into A. We now set P(a) = 0° k~ 1 . Then P{o) extends 
P{a), hence (1) and (4) are satisfied, and (2) also holds by construction. 

Let A > n. We use the cofibration (A [A], 3 A [A]) in order to extend P{a) to 
P(a). Since A[A]" C 3A[A], we see that P(a)i satisfies (#). 

We now define p: S k ( X) — > Sj^’ A \x) by cr i— > P(cr)\. Property (4) shows 
that p is a chain map, and p o a — id holds by construction. We defines: S k (X) -3 
Sk+i(X) by 5(a) = P(cr)#h(i k ) 

i k € 5 fe (A[A]) —^ 5 fc+1 (A[A] x /) -^4 S k+1 (X) 3 s(ct) 

where h is the natural chain homotopy between i# and i #, see (9.3.3). The compu¬ 
tations 


35(a) = 3 (P(a)Mk)) = P(°) # dh{i k ) 

= P(o)\#(i k ) - P(a)o#(i k ) - P (o)#h{di k ) 

= p(cr) -a - P(a)#h(di k ), 

53(a) = 5 (EC- 1 )'^ ° d h = E(-l)'^(o r ° df)#h(i k - 1 ) 

= P(<?)# d f # h(i k - 1 )) = P(cr)#h(di k ) 

show that 5 is a chain homotopy between a o p and id. □ 

For A < n we have A [A]" = A [A] and therefore sj^’ A \x) = S k (A). The 
chain equivalence (9.5.1) and the exact homology sequence of (X , A) now yield: 

(9.5.2) Theorem. Let (X, A) be n-connected. Then H k (A ) —> 11 k (X) cmd 
H k (X, A) = Of or A < n. □ 

Let /: X -3- Y be a weak homotopy equivalence. We can assume that / is an 
inclusion (mapping cylinder and homotopy invariance). 
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(9.5.3) Theorem. A weak homotopy equivalence induces isomorphisms of the sin¬ 
gular homology groups. □ 

(9.5.4) Remark. Suppose that (X, A, *) is a pointed pair and A is pathwise con¬ 
nected. Then we can define a subcomplex S^ X ’ A ’*\x) of .S . ( X ) where we require 
in addition to (#) that a(A [A'] 0 ) = {*}. Again the inclusion is a chain equivalence. 

O 


9.6 Homology with Coefficients 

Let C. = (C n ,c n ) be a chain complex of abelian groups and let G be a further 
abelian group. Then the groups C n ® G and the boundary operators c n ® id form 
again a chain complex (the tensor product is taken over Z). We denote it by C. ® G. 
We apply this process to the singular complex S.(Z, A) and obtain the complex 
■S’.(A, A) <g> G of singular chains with coefficients in G. Its homology group 
in dimension n is denoted //„ ( X. A; G). The cases G = Z, Q, Z/j> are often 
referred to as integral, rational, mod(p) homology. Chains in S n (X. A) ® G can 
be written as finite formal linear combinations ^2 a a a cr, a„ € G of singular n- 
simplices a; this accounts for the name “chain with coefficients”. The sequence 
0 —> S, (A) —>• S,(X) S,{X , A) —> 0 remains exact when tensored with G, 

i.e., S„ (X, A) ® G = S n ( X ) ® G j S n ( A) ® G. Therefore we still have the exact 
homology sequence (11.3.2) 

- +H n (A;G) -+ H n (X:G) -+ H n (X,A;G) 4 H n -i(A;G) ->•••• 

and the analogous sequence for triples. The boundary operators 3 are again natural 
transformations. If 0 —► G' —> G —> G" —> G is an exact sequence of abelian 
groups, then the tensor product with S, ( X , A) yields again an exact sequence of 
chain complexes and we obtain from (11.3.2) an exact sequence of the form 

■■■^H n (X, A: GO -* H n (Z, A; G) -> H n (Z, A; G") -> H n -1 (Z, A;G')^—. 

The passage from C. to C.® G is compatible with chain maps and chain homotopies. 
A chain equivalence induces a chain equivalence. This fact yields the homotopy 
invariance of the homology groups H n (Z, A; G). The excision theorem still holds. 
This is a consequence of (9.4.7): Under the hypothesis of the excision theorem, the 
chain equivalence 5,(Ti, Y\ fl Y 2 ) —*■ S,(Y. Y 2 ) induces a chain equivalence when 
tensored with G. Hence the functors H n (X, A\G) satisfy the axioms of Eilenberg 
and Steenrod for a homology theory. The dimension axiom holds: We have a 
canonical isomorphism ep : Ho{P ) = G for a point If which maps the homology 
class of the chain ao to a, where a is the unique 0-simplex. 

The application of (11.9.1) to topology uses the fact that the singular chain 
complex consists of free abelian groups. Therefore we obtain: 
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(9.6.1) Theorem (Universal Coefficients). Let R be a principal ideal domain and 
G an R-module. There exists an exact sequence 

0^ H n (X, A; R) <g) R G H n (X, A; G) Tor(//„_i(A, A; R), G) 0. 

The sequence is natural in (X, A) and G. The sequence splits, the splitting is natural 
in G, but not in (X, A). □ 

The splitting statement means that H n ( X , A,G) can be determined as an abelian 
group from homology with coefficients in Z, but the functor //„(—; G) is not 
the direct sum of the functors H n (— ;Z) ® G and Tor(//„_i(—; Z), G). Here 
is a consequence of (9.6.1): If /: (X, A) —> (Y, B) induces an isomorphism 
/* : H*(X, A) = //*(T, B ) for * = n — 1, n, then it induces also an isomorphism 
H„(X,A;G)^ H n (Y,B;G). 

9.7 The Theorem of Eilenberg and Zilber 

We study the homology of products. For this purpose we compare the chain com¬ 
plexes S.(X) ® S,(Y ) and S,(X x Y). Both are values at ( X , T) of a functor 
TOP x TOP —> CH+ into the category of chain complexes which are zero in nega¬ 
tive degrees. In dimension zero they essentially coincide. For x e X let A' e Sq(X) 
also denote the basis element given by the singular simplex A 0 —> {x} C X. 
Then S,(X x Y) has the basis (x,y) and S.(X) <g> S.(T) the basis x <g> y for 
(x, y) e X x Y. Natural transformations P : S.(—) ® S.(—) —> S,(— x —) and 
Q : S, (— x —) —>■ S, (—) <g> S, (—) are called an Eilenberg-Zilber morphisms if in 
dimension zero always P(x ® y) = (x, y ) and Q(x, y) = x <S> y. Both functors 
are free and acyclic in the sense of (11.5.1). For (S.(—) ® 5.(—))„ we use the 
models ( A k , A" -fc ) and the elements id ® id; for S n (— x —) we use the models 
(A”, A”) and the diagonal maps A" —> A” x A”. They account for the freeness. 
The homology of the chain complexes .S. (A p x A q ) is zero in positive dimensions, 
since A p x A q is contractible; the homology of S,(A P ) (A) .S. (A 9 ) is zero in positive 
dimensions, since the tensor product of chain complexes is compatible with chain 
homotopies, and the chain complexes S.(A p ) are homotopy equivalent to the triv¬ 
ial complex. Similar statements hold for the analogous functors in three (or more) 
variables like S,(X x Y x Z) or the corresponding three-fold tensor products. As 
an application of (11.5.1) we obtain: 

(9.7.1) Theorem. (1) Eilenberg—Zilber morphisms P and Q exist. For each pair 
(P, Q) of Eilenberg—Zilber morphisms the compositions P o Q and Q o P are nat¬ 
urally homotopic to the identity. Hence the Px,Y and Qx,Y are chain equivalences 
and any tw>o Eilenberg-Zilber morphisms P, P' are naturally homotopic (similarly 
for Q. Q'). 

(2) An Eilenberg-Zilber morphism P is associative and commutative up to 
natural homotopy, i.e., the natural transformations PxxY.Z ° ( Px,Y ® 1) and 


9.7. The Theorem of Eilenberg and Zilber 239 

Px,YxZ O (1 <g> P Y ,z) from S.(X) ® 5.(7) <g> S.(Z) to S.(X x Y x X) are 
naturally homotopic and the transformations Ux.y)# ° Px,Y and Ty.x ° T X. Y ore 
naturally homotopic. Here tx.y • XxY —> Y x X interchanges the factors and 
txj(x ® y) — (—l)l^llvl y (g, x _ 

(3) An Eilenberg-Zilber morphism Q is coassociative and cocommutative up 
to natural homotopy, i.e., the natural transformations ( Qx,Y ® 1) ° Qx/Y.Z and 
(1<8> Qy,z)° Qx,YxZ are naturally homotopic, and the transformations zx,Y°Qx,Y 
and Qy,X ° (Ix,y)# are naturally homotopic. □ 

As a consequence one can determine the homology of XxY from the chain 
complex ,S.( X ) ® .S’. (Y). We now turn to relative chain complexes and abbreviate 
S = S.. 

(9.7.2) Proposition. For Eilenberg-Zilber transformations P. Q and pairs of 
spaces (X, A), ( Y , B) we have a commutative diagram with short exact rows 


S(A) ® S(Y) + S(X) <g> S(B) —>■ S(X) ® S(Y )->■ S(X, A) ® S{Y , B) 


Q' 


S(A x Y) + S(X x B) 


-X S(X x Y) 


S(X x Y) 


S(A x Y) + S(X x B) 


The vertical maps are induced by P and Q. The compositions P' Q', Q'P', P" Q", 
Q"P" are naturally homotopic to the identity. 

Proof. The naturality of P shows P(S(A) ® S(Y)) C S(A x Y) and similarly 
for Q. This shows that P , Q induce by restriction P' , O', and P". Q" are the 
homomorphisms induced on the quotients. Since the homotopy P Q — id is natural, 
it maps 5(^4 x Y) + S(X x B) into itself and shows P'Q' ~ id. □ 


9.7.3 We can compose 

P : S(X, A) ® S(Y, B) -x S(X x Y)/(S(A x Y) + S(X x B)) 

with the map induced by the inclusion S(dxF) + S(I xB) C S(AxY UI xB) 
and obtain altogether natural chain maps 

P : S(X, A) ® S(Y, B) -x S((X, A) x (Y. B)). 


We call the pair (A x Y.X x B) excisive , if this chain map is a chain equivalence. 

O 
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9.7.4 The natural chain map P induces natural chain maps for singular chain 
complexes with coefficients. Let R be a commutative ring and M, N /^-modules. 

S(X, A: M) ® S(Y, B\ N) = (S(X, A) ® M) ® R (S(Y, B ) 0 N) 

-*■ (S(X, A) ® S(Y, B)) 0 (M ® R N) 

(S((X, A) x (T, B ))) 0 (M ® R N ). 

In many cases this chain map is followed by a homomorphism induced by a linear 
map M ®r N —>■ L. Examples are R ®r R —>■ R, x 0 y i->- xy in the case of a 
ring R and R ®r N —> N, x 0 n i->- xn in the case of an i?-module N. O 


Problems 

1. There exist explicit Eilenberg-Zilber morphisms which have further properties. Let p,q e 

N. We use the notation [n\ = {0,1.«}. A (p, q)-shuffle is a map X : [p + q] —*■ [p\ x [q\ 

with A(0) = (0,0) and A (p + q) = ( p , q) such that both components of A = (Aj, XY) are 
(weakly) increasing. Given A, there exists a permutation (p , v) = (p i,..., p p , v \,..., v q ) 
of 1,2,.... p + # such that 

1 < Ml < ■■■ < Pp < P + q- 1 < vi,..., v q < p + q 

and X\{pj) > X\{pj — 1) and A 2 (v*) > A 2 (v* — 1). We denote the signum of the 
permutation (p, v) by e(A). If we interpret the points A(0),..., A (p + q) in the integral 
lattice [p] x [ q\ as the vertices of an edge-path from (0,0) to (p,q), then the step A (j) —> 
A (j + 1) is horizontal or vertical of length 1. In the convex set A p x A g we have the affine 
[p + ^(-simplex [A(0),..., A (p + q)\, also denoted A, and the set of these simplices form 
a triangulation of the product when A runs through the (p, g)-shuffles E (p, q). (We do not 
need this geometric fact, but it explains the idea of the construction.) Define 

p p,g '■ s p ( x ) ® S q (Y) -> S p+ g(X, Y), cr® t Ea eX(p,q) £ ( a )(( (t x T ) ° A) 

on a pair a, r of singular simplices. 

The Pp q are a strictly associative Eilenberg-Zilber morphism. We call it the shuffle 
morphism or the Eilenberg-Mac Lane morphism. 

2. An approximation of the diagonal is a natural chain map D : S»(X) —> 5# ( X ) ® .S'. ( X ) 
which coincides in dimension zero with x i-> x ® x. (The name refers to the fact that the 
diagonal of a cellular complex is not a cellular map, and so one looks for a homotopic cellular 
approximation.) By an application of (11.5.1) one shows that any two approximations of the 
diagonal are naturally chain homotopic. 

3. The classical approximation of the diagonal is the Alexander-Whitney map. 

Let o\ A n — X be an n-simplex, n = p + q, 0 < p.q < n. We have the affine maps 
a p : A p —> A„, e; i-> e, and b q : A q —> A n , i-> They are used to define 

Op = a o a p and o q = a o b q . 

The Alexander-Whitney approximation of the diagonal is defined by 


D °n = Hp+q=n °n ■ A, 


X 
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and linear extension. 

4. Given an approximation D of the diagonal one constructs from it an Eilenberg-Zilber 
morphism Q as the composition 

D Yyv vr¥ ®pA 

S,(X x 7)-——> s,(X x 7) <8) S.(A x Y) — - ——> S.(X) ® S.(Y). 

Let 0 An be the Eilenberg-Zilber morphism obtained from the Alexander-Whitney ap¬ 
proximation of the diagonal and call it the Alexander-Whitney morphism. The Alexander- 
Whitney morphism is strictly coassociative. 

5. The Eilenberg-Mac Lane morphism EM and the Alexander-Whitney morphism A W are 
also compatible in a certain sense: 


S.(W x X) ® S.(Y x Z)- 

AW® AW 

S.(W ) <g> S.(X) ® S.(Y) ® S.(Z) 


EM 


A S.(W xX xY x Z) 

(lxfx.yxl)# 

S»(W xY xX x Z) 

AW 


S.(W ) ® S.(Y) ® S.{X) ® S.(Z) EM ® EM > S .(W xY)® S.(X x Z ) 


commutes. 


9.8 The Homology Product 

We pass to homology from the chain map P in (9.7.4) 

H*(X,A;M)& H*(Y,B;N) = H*(S(X, A; M)) <8> H*(S(Y, B\ N)) 

—> H*(S(X, A: M) ® S(Y,B\N)) 

-> H m (S((X,A) x (Y,B));M ® N) 

These maps are natural transformations, and we call them the homology product. 
We use the notation x ® y i-a x x y for the homology product. In the case of 
M — N = R we combine with the map induced by the canonical isomorphism 
R ®r R -a- R and obtain a homology product 

Hi(X, A: R) ® Hj(Y. B\R) -a H i+j ((X, A) x (7, 5); R). 

In general we can compose with a bilinear map M® N -a- P ; for instance we can use 
an 7?-module structure R ® M M on M. We list some formal properties of the 
homology product, for simplicity of notation only for homology with coefficients 
in R. We use the following notation: /: (X. A) -a ( X'. A') and g: (Y,B) -a 
(Y\ B') are continuous maps. Let (X x B, Ax Y) be excisive in X xY. Then we 
have two boundary operators 

d': H m ((X, A) x (7, B)) -a H m ^(X x B UA x 7, X x B) a- H m -x(A x (7, B)), 
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3 ": H m ((X, A) x ( 7 , B)) -* H m -AX x BVJ AxY, AxY) 4 - H m -\{{X, A) xB). 

t is the interchange map t (it, v) — (v,u). LetC = {c} be a point and 1 e 11 q(C ; R) 
be represented by c ® 1. 

9.8.1 Properties of the homology product. 


(/ x g)*(x x y) = f*x X g*(y), 

3 x x y = d'(x x y), 
x x dv = (-l) |x| 3"(x x y), 
(x x y) x z = x x (y x z), 

xx y = x x). 


lxy = y. 


The algebraic Kiinneth formula (11.10.1) yields 

(9.8.2) Theorem (Kiinneth Formula). Let R be an integral domain. Further, let 
(AxY, X x B) be excisive in X xY for singular homology. Then we have a natural 
exact sequence 

0 -► © Hi(X, A: R) ® Hj(Y, 5 ; R) -r H n ((X, A) x (Y, B\, R) 

i+j=n 

© Hi (X, A; R) * Hj (7, B: R) -r 0. 

i + j=n —1 

The sequence splits, but the splitting is not natural in the variable (X, A). For 
homology with coefficients in afield k we obtain an isomorphism 

H*(X,A;k) ® k H*(Y,B;k) ^ H*{{X, A) x (Y,B):k) 

as a special case. This isomorphism holds for an arbitrary commutative ring R if 
the homology groups I I t (X, A; R) are free R-modules. □ 

(9.8.3) Example. The homology class e e II\ (R, R \ 0; R) = R represented by 
a ® 1 with the singular simplex a : A 1 —4 R, (to, t \) i-> 1 — 2 /q is a generator. The 
product )u->cx}> with e is an isomorphism 


H n (Y, B ; N) s tf„ + i((IR, R v 0) x (7, Bf N) 

for each /^-module N. This isomorphism can also be deduced from the axiomatic 
properties 9.8.1 (see a similar deduction (17.3.1) in the case of cohomology the¬ 
ories). The 77 -fold product e n — e x ■■■ x e e H n {l R”, R” \ 0; R) serves as a 
canonical generator (a homological R -orientation of R"). O 
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Problems 

1. Let vo ,... Vn be affinely independent points in R' ? and suppose that the origin 0 e R' ? is 
contained in the interior of the affine simplex v = [i>o, ■ ■ ■, v n ]. We then have the singular 
simplex a: A n — > R' 1 determined by cr(e ; ) = u,- . Show that a represents a generator x v of 
H n (\R n , R"\0;Z). We therefore have a relation Xu = ±e n . Determine the sign, depending 
on v. You might first consider the case n = 2 and make an intuitive guess. (This problem 
indicates that keeping track of signs can be a nuisance.) 

2. Verify the properties 9.8.1 of the homology product. 

3. Study the axioms for a multiplicative cohomology theory and use 9.8.1 to define multi¬ 
plicative homology theories axiomatically. 


Chapter 10 

Homology 


In this chapter we define homology theories via the axioms of Eilenberg and Steen- 
rod. From these axioms we derive some classical results: the Jordan separation 
theorem; invariance of domain and dimension; degree and its determination by lo¬ 
cal data; the theorem of Borsuk-Ulam. The theorem of Borsuk-Ulam is used for 
a problem in combinatorics: the determination of the chromatic number of Kneser 
graphs. 

A second topic of the chapter is the derivation of some results of a general 
nature: reduced homology; additivity; suspension isomorphisms; Mayer-Vietoris 
sequences; compatibility of homology with colimits. 


10.1 The Axioms of Eilenberg and Steenrod 


Recall the category TOP(2) of pairs of topological spaces. We use the functor 
k: TOP(2) TOP(2) which sends (X, A) to (A, 0) and /: (X, A) (7, B) to 
the restriction /: (A,0) —> (5,0). 

A homology theory for pairs of spaces consists of a family (h n \ n e Z) of 
covariant functors h n : TOP(2) —> R- MOD and a family (3„ | n e Z) of natural 
transformations 3„: li n —> h n -\ ok. These data are required to satisfy the following 
axioms of Eilenberg and Steenrod [58], [59]: 

(1) Homotopy invariance. For each homotopy ft in TOP(2) the equality 
hn(fo) = M/t) holds. 

(2) Exact sequence. For each pair ( X, A) the sequence 


hn + l(X, A) —► h n (A, 0) -* hn(X, 0) h n (X, A) 


is exact. The undecorated homomorphisms are induced by the inclusions. 
(3) Excision. Fet (X, A) be a pair and U C A such that U C A°. Then 
the inclusion (X \ U, A \ U) —>■ (X , A) induces an excision isomorphism 

h„(X^U,A^U)^h n (X,A). 

The excision axiom can be expressed in a different form. Suppose Y\, Y 2 are 
subspaces of Y such that Y = T^Ul^ 0 . Then the inclusion induces an isomorphism 
h n (Yi, Y\ fl Y 2 ) = h„(Y, Y 2 ). 

The module h„(X, A) is the n-th homology group (module) of (X, A) in the 
homology theory (we also say in degree or in dimension n). We set li n ( X, 0) = 
h n (X). The groups h n (X) are the absolute groups and the groups h n (X, A) are 
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the relative groups. The homomorphisms 9 = 9„ arc the boundary operators. We 
often write h n (f) = /* and call (as already above) /* the induced morphism. The 
homology groups h n (P ) for a point P are the coefficient groups of the theory. 
(More precisely, a group h n together with a compatible family of isomorphisms 
ep : h n —»• h n (P) for each point P is given.) In the case that h n — 0 for n f 0, we 
say that the homology theory satisfies the dimension axiom and call the homology 
theory an ordinary or classical one. 

The exact sequence of a pair of spaces can be extended slightly to an exact 
sequence for triples B C A C X (see [59, p. 24], [189]). The boundary operator 
for a triple is defined by 


9: h n (X,A) -* h n -M) -* By, 

the first map is the previous boundary operator and the second map is induced by 
the inclusion. 

(10.1.1) Proposition. For each triple ( X , A, B) the sequence 

■ ■ ■ -+ h n+ 1 (Z, A) h n (A, B) ->• hn(X,B)^ h n (X, A) 

is exact. The undecorated homomorphisms are induced by the inclusions. □ 

We do not derive this proposition from the axioms right now (see 10.4.2 for a 
proof which uses the homotopy invariance). In most constructions of homology 
theories one verifies this more general exact sequence directly from the definitions; 
so we can treat it as an extended axiom. 

A homology theory is called additive, if the homology groups are compatible 
with topological sums. We formulate this as another axiom. 

(4) Additivity. Let (Xj, A j), j e J be a family of pairs of spaces. Denote by 
ij : ( Xj,Aj ) —> QljXj, II/ Aj) the canonical inclusions into the topological 
sum. Then the additivity axiom says that 

©ye./ h„{Xj,Aj) -* hniUjXj, UjAj), (Xj) h n {ij)(Xj) 

is always an isomorphism. For finite families the additivity follows from the 
axioms (see (10.2.1)). 

Singular homology theory has further properties which may also be required in 
an axiomatic treatment. 

(5) Weak equivalence. A weak equivalence /: X —> Y induces isomorphisms 
/* : h. t (X) = /?* (T) of the homology groups. 

(6) Compact support. For each x e h„ ( X, A) there exists a map /: ( K , L) —> 
(X, A) from a pair (K , L) of compact Hausdorff spaces and z e h n (K , L) 
with /*z = x. 
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If Axiom (5) holds, then the theory is determined by its restriction to CW-complexes 
(actually to simplicial complexes). 

Sometimes we have to compare different homology theories. Let h * = (h n , <)„) 
and k * = (k n , d' n ) be homology theories. A natural transformation : /;* —»• k* 
of homology theories consists of a family <p n : h n —> k n of natural transformations 
which are compatible with the boundary operators d' n o <p = cp n -i o 3„. 

Problems 

1. Let (h„, 9„) be a homology theory with values in R- MOD. Let (s n e R ) be a family of 
units of the ring R. Then (h n , s n dn) is again a homology theory. It is naturally isomorphic 
to the original theory. 

2. Given a homology theory (/?„, 3„) we can define a new theory by shifting the indices 

k n — 

3. Let /?* be a homology theory. For a fixed space Y we define a new homology theory 
whose ingredients are the groups k„ (X, A) = h n (X x Y, A x Y). The boundary operators 
for the new theory are the boundary operators of the pair (X x Y, A x Y). The projections 
pr: X x Y —> X induce a natural transformation k * —> /;* of homology theories. If /;* is 
additive then k* is additive. 

4. Let /;* be a homology theory with values in R- MOD. Let M be a flat fLmodule, i.e., the 
tensor product (&rM preserves exact sequences. Then the h n (—) ®rM and d (g> r M are 
the data of a new homology theory. Since the tensor product preserves direct sums, the new 
theory is additive if /z* was additive. In the case that R = Z one can take for M a subring 
T of the rational numbers Q, in particular Q itself. It turns out that the rationalized theories 
h*{~) <8> Q are in many respects simpler than the original ones but still contain interesting 
information. 

5. If y/7* is a family of homology theories ( / e J), then their direct sum 0 y - j /?* is again 
a homology theory. One can combine this device with the shift of indices. 


10.2 Elementary Consequences of the Axioms 

We assume given a homology theory /;* and derive some consequences of the 
axioms of Eilenberg and Steenrod. 

Suppose the inclusion A C X induces for j = n , n + 1 an isomorphism 
hj(A) = hj(X). Then h n (X, A) = 0. In particular li n (X. X) = 0 always, and 
h n (0) = h„(0, 0) = 0. This is an immediate consequence of the exact sequence. 

Let /: X —> Y be an h-equivalence. Then /*: h n (X) —> h n (Y) is an isomor¬ 
phism, by functoriality and homotopy invariance, if / is, in addition, an inclusion, 
then h n (X, Y) = 0. 

Let /: ( X, A) —> ( Y, B) be a map such that the components /: X —> Y and 
/: A —>• B induce isomorphisms of homology groups, e.g., the components are 
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h-equivalences. Then the induced maps /*: h n (X,A) —> h„(Y, B) are isomor¬ 
phisms. The map / induces a morphism from the homology sequence of ( X , A ) 
into the homology sequence of (Y, B), by functoriality and naturality of 3. The 
claim is then a consequence of the Five Lemma (11.1.4). 

If X and A are contractible, then h n (X, A) = 0. If (X, A, B) is a triple and 
X , B are contractible, then the exact sequence of a triple shows that 3: h n (X, A) —>■ 
h n -i(A, B) is an isomorphism. 

Let the homology theory satisfy the dimension axiom. If X is contractible, then 
h k {X) = 0 for k ^ 0. A null homotopic map Y —> Y therefore induces the zero 
morphism on h k (Y) for k ^ 0. 

Let i: A C X and suppose there exists r: X —> A such that ri — id. From 
id = id* = ( ri )* = r*z* we see that r* is a retraction of /*, hence z* is always 
injective. Therefore the exact homology sequence decomposes into split short exact 
sequences 0 —*■ h n (A ) —> h n (X) —»• h n (X. A ) —> 0. 

(10.2.1) Proposition (Finite Additivity). Let (Xj , Aj), j e J be a finite family of 
pairs of spaces. Denotebyij'. ( X/,Aj ) —> (UjXj .11 / Aj) the canonical inclusions 
into the topological sum. Then 

©/ e j h n (Xj, Aj) —>■ h n (UjXj, II j Aj), (xj) i—>■ ^2jej hn(}j)(xj) 
is an isomorphism. 

Proof. As a consequence of the excision axiom we see that the inclusion always 
induces an isomorphism h n (A , B) = h n (A + C, B + C). It suffices to consider 
the case J — {1,2} and, by the Five Lemma, to deal with the absolute groups. 
One applies the Sum Lemma (11.1.2) with A^ = h n {Xj ( ), B^ = li n (X. X^). C = 
h n (X ! + X 2 ). □ 

(10.2.2) Proposition. The identity L n of A" is a cycle modulo 3 A” in singular ho¬ 
mology theory. The group H n (A", 3 A”) is isomorphic to Z and [i n \ is a generator. 

Proof. The proof is by induction on n. Denote by s(i) = df A" -1 the i -th face of 
A”. Consider 

h k ~i( A"" 1 ,3A"" 1 ) -^ /ij fc _ 1 (3A", 3A” ^ h k ( A”, 3A"). 

The space 3A” \ s(i )° is contractible, a linear homotopy contracts it to the 
point C[. Since A” is also contractible, 3 is an isomorphism. The inclusion df 
maps (A” -1 ,3A" _1 ) into the complement of e L , and as such it is a deformation 
retraction of pairs. The excision of a induces an isomorphism. Therefore (<7”)* 
is the composition of two isomorphisms. If we always work with the first face 
map zip , we obtain by iteration an isomorphism h k _ n ( A 0 ) = h k ( A”, 3A"). (So 
far we can work with any homology theory.) 
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Now consider the special case h n — //„ of singular homology with coefficients 
in Z. By definition of the boundary operator, 3[t„] = (—1)' [d*], since the d" for 
j f i are zero in the relative group. If we again work with d ((, we see that the 
isomorphism above sends the generator [i n -i\ to [(«]. 

If we work with H\ for k ^ n, then the isomorphism above and the dimension 
axiom tell us that H/ c (A n , 3A") = 0. The pair (A". 3A”) is homeomorphic to 
(D n , S" -1 ). So we also see that Hk(D n , S n ~ l ) is zero for k ^ n and isomorphic 
to Z for k = n. □ 


In an additive homology theory we also have an additivity isomorphism for 
pointed spaces if the base points are well-behaved. For a finite number of summands 
we do not need the additivity axiom in (10.2.3). 

(10.2.3) Proposition. Let (Xj, Pj) be a family of pointed spaces and \Jj Xj = 
(X, P) the pointed sum with embedding i J : Xj —>■ X of a summand. Assume that 
the closure of P in X has a neighbourhood U such that h*(U, P) —> li*(X, P) is 
the zero map. Then (if ): @ • h*(Xj, If) —> h*(X, P) is an isomorphism. 

Proof. Set Uj = U fl Xj. Consider the diagram 


->h m (X,P) 

( 2 ) 


( 1 ) 


-> u) 

(3) 


->h m (U,P) 

( 4 ) 


h*(UXj,UPj) - >h*(UXj,UUj)—A^h*(UUj, H Pj). 


The vertical morphisms are induced by the quotient maps. The horizontal mor- 
phisms are part of the exact sequence of triples. The hypothesis implies that (1) is 
injective. We use the additivity in order to conclude that (2) and (4) are injective. 
This is due to the fact that we have the projections /C : X Xj, and p k t ii = l) kj . 
We show that (3) is an isomorphism. Consider the diagram 


M* ^ P, U ^ P)<-=— hJU(Xj ^ Pj), II (Uj ^ Pj)) 


h*(X,U)<r 


(3) 


h*(UXj,UUj) 


The isomorphisms hold by excision; here we use the assumption P C U°. Diagram 
chasing (Five Lemma) now shows that (2) is also surjective. □ 

(10.2.4) Remark. The hypothesis of (10.2.3) is satisfied if Pj is closed in Xj and 
has a neighbourhood Uj such that Uj C Xj is pointed homotopic to the constant 
map. These conditions hold if the spaces (Xj, Pj) are well-pointed; see (5.4.4). O 
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10.2.5 Suspension. We define the homological suspension isomorphism a = 
a (X,A) ky commutative diagram 


h„(X,A)<- 


--- h„( 1 x X, 1 x B) 

s (l) 

/z„+i((/,3/) x (X,A)y~4r*hn(?I x X U I x A,0x X U I x A). 


(1) is an isomorphism: excise 0 x X and then use an h-equivalence. The boundary 
operator 3 for the triple sequence of (/ x X, 3/ x X U I x A, 0 x X U I x A) is an 
isomorphism, since OxIU/xd C / x X is an h-equivalence. We can interchange 
the roles of 0 and 1; let o~ denote this suspension isomorphism. By applying the 
Hexagon Lemma (11.1.3) with center group h n {I x X, I x A U 3/ x X) we obtain 
a = —o~ (draw the appropriate diagram). For some purposes of homotopy theory 
one has to use a similar suspension isomorphism defined with X x I. 

The //-Ibid iteration of a provides us in particular with an isomorphism 
ct ": h k s* h k (I °) ^ h k+1 (l,dl) ^ ^ h k+n (l n ,dl n ). O 


10.3 Jordan Curves. Invariance of Domain 

As a first application of homology theory we prove a general duality theorem. 
We then apply this general result to prove classical results: A generalized Jordan 
separation theorem and the invariance of domain and dimension. For this section 
see [53]. 

The propositions (10.3. 1) and (10.3.2) can be proved in a similar manner for an 
arbitrary homology (or, mutatis mutandis, cohomology) theory. For the applications 
one needs homology groups which determine the cardinality of tt 0 (X) for open 
subsets X of Euclidean spaces, and this holds, e.g., for singular homology //*(—). 
(If one knows a little analysis, one can use de Rham cohomology for open subsets 
of Euclidean spaces.) 

(10.3.1) Proposition. Let Ac R n be a closed subset. Then H k ( R", R” \ A) and 
H k . |_i(R" x R, R" x R \ 4 x 0) are isomorphic. 

Proof. We use the open subsets of R” +1 

H + = (R” \ A)x ] — 1, oo[ U Ax ]0, oof 
H- = (R" \ A)x ] — oo, If U Ax ] — oo, 0[ 

H+ U H- = R” +1 n4x0 
H+ n H- = (R" \ A)x] — 1, If. 
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These data occur in the diagram 

H k (\R", IR" \ A) --* i/* +1 (IR" +1 , r +1 n/1x0) 

( 3 ) a 

H k (R n+1 ,H+ n H-) H k (H+, H+ n HJ) - H k (H+ U //_, HJ). 

The map 3 is the boundary operator of the triple (IR" +1 , H + U //_, //_). The maps 
(1), (2), and (3) are induced by the inclusions. We show that the morphisms in the 
diagram are isomorphisms. The proof uses the fact that H+ and //_ are contractible; 
the homotopy h t ; H+ —»• //+, (x, s) m- (x, s + t) starts at the identity and has an 
image in the contractible space IR” x ]0, oo[. The map 3 is an isomorphism, because 
H k ( IR" + 1 , HJ) = 0, by contractibility of //_. The map (1) is an excision. The 
maps (2) and (3) are isomorphisms by homotopy invariance (IR” = IR" x 0). □ 

(10.3.2) Theorem (Duality Theorem). Let A and B be closed homeomorphic sub¬ 
sets ofi R". Then the groups H k ( IR", IR" \ A) and H k (\R n , IR” \ B) are isomorphic 
(k e Z). 

Proof. A homeomorphism /: A —> B yields a homeomorphism a : R" x IR" —>■ 
IR" x IR", which sends Ax 0 via / x 0 to B x 0 (see (7.3.1)). We obtain an induced 
isomorphism 

H k+n (l R" xf.rxfxdxO)^ H k+n {\ R" xP,rxl\fix 0). 
Now apply (10.3.1) n times. □ 

(10.3.3) Theorem (Component Theorem). Let A and B be closed homeomorphic 
subsets of IR". Then jto(IR" ^ A) and tto(IR" ^ B) have the same cardinality. 

Proof. We use the fact that //o(R” ^ A) is the free abelian group on 7 To(IR" \ A) 
and the algebraic fact a free abelian group determines the cardinality of a basis (= 
the rank). Suppose that A ^ IR". Then we have an exact sequence 

0 Hi (IR". IR" ^ A) -*■ // 0 (R" ^ A) -► H 0 {R”) -> 0. 

This shows the rank of H\( IR", IR" \ A) is one less than the rank of //o(!R" ^ A). 
Hence if A and B are different from IR", then the result follows from (10.3.2). We 
see in the next section that A = IR" implies that B is open in IR" and therefore, 
since IR" is connected, also equal to IR". □ 

An injective continuous map /; S 1 —> IR 2 is an embedding, and its image is 
called a Jordan curve. 
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(10.3.4) Theorem (Jordan Separation Theorem). Let S C R" be homeomorphic to 
S” -1 (n > 2). Then R" \ S has two path components, the bounded interior J and 
the unbounded exterior A. Moreover, S is the set of boundary points of J and of A. 

Proof The assertion holds in the elementary case S = S” -1 . Hence, by (10.3.3), 
the complement of S has two components. It remains to study the boundary points. 

Letx e S and let V be an open neighbourhood of x in IR”. ThenC = ,S’\(.STl V) 
is closed in S and homeomorphic to a proper closed subset D of S” -1 . Therefore 
R” 's D is path connected and hence, by (10.3.3), also R" \ C. Let p e ./ and 
q e A and w: [0,1] —> IR” \ C a path from p to q. Then w -1 (S) / 0. Let t\ be 
the minimum and 1 2 the maximum of w~ 1 (S). Then w (/ 1 ) and w(t 2 ) are contained 
in S fl V. Therefore w(t\) is limit point of w;([0, t \[ ) C J and wit 2 ) limit point of 
u>(]t 2 ,l]) C A. Hence there exist ?3 e [0, u[ with w(t^) e J (IV and t$ e]f 2 .l] 
with 177 ( 4 ) e A fl V. This shows that x is contained in the boundary of J and of A. 

□ 

(10.3.5) Remarks. For n = 2 one can improve the separation theorem. There 
holds the theorem of Schoenflies (for a topological proof see [141]): 

Let J C R 2 be a Jordan curve. Then there exists a homeomorphism f: R 2 — 
R 2 which maps J onto the standard circle. 

There exists a stronger result. By the Riemann mapping theorem there exists 
a holomorphic isomorphism from the interior of J onto the interior of S 1 ; and 
one can show that this isomorphism can be extended to a homeomorphism of the 
closures. See e.g., [149]. 

For n > 3 it is in general not true that the interior of an embedding 5” _1 —>• R” 
is homeomorphic to an 77 -cell. One can construct an embedding D 3 —> R 3 such 
that the complement is not simply connected. Under some regularity conditions on 
the embedding the situation still resembles the standard embedding. There holds 
the theorem ofM. Brown [32] (see also [25, p. 236]): 

Let f : S” -1 x [—1,1] — > S n be an embedding in > 1). Then the closure of 
each component of S n \ /(S'” -1 x 0) is homeomorphic to D n . 

From the duality theorem (18.3.3) one can conclude that both components of 
S” \ S have for an arbitrary embedding the integral singular homology groups of 
a point. O 

(10.3.6) Theorem. Let A C R" be homeomorphic to D k , k < n. Then R” \ A is 
path connected (n >1). 

Proof. D k is compact, hence A is compact too. Therefore A is closed in R” 
and the assertion follows from (10.3.3), since D k obviously has a path connected 
complement. □ 

(10.3.7) Theorem (Invariance of Domain). Let U C R" be open and /:(/—>• R” 
an injective continuous map. Then f(U) isopen in R", and f maps U homeomor- 
phically onto f(U). 
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Let V C IR" be homeomorphic to an open subset of U C IR”. Then V isopen 
in IR". 

Proof. It suffices to show that /( U ) is open. It then follows that / is open. 

Let D = {x e IR" | \\x — a\\ < 8} C U, and let S be the boundary of D. 
It suffices to show that f(D°) is open. We consider the case n > 2 and leave 
the case n = 1 as exercise. The set S as well as T = /(5) are homeomorphic 
to S” _1 . Suppose U\, U 2 are the (open) components of IR” \ T. Let U\ be 
unbounded. By (10.3.6), IR” \ /'( D) is path connected, and therefore contained in 
U\ or 1 / 2 - Since /( D ) is compact, the complement is unbounded. This implies 
T U U\ = P \ 1/2 C /(£)) and then U\ C f(D°). Since D° is connected, so 
is f(D°). The inclusion f(D °) C I/i U I /2 shows that f(D°) C U\. Therefore 
f(D °) = Ui, and this set is open. 

The second statement follows from the first, since by hypothesis there exists an 
injective continuous map /: U —> IR” with image V. □ 

(10.3.8) Theorem (Invariance of Dimension). Let U C IR m and V C IR” be non¬ 
empty homeomorphic open subsets. Then in — n. 

Proof. Let m < n. Then, by (10.3.7), U C IR m C IR” is open in IR”, which is 
impossible. □ 

10.4 Reduced Homology Groups 

The coefficient groups of a homology theory are important data of the theory but 
they contain no information about spaces. We therefore split off these groups from 
the homology groups h n (X). 

Let X be a non-empty space and r : X —>■ P the unique map to a point. We set 
h n (X) = kernel (r* : h n (X) h n {P)) 

and call this group a reduced homology group. The homomorphism h n (f) for a 
continuous map /: X —> Y restricts to h n (f): h n ( X) —> h n (Y). In this way li n 
becomes a homotopy invariant functor TOP —*■ R- MOD. Let (X, * ) be a pointed 
space and i: P = {*} C X be the inclusion of the base point. Then we have a 
short exact sequence 

0 h n (P) mx) A MX, P) ^ 0 

with a splitting r* of ;*. Thus /* induces isomorphisms h n (X) = h„ ( X, P) = 
Coker(z'*). By( 11.1.1) we also have an isomorphism 

MX) = MX) © i*(h n (P)) ^ MX) © h n 


10.4. Reduced Homology Groups 253 


which is natural for pointed maps (but not, in general, for arbitrary maps), and the 
canonical diagram 



h n (X,P) 


is commutative. 


(10.4.1) Proposition. Let A be non-empty. The image of the boundary operator 
3: h n (X,A ) —>• h n -\ (A) is contained in h n -\ (A). The images ofli n (X) and h n (X) 
in h n ( X. A) coincide. The homology sequence for the reduced groups 

-> h n (A) h n (X ) h„{X, A) h n -i(A) ->■ ••• 


is exact. 

Proof. Map the exact sequence of ( X, A) into the exact sequence of (P. P) and 
perform diagram chasing. The exactness is also a special case of (11.3.2). □ 

From (10.4.1) we see: If A is contractible, then h n (A) — 0 and h n (X) —»• 
h n (X. A) is an isomorphism. If X is contractible, then 3: h n ( X, A) — > h n ~\ ( A ) is 
an isomorphism. 

10.4.2 Triple sequence. Let (X, A, *) be a pointed pair. The reduced homology 
sequence of (X, A) is canonically isomorphic to the homology sequence of the 
triple (X, A, *). Hence the latter is exact. 

Let CB denote the cone over B. The homology sequence of a triple (X, A, B) 
is, via excision, isomorphic to the sequence of (X U CB. A U CB, CB), and the 
latter, via h-equivalence isomorphic to the sequence of (X U CB, A U CB, *). This 
proves the exactness of the triple sequence. O 

Under the hypothesis of (10.2.3) or (10.2.4) we have for an additive homology 
theory an isomorphism ® ■ h * ( Xj ) = h * (V ; Xj). For a finite number of sum¬ 
mands we do not need the additivity axiom. We call V/ Xj decomposable with 
respect to h n if the canonical map ® ; h n (Xj) —> h„ ( V, Xj) is an isomorphism. 

(10.4.3) Proposition. Suppose X V Y is decomposable with respect to h„. h n+ \. 
Then the homology sequence of(X x Y, X V Y) yields a split short exact sequence 

0 h n (X v Y) -> h„(X x Y) -> h n {X xfjvf)^0. 

Proof. The projections onto the factors induce h n (X x Y) —> h„ (X) © li„ (Y ), and 
together with the assumed decomposition isomorphism we obtain a left inverse to 
the morphism h n (X V Y) — h n {X x Y). □ 
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Let (C, /t.) be a monoid in h-TOP, i.e., /z: C —^ C V C is a pointed map such 
that the composition with the inclusions of the summands is pointed homotopic to 
the identity. Then we have the /z-sum in each homotopy set [C, F]°, defined by 
[/] + L?] = [<5(/ V g)/Li] with the folding map 8 — (id, id): Y V Y — > Y. Let us 
write h — h n . 

(10.4.4) Proposition. Assume that C V C is decomposable with respect to h n . Then 
the morphism 


m : [C, Y]° Horn(A(C), h(Y)), [/] h* ,/* 

is a homomorphism. 

Proof. Consider the commutative diagram 

h(C) -—- >h(C v C) (/Vg) * > h(Y v Y) -—- >h(Y) 

(t)j^ (2) 

h(C) © h(C) f *® 8 * > h(Y) © h(Y) 

with the diagonal d and the addition a(y, z ) = y + z. By our assumption about C, 
the isomorphism (1) is induced by the projections onto the summands, and by our 
assumption about [i, the left triangle commutes. The morphism (2) and the inverse 
of (1) are induced by the injection of the summands; this shows that the rectangle 
and the right triangle commute. Now observe that a(f* © g*)d — /* + g*. □ 

The hypothesis of (10.4.4) holds for the suspension C = YX of a well-pointed 
space X. We thus obtain in particular a homomorphism 

or. i t„(X) Horn (h n (S n ),h„(X)) 

for each pointed space X. 

(10.4.5) Proposition. Leti : A C X be a cofibration and let p : (X. A) (X / A. *) 
be the map which identifies A to a base point *. Then p * : h n (X, A) —> h n (X / A, *) 
is an isomorphism. We can write this isomorphism also in the form q : h n (X, A) = 
hn(X/A). 

Proof. Let X U CA = (CA + X)/(a, 1) ~ i(a) be the mapping cone of i . The 
inclusion j: (X. A) — > (X U CA , CA ) induces an isomorphism in homology: 
Excise the cone point 4x0 and apply a homotopy equivalence. For a cofibration 
we have an h-equivalence p: XU CA —> XU CA/CA = X/A. Hence q* — p*j* 
is the composition of two isomorphisms. □ 
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The isomorphism q also holds for A = 0. In this case X/A = X + {*} and p 
is the inclusion (X, 0) —> (X, {*}). We use ^ to modify the exact sequence (10.4.1) 
in the case of a cohbration A C X 

-» h n (A) h n (X) h n (X/A ) h n -\(A) ■■■ . 

(10.4.6) Proposition. Let j : A c X be a cofibration and attach X to B via 
f : A —»• B. Then the map h n (X. A) —> h n (X 5. 5) induced by the inclusion 
is an isomorphism. 

Proof. We apply (10.4.5) to the homeomorphism X/A —> X B/B. □ 

(10.4.7) Proposition. Let f : X —>• Y be a pointed map between well-pointed 

f f\ 

spaces and X —> Y —> C(f) the beginning of the cofibre sequence. Then the 
f f\ 

sequence h n (X) — *~^h n (Y) — h n (C(f )) is exact. 

Proof. Let Z(f ) = (X x I + Y)/(x. 1) ~ f(x) be the (unpointed) mapping 
cylinder of / and X C Z(f), x h-> (x, 0) the canonical inclusion, a cofibration. 
Consider the commuting diagram 

MX)-> K(Z{f)) -> h n (Z(f), x) 


h n (X)—^h n (Y)^^h n (Z(f)/X) 

with the canonical inclusion c(f): Y C Z(/)/X. The top row is the exact se¬ 
quence of the pair. The isomorphisms hold by homotopy invariance and (10.4.5). 
Now we use that for a well-pointed pair the quotient map Z(/)/X —>■ C(f) is a 
homotopy equivalence, since a unit interval which is embedded as a cohbration is 
identified to a point. □ 

For a well-pointed space X the inclusion X x )/ U {*} x 1 c Xx/is 
a cohbration. The quotient is the suspension EX. From (10.4.5) we obtain an 
isomorphism 

q: M(X, *) x (/, 3/)) MEX, *) = MEX) 
and a suspension isomorphism cr: h„(X) = h n + i(EX) which makes the diagram 

h n (X, *) —M Mt((X, *) x (/, 9/)) 

■V" ^ '>r 

MX)--->/t„ +1 (EX) 

commutative. In particular, we obtain h m = /t m (/°/3/°) = h m+n (l n /‘(ll n ). 
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Problems 


1. Let f q : S n — > S n be a map of degree q, and denote by M(q,n) its mapping cone. 
Determine the groups and homomorphisms in the sequence (9.6.1) for the space M(q , n). 

2. Let M(q, 1) = M(q). Use the cofibre sequence of idj^ A f q in order to derive an exact 
sequence 

0 h n (X) (g> Z/q h n +i(X A M(q)) -* Tor(h n -i(X),Z/q) 0. 

This suggests defining for any homology theory /?* a theory with coefficients Z/q by 
/i*(— A M(q)). Unfortunately the homotopy situation is more complicated than one would 
expect (or wish), see [8]. Spaces of the type M(q , n) are sometimes called Moore spaces. 


10.5 The Degree 

In 10.2.5 we determined the homology groups of spheres from the axioms of a 
homology theory /z*. We describe yet another variant. 

We use the standard subspaces D n , S" -1 , E n = D n \ S" -1 of IR" and D± — 
{(xj,... ,x n + 1 ) e S ” | ±x n +i > 0}. The space D° = {D} is a singleton and 
S -1 = 0. 

We define a suspension isomorphism cr+ as the composition 

ct+ : h k - X (S n ~ l ) - h k (D", S' 1 - 1 ) h k (S n .D n + ) <-L _ h k (S n ). 


The maps j and 3 are isomorphisms, since D n ± is contractible, and s+ is an iso¬ 
morphism (compare (6.4.4)). Iteration of a + yields (suspension) isomorphisms 

a (n) : h k - n = h k - n (S°) ^ h k {S n ), h k (S n ) ^ h k . n © h n . 


The first isomorphism is determined by 

hm > h m (S ) C h m (S ) — 1) © hfn( 1) == hm © x > (x, x). 

We also have an isomorphism 3: h k (D n , S" -1 ) = h k _i{S n ~ 1 , e) = h k - X {S n ~ l ). 
In the case of ordinary homology //*(—; G) with coefficients in G we obtain: 


H k {S n -G) 


G, k = n > 0, n > k = 0, 
1 G © G, k = n — 0, 

0 , otherwise. 


Moreover H n {D n , S" -1 ; G) ^ H n ( R", R" ^ 0; G) ^ G. 

A generator of H n (D n , S" -1 ; Z) = Z is called a homological orientation of 
£)"; and a generator of H n (S n ). n > la homological orientation of S". Given 
an orientation z e H n (S n ) and a continuous map /; S" —»• S”, we define the 
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(j homological ) degree d (/) e Z of / by /* (z) = d{f)z. A different choice 
of a generator does not effect the degree. We also define the degree for n — 0: 
The identity has degree +1, the antipodal map the degree —1 and a constant map 
the degree 0. From the definition we see directly some properties of the degree: 
d(f ° g) = d(f)d(g), d( id) = 1; a homotopy equivalence has degree ±1; a null 
homotopic map has degree zero. 

(10.5.1) Proposition. Let h* be a homology theory such that /7o(Point) = Z. Then 

ay. [5”, S n ] Horn (h„(S n ),h n (S n )), f i—>• /* is an isomorphism (n > 1). 

Proof. The suspension isomorphism and the hypothesis yield h n (S n ) = Z. Thus 
the Hom-group is canonically isomorphic to Z. We now use that jz„(S n ) = 
[5", S n ] = Z. The identity of S n is mapped to 1. By (10.4.4), co is a homo¬ 
morphism, hence necessarily an isomorphism. □ 

We have already defined a (homotopical) degree. From (10.5.1) we see that 
the homotopical and the homological degree coincide. If one starts algebraic 
topology with (singular) homology, then one has in any case the important homo¬ 
topy invariant “degree”. Proposition ( 10.5 .4) is not immediate from the homological 
definition. 

(10.5.2) Proposition. Define an isomorphism o_: /j^-i( 5 n_1 ) — hj c {S n ) as in 
the case ofo+, but with the roles of Df interchanged. Then o + = — er_. 

Proof. Consider the commutative diagram 


4 ^ hk(Sn) ^ i- 


hk(S n ,Dl ) 




■ 1 + 


h k (S\S n ~ l ) 


h k (D n _,S n ~ l ) 


3 + 


]- 


'+ 


3 _ 


h k (S n . D”) 


h k (D n + .S n ~ x ) 


h k ^{S n ~ l ) 


and apply the Hexagon Lemma (11.1.3). □ 

(10.5.3) Proposition. Let A e O (n + 1) and l A \ S n —>■ S n , x m- Ax. Then l A 
is on h k (S n ) the multiplication by det(/1). The antipodal map x i-> — x on S n has 
the degree (—1)" +1 . 
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Proof. Let t : S" —> S n change the sign of the first coordinate. Then t*a+ = o~. 
Hence /* = —id, by (10.5.2). The group O (n + 1) has two path components. 
If A and B are contained in the same component, then 1 A and l B are homotopic. 
Representatives of the components are the unit matrix E and the diagonal matrix 
T — Diag(—1,1,..., 1). The relations l T = t and l E = id now finish the proof. 

□ 

(10.5.4) Proposition. Let f : S n —> S n be a map of degree d. Then f induces on 
h/ c (S n ) the multiplication by d. 

Proof The cases d = 1,0 are clear and d = — 1 follows from (10.5.3). The 
general case is then a consequence of (10.4.4) and our knowledge of n n ( S n ). □ 

(10.5.5) Proposition. Let A e GL„(R) and l A : R" —>• R”, x i-> Ax. Then l A is 
on /z£([R”, R" ^ 0) the multiplication by the sign e(H) = det(H)/| det(H)| of the 
determinant. 

Proof. We have isomorphisms /?&([R”, R” \ 0) — h^- i(R” \ 0) = hk-i{S n ~ l ) 
which are compatible with the action of l A if A e 0(«). In this case the claim 
follows from (10.5.3). In the general case we use that GL„(R) has two path com¬ 
ponents which are characterized by the sign of the determinant. □ 

Let .S’” (a) — {x e R" + 1 [ \\x—a || = r }. We have a canonical homeomorphism 
h r: a '■ S n -x S"(a), xirx + a and rb: R n+1 \ b ->• S n , x m- N(x — b). The 
winding number of /: S’ r l (a) —R” +1 \ h about b is defined as the degree of 
r b o f o h r , a - 

10.5.6 Local degree. Let K c S n be compact and different from S n and let 
U be an open neighbourhood of K. Then we have an excision isomorphism 
H n (U, U \ K) ^ H n (S n , S n \ K). For a continuous map /: S n S n we 
let K = f~ l {p). Consider the diagram 

H n {s n ) — i — m„(s n ) 

1 , 1 “ 

H n (S n , S n ^ K ) H n (S n , S n ^ p) 

T* T- 

H n (U, U^K) —^ H n (S n . S n ^ p) 

with the restriction f u of /. The exact sequence of the pair ( S n , S n \ p) shows 
that (1) is an isomorphism (« >1). Let z e II n (S n ) be a generator and z(U , K) 
its image in H„(U , U \ K). Commutativity of the diagram shows f AJ zv .k = 
d(f )zs n .p ■ Hence the degree only depends on the restriction f u . For any compact 
set L with f{L) = { p J and open neighbourhood W of L we define the (partial) 
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degree d(f L ) by /E z(W, L) = d{f, L)z(S n , p ): it is independent of the choice 
of W. 

(10.5.7) Lemma. Suppose U = U\ U U 2 is the disjoint union of open sets Uj. Set 
Kj = Uj fl K. The inclusions induce the additivity isomorphism 

(h, h ): H n (U u Ui ^ K{) © H n (U 2 , U 2 ^ K 2 ) -+ H n (U, U ^ K). 

Then the relation z(U, K ) = i\z{U\, K\) + i 2 z(U 2 , K 2 ) holds. 

Proof. Consider the diagram with M = S' 1 : 

H n (M) 


H n (M.M ^K) 


H n (U, U ^ K) <r 


H n (U, U ^ K 2 ). 

There exist x\,x 2 such that z(U. K) = i\X\ + i 2 x 2 . We compute 

jiz(U. K) = z(U, K 2 ) = a x z(U 2 . K 2 ) = j\i 2 x 2 = a 1 x 2 . 

This proves x 2 = z(U 2 , K 2 ). □ 

As a consequence of this lemma we obtain the additivity of the degree d( f) — 
d(f,K\) + d(fK 2 ). Suppose K is a finite set, then we can choose U as a 
disjoint union of open sets U x ,x e K such that U x fl K — {x J. in that case 
©, ve * H n (U x . U x - x) ^ H n (U. U^K); and H n (U x , U x - jc) = Z, by exci¬ 
sion and H n (D n , S” -1 ) = Z. We call the integer d(fx) defined by f*zjj x , x = 
d (f A')z.s’" p the local degree of / at p. With this notation we therefore have 
d(f) = E xeK d(f.x). O 

Let U C IR” be an open neighbourhood of the origin. Then we have an excision 
isomorphism h k (U, (/ \ 0) = h k ( IR", IR” \ 0). Suppose g : U -> IR" is a map with 
the properties: (1) Continuously differentiable (a C 1 -map); (2) g -1 (0) = {0}; (3) 
the differential Dg( 0) is invertible. Under these conditions we show: 

(10.5.8) Proposition. The induced map 

h k (\R n , r ^ 0 ) ^ h k (U, U ^ 0) h k (l R", IR" ^ 0) 

is multiplication by the sign of the determinant of the differential Dg( 0). 





■> H n (M, M \ K 2 ) 

- H n (U 2 , U 2 \ K 2 ) 
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Proof. There exist continuous maps /z, : U —>■ R" with g(x) = Y11=i x i^i ( x ) an d 
Dg(0)(x \,..., x n ) — YTi =1 x ihi{ 0)- We define a homotopy h,: (U. U ^ 0) —>■ 
(R", R" \ 0) from g to Dg( 0) 


h t (x) = Y!i=\ x ihi{tx) 


t 1 g(tx), t > 0, 
Dg( 0). t = 0. 


Now we use (10.5.5). □ 

(10.5.9) Example. Let /: S n —> S n be continuously differentiable and pa regular 
value of /, i.e., the differential of / in each point x e f~ 1 (p) is bijective. Then 
d(fx) = ±1, and the plus-sign holds, if the differential respects the orientation 
at x. For the proof express / in terms of orientation preserving local charts and 
apply (10.5.8). O 

If S is homeomorphic to S n and / a self map of S we choose a homeomorphism 
h : S n —> S and define the degree of / as the degree of /z -1 fit. Let g: IR" —R” 
be a proper map. We define its degree as the degree of the extension of g to the 
one-point compactification. 

A map /: S n x S n —>■ S n , n > 1, has a bi-degree ( a , b) e Z x Z where a is 
the degree of x m- fix, y) lor a fixed y and b the degree of y i-> fix. y) for a 
fixed x. 

Problems 

1. If /: S n —>■ S n is not surjective, then / is null homotopic and hence d( f) = 0. 

2. Suppose/(x) 7 ^ —xforeachx e S n .thenh(x,t) = tf(x) + (l— t)x / Ofort e [0,1]. 
We compose with N: x i-> x/||x|| and obtain in F{x, t) = Nh(x, t ) a homotopy from the 
identity to /. If always fix) x, then G(x, t) = N(—tx + (1 — t)f(x)) is a homotopy 
from / to the antipodal map. Thus if d(f) ±1, there exists x such that fix) = x or 
fix) = -x. 

3. A permutation A of (to, • • •, t n ) induces an affine homeomorphism of (A", 3A"). The 
induced homomorphism in (A", 9 A") is the multiplication with the sign of the permuta¬ 
tion A. The same holds for the linear permutation map lx induced by A on the vector space 
N = {(to,.... t n ) | ffi tj = 0} and h/c(N, N \ 0). One can compute the determinant of l\ 
by using the decomposition R' ! + 1 = N © D with the diagonal D = {(f, ... ,t) | t € R}. 

4. The map S l —> S', ( y,t ) h>- (2ty,2t 2 — 1), y e R', t e R has degree 1 + (— 1) I + 1 . 

The point (0.0,1) is a regular value. 

5. Consider a complex polynomial as self-map of the Riemann sphere CP 1 = S 2 . Then 
the homological degree is the algebraic degree of the polynomial. A quotient / = p/q of 
two complex polynomials (without common divisor) p of degree m and q of degree n can be 
considered as a self-map of CP 1 . Show that the homological degree is a = ma x(m ,n). In 
homogeneous coordinates / can be written as [z,w] [w a p(z/w),w a q(z/w)\. Suppose 
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c e C is such that z p(z) — cq(z) has a pairwise different zeros. Then [c, 1] is a regular 
value of /. 

6 . Consider S 3 as the topological group of quaternions of norm 1. Determine the degree of 
z i-> z k , leZ. 

7. The map S n x S n —> S n , ( x , £) (-»- £ — 2{x, £)x has bi-degree (1 + (— l) n— 1 , —1). If 

£ = (1,0.0) = eo, then —eo is a regular value of x k> eo — 2(eo, x )x. (Here (— , —) 

is the standard inner product.) 

8 . Let a,b, p,q € N with ap — bq = 1. Then /: C 2 -> C 2 , (x, v) m- (x p y q ,x b + y a ) 
is proper and has degree 1. The point (1, 0) is a regular value. 

10.6 The Theorem of Borsuk and Ulam 

We describe another classical result which uses the homotopy notion in the presence 
of a symmetry. As a rather striking application to a problem in combinatorics we 
present the proof of Greene [74] for the determination of the chromatic number of 
the Kneser graphs. 

We have the antipodal symmetry x i-> — x on the Euclidean spaces. A map 
f: A —> B which is equivariant with respect to this symmetry, i.e., which satisfies 
f(—x) = — f(x), is called antipodal ox odd ', here A and B are subsets of Euclidean 
spaces that are invariant with respect to the antipodal symmetry. The additional 
presence of the symmetry has remarkable consequences: Classical theorems known 
under the name of Borsuk-Ulam theorems and Lusternik-Schnirelmann theorems. 
The basic result has a number of equivalent formulations. 

(10.6.1) Theorem. The following assertions are equivalen t: 

(1) Let f : S n —>• 1R" be continuous. Then there exists x e S n such that f(x) = 
/(-*)■ 

(2) Let f : S n —> R” be antipodal. Then there exists x e S n such that f(x) = 0. 

(3) There does not exist an antipodal map f : S n S” . 

(4) There does not exist a continuous map f : D n —> which restricts to an 
antipodal map on the boundary. 

(5) An antipodal map S" -1 —> 5" _1 is not null homotopic. 

(6) Suppose S n = F\ U F 2 U • • • U F „+1 with non-empty closed sets Fj. Then 
at least one of the sets Fj contains an antipodal pair of points. 

(7) Let S n — A\ U A 2 U • • • U A „+1 and assume that each Aj is either open or 
closed. Then at least one of the Aj contains an antipodal pair. 

Proof. (1) ==> (2). By (1) there exists x with f(x) = /(— x). Since / is antipodal, 
f(x) — —f(x) and hence f(x) — 0. 

(2) =£• (3). The existence of an antipodal map contradicts (2). 

(3) (4). Let D± = {( xo,...,x n ) e S n \ ±x n > 0}. The projection 
h : D'f —> D n ~ l onto the first n — 1 coordinates is a homeomorphism which is the 
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identity on the boundary. Suppose /: D n S n 1 is antipodal on the boundary. 
Defineg: 5” —»• S n ~ l by 


( fh(x), x e D" , 

g(x) = j ,,, . „„ 

l—fh(—x), x e D". 

If x e S” -1 = D" fl £>", then /z(x) = x, h(—x) = —x and fh(x) = f(x) = 
—/(—x) = —fh(—x). Hence g is well-defined and continuous. One verifies that 
g is antipodal. 

(4) (5). If an antipodal map S” -1 —»• 5” _1 were null homotopic, then we 

could extend this map to D n , contradicting (4). Conversely, if a map of type (4) 
would exist, then the restriction to S" -1 would contradict (5). 

(1) =>■ (6). We consider the function 

/: S n -+ R”, xb (, d{x,F x ). d(x,F n )) 

defined with the Euclidean distance d. By (1), there exists x such that /(x) = 
/(—x) = y. If the z-th component of y is zero, then d(x, Fj) = d(—x, Fj) = 0 
and therefore x, —x e Fj since Fj is closed. If all coordinates of y are non-zero, 
then x and —x are not contained in [J " =1 Fj, so they are contained in F„+\. 

(6) =$■ (3). There exists a closed covering F\,, F n +\ of S'” -1 such that 
no Fj contains an antipodal pair, e.g., project the standard simplex onto the sphere 
and take the images of the faces. Suppose /: 5" —>■ S” _1 is antipodal. Then the 
covering by the f~ l {Fj) contradicts (6). 

(3) (2). If f{x) f 0 for all x, then x m- ||/(x)|| - 1 /(x) is an antipodal 

map S n —> S n ~ l . 

(2) =$ (1). Given /: S n —> R". Then g(x) = f(x) — /(—x) is antipodal; 
g(x) = 0 implies fix) = /(-x). 

(6) =$ (7). Suppose for the moment that the Aj are open. Then we can find 

a closed shrinking and apply (6). In the general case let A\ . Aj be closed and 

Uj+\ . U n +i open. Suppose there are no antipodal pairs in the Uj. Thicken 

the Aj to open e-neighbourhoods U e iAj). Let e = n~ l . By the case of an open 
covering we find an antipodal pair (x„,— x„) in some U E ( A ). By passing to a 
subsequence we find an i < j and 

lim dix n ,Aj)= lim di~x n , Aj) = 0. 

n —>-oo n—>oo 

A convergent subsequence yields an antipodal pair in Aj. 

(7) =$ (3). As in the case (6) =>■ (3). □ 

Since the identity is antipodal, we see that (10.6.1) implies the retraction theo¬ 
rem, see (6.6.1). Part (1) shows that R” does not contain a subset homeomorphic 
to S n . 
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(10.6.2) Lemma. Let F : S n —* S n be an odd map. Then F is homotopic as odd 
map to a map g such that g{S') C S' for 0 < i < n. 

Proof. Let p: S n —>• RP” be the quotient map and /: R P " R P " be induced 
by F on the orbit space. Choose a homotopy f t from / = /o to a cellular map, 
i.e., f\ (R P') C R P‘ for 0 < i < n. Lift the homotopy f t p = li t to a homotopy 
H t : S n S n with initial condition /. Then H t is an odd map and If = g has 
the desired property. □ 

We obtain a proof of (10.6.1) from 

(10.6.3) Theorem. An odd map has odd degree. 

Proof. The proof is by induction on the dimension of the sphere. Let /: 5" —> S n 
be an odd map. By (10.6.2) we can deform / as odd map into a map g such that 
g(S n ~ 1 ) C S" -1 . The induction is now a consequence of (10.6.4). □ 

(10.6.4) Proposition. Let f : S n —? S n be an odd map such that /(S” _1 ) C S" -1 . 
Then we have the degree D(f) of f and the degree d(f) of its restriction to S” . 
These degrees have the same parity. 

Proof. We study the diagram in the proof of (10.5.2) more closely for singular 
homology with coefficients in Z. We fix a generator z e H n -\{S n ~ l ) and define 
other generators by 


3 ±z± = z, s±z± — w±, l±v± = w±. 

We set i=p 2 ± = u±. The Sum Lemma tells us that u± is a Z-basis of the group 
H n (S n , S” -1 ). Let T : S" —> S n be the antipodal map. Suppose given /: S n —> 
S n such that f(S n ~ 1 ) C S'” -1 and Tf = fT. Then we have two degrees /)( / ) 
and d(f) defined by 


Mv+) = D(f)v+, f*(z) = d(f)z. 

Since u± is a Z-basis we can write /* (w+) = au + + hu-. Using this notation, 
we show 

d{f) = a + b. D(f) = a — b. 

Hence d(f) and D(f) are congruent modulo 2. From /*z = /*3u+ = 3 f*u+ — 
d(au + + bu-) = (a + h)z we obtain the lirst assertion d( f ) = a + b. Naturalityof 
the boundary operator S-T* = 7’*3 + and 7*z = (— l)”z imply 7Rz + = (— l)”z_ 
and 7’*u+ = (—1 )”n_. We conclude 


Uu- = (—i)”/*7’*m + = (-i)"r*/*M+ 

= (—1 )"T*(au+ + bu-) = au _ + bu+. 
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The exactness of (j], 3) shows that the image of t] is generated by u+ — U-, hence 
t](v+) = s{u + — U-) with s = ±1. The computation 

j+u+ = s+i-z + = 4 = j+r)v+ = sj+{u + - u -) = sj+u+ 

shows s = 1. The computation 

D(f)(u+ - u+) = D(f)rjv + = rif*v+ = f*t]v+ 

= f*(u+ — U -) — (a — b)(u+ — U- ) 

finally yields the second assertion £)(/) — a — b. □ 

(10.6.5) Example. The map /: S 1 —»• S 1 , z z 2k+1 satisfies the hypothesis of 

(10.6.4) . We know already that D(f) — 2k + 1 and d(f) = 1, hence a = k + 1 
and b = —k. Let d+ denote the singular 1-simplex represented by the path from 1 
to —1 and d~ the 1-simplex running from —1 to 1 (both counter-clockwise). Then 
d+ + d- is a cycle and = [d + + d-] is a natural choice of a generator. Then 
d- represents u + , w + , and z + ; and z = [1] — [—1]. By considering the simplex 
fd the relation /* u + = [fd~] = (k + I )[<:/-] + /c [r/+] becomes apparent. For 
k = 1 say, fd- runs counter-clockwise from —1 to 1 to —1 to 1. 

Let /: S 1 —> S 1 be any self-map which commutes with the antipodal map. 
We can multiply / by a constant such that the new map g satisfies g(l) = 1. From 

(10.6.4) we see that g and hence / has odd degree, since g has degree 1 on 5°. O 

We now apply the Borsuk-Ulam theorem to a problem in combinatorics: The 
determination of the chromatic number of the so-called Kneser graphs. 

We begin by explaining the problem. Let [n] = {1,...,«} and denote by hf 
the set of subsets of \n\ with k elements. 

A graph consists of a set E of vertices and a set K of edges. Each edge has 
two boundary points, and they are identified with one or two points in E. (In other 
terms: A graph is a 1-dimensional CW-complex.) The Kneser graph KG n $ has 
E — Nk- Vertices F \, If are connected by an edge if they represent disjoint subsets 
of [«]. 

Let 'C = [&], and call the elements of L colours. A k-colouring of a graph 
(E, K ) is a map /:£—>•)? such that f(e i) f fief) whenever e\ and e 2 are 
connected by an edge. The chromatic number of a graph (E, K) is the smallest 
k such that there exists a ^-colouring. The following result was conjectured by 
Martin Kneser (1955) [105]. This conjecture was proved by Lovasz [114] with 
topological methods. The following ingenious proof was given by Greene [74]. 

(10.6.6) Theorem. Let k > 0 and n <2k — 1. Then KG n ± has the chromatic 
number n — 2k f- 2. 

Proof. An explicit construction shows that the chromatic number is at most 
n—2k+2. We associate to a set F with/: elements the colour (p(F) = min(min(/-’), 


10.7. Mayer-Vietoris Sequences 265 


n — 2k + 2). Suppose <p(F) = tp(F') = i < n — 2k + 2. Then these sets are not 
disjoint, since they contain the element i. If their colour is n — 2k + 2, then they 
are contained in {n —2k +2,, n}, and then they cannot be disjoint. 

Now we come to the topological part. Let d = 2n — 2k + 1. Choose a set 
X C S d with n elements and such that no hyperplane (through the origin) contains 
more than d points of X. We consider the subsets of X with cardinality k as 
the vertices of the Kneser graph KG n Suppose there exists a colouring with 
d = n — 2k + 1 elements and we choose one. Let 

Aj = {x e S d | H(x ) = {y\{x.y) > 0} contains a L-tuple in X with colour i } 

and Ad+i = S d \ (A\ U ••• U Ad). The sets A\,... are open and Ad+\ is 
closed. By (10.6.1), one of the sets Aj contains an antipodal pair x, —x. 

If) ' d , then we have two disjoint L-tuples with colour i , one in //(x) the 
other one in H{—x). This contradicts the definition of a colouring. 

Lett = d + L Then, by definition of A\,..., A j, the half-space H{x) contains 
at most k — 1 points of X, and similarly for H(—x). The set S d v (//(x) U H{— x)) 
is contained in a hyperplane and contains at least n — 2(k — 1) = d + 1 points, and 
this contradicts the choice of X. □ 

Problems 

1. Let n be odd. Then ± id: S n —> S n are homotopic as odd maps. 

2. Let /, g: S n —> S n be odd maps with the same degree. Then they are homotopic as odd 
maps. 

3. Let do, d \,..., d n be a family of odd integers with do = ± 1. There exists an odd map 
/: S n —> S n such that / (S ‘) C S' and the map S l —>■ S' induced by / has degree dj. 

10.7 Mayer-Vietoris Sequences 

We derive further exact sequences for homology from the axioms, the so-called 
Mayer-Vietoris sequences. 

Let h * be a homology theory. Let (X ; A, B ) be a triad, i A, B C X = AX) B. 
The triad (X: A, B) is said to be excisive for the homology theory if the inclusion 
induces an (excision) isomorphism h*(A, A fl B) = h*(X. B). The condition is 
actually symmetric in A and B. We write AB = A fl B. 

(10.7.1) Proposition. The following are equivalent: 

(1) (A U B; A, B) is excisive. 

(2) (A U B; B, A) is excisive. 

(3) t: h*(A, AB) © h*(B. AB) —> h * (A U B, AB) is an isomorphism. 

(4) 7t: h*{A U B, AB) —> h*(A Ufi.d)® h*(A U B. B) is an isomorphism. 
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Proof. Apply the Sum Lemma (1 1.1 .2) to the diagram 


h*(A, A fl B) - >h*(A U B. B) 

h*(A U B, A n B) 


lu(B.A n B) 


-> h*(A U B , A). 


The morphisms are induced by the inclusions. □ 

The boundary operator A of an excisive triad is defined by 

A: h n (X) h n (X. B) 4 - h n (A,AB) -4 h n ^{AB). 

This operator is part of the Mayer-Vietoris sequence (= MVS) of the triad. 

(10.7.2) Theorem. Let (AU B; A, B) be an excisive triad and C C AB. Then the 
sequence 

...4 h n (AB,C) -*-1 h n (A,C) @h n {B.C) 4 h n (A U B, C) 
-Lhn-iiAB)-^--- 

is exact. The inclusions z . AB C A and i B : AB C B yield the first map 
x i-> (—i*x, i B x); and the inclusions j A : A C A U B and j B : B C A U B yield 
the second map (a, b) m>- j*a + j B b. If C = {*} is a point, we obtain the MVS 
for reduced homology groups. 

There exists another relative MV S. Let ( A U B ; A , B ) be excisive and A\JB C X. 
We define a boundary operator A by 

A: h n (X,AU B) -4 h n - X {A U B. A) ^ h n -i(B,AB) -> h n - X {X,AB). 

(10.7.3) Theorem. The sequence 


4 h n (X, AB) -4 h n {X, A) © h n {X, B) -4 h n (X, A U B) 

^h n - y {X,AB)^L--- 


is exact. The maps (1) and (2) are defined as in (10.7.2). 

Proof. The homology sequences of the triples of (B , A fl B , C ) and (X, A, C) yield 
a commutative diagram (a “ladder”) 

•••->■ h n (AB, C) —> h n (A, C ) -> h n (A, AB) -► h n . x {AB, C) — > • • • 

■ ■■ —> h n (B, C ) —> h n (X, C) —> h n (X, B) -> /z„_i (B, C) —> . 
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We apply (10.7.4) to this diagram and obtain (10.7.2). There exists a similar diagram 
which compares the sequences of the triples (X, A, AB) and (X, A U B, B), and 
(10.7.4) yields now (10.7.3). □ 

(10.7.4) Lemma. Suppose the following diagram of abelian groups and homomor- 
phisms is commutative and has exact rows. 


. Ji r. Si ^ hi a 

- > A, - > Bj - > Cj -> Aj 



ai 


b t 

Ci 

- ' 

T- ^ £■ n- 

B' a - 4 A' 



Assume moreover that the Ci are isomorphisms. Then the sequence 


. ( fi > a i ) 

At -x Bj 




is exact ([17, p. 433]). □ 

We use abbreviations of the type I x X = IX, 31x1= 3 IX, 0x1= OX. 
We associate to a triad (X; A, B) the subspace N — N(A , B) = 0A U IAB U 1 B 
of / x X. Let p : N(A, B) — > X be the projection onto the second factor. 

(10.7.5) Proposition. The following are equivalent: 

(1) The triad (X; A, B) is excisive. 

(2) p* : h*(N(A, B)) — > h*(X) is an isomorphism. 

Proof. We have isomorphisms 

h*(A,AB)®h*(B,AB) ^ /i*(0^+ 15,0,45 + IAB) ^ /z*(X, IAB), 

by additivity, excision and h-equivalence. It transforms /;* into the map ; of item 

(3) in (10.7.1). Hence (1) and (2) are equivalent. □ 

The excision axiom says that the triad is excisive if X = 4°U5°. The auxiliary 
space N(A. B) allows us to transfer the problem into homotopy theory: A triad is 
excisive for each homology theory, if p: N —>■ X is an h-equivalence. Recall from 
Section 3.3: 

(10.7.6) Proposition. Suppose the covering A, B of X is numerable. Then p is an 

h-equivalence. O 

We now give a second proof of the MVS; it uses the homotopy axiom but not 
lemma (10.7.4). Let (X; A, 5) be a triad. Via excision and h-invariance we see that 
the inclusion induces an isomorphism 


/?„((/, 3/) x AB) ^/i„(JV,0x4Ulx 5). 
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We rewrite the exact sequence of the pair (N, 0 x A U 1 x B). Using the suspension 
isomorphism and the additivity, we obtain an exact sequence 

••• -► h n (A) © h n (B) -* MAO Mi(H5) -> ••• . 

If the triad is excisive, we can use (10.7.5) and replace h*(N) by h*(X). It is an 
exercise to compare the boundary operators of the two constructions of the MVS. 

There exists a more general MVS for pairs of spaces. It comprises the previously 
discussed cases. 

(10.7.7) Theorem. Let (H;H 0 ,Hi) C (X,X 0 ,Xi)be two excisive triads. Set 
Xoi = Vo FI X ], /Ioi = Ao FI A\. Then there exists an exact Mayer-Vietoris 
sequence of the form 


•••—>• h n (X oi, Hoi) ->• h„(X o,H 0 ) © h n (X t, Hi) -»• h n (X, A) —> ■■■ . 

Proof. Let N{X, A) = 0X 0 U I H 0 i U lX x . The sequence in question arises from a 
rewriting of the exact sequence of the triple (N(X), N(X, A), N(A)). We consider 
three typical terms. 

(1) p* : h*(N(X), N(A)) ^ /z*(X, A), by (10.7.5) and the hypotheses. 

(2) The inclusions (Xj , Af) = {/ J x (Xj , Aj ) — > ( N(X. A). N(A )) induce an 
isomorphism 


h*(X 0 ,Ao)®h*(X 1 ,Ai) h*(N(X, A),N(A)). 

For the proof one excises [1/3,2/3] x Aoi and then uses an h-equivalence and 
additivity. 

(3) The group / 2 *(A^(Z), N(X, A)) is isomorphic to /z*(/Xoi, dIX ox U A ox ) 
via inclusion, and the latter via suspension isomorphic to /z*_i(Z 0 i, A () i). For the 
proof one replaces N(X, A) by the thickened space 

OXo U [0, l/4]X 0 i U IA 0 i U [3/4]X 0 i U 1X X . 

Then one can excise 0X 0 and I X \ and use suitable h-equivalences. 

It remains to identify the morphisms in the resulting sequence. The map 
h n (N(X, A ), AM)) —^ hn(N(X), N(A )) becomes 

(j*,j* ) ■ h n (X 0 ,Ao ) ®h„(Xi,Ai) h n (X.A). 

The map d: h n+ i(N(X), N(X. A)) —>• h n {N(X, A). N(A) becomes, with our def¬ 
inition of the suspension isomorphism, 

(—(*, i*)'- h n (X ot,Hoi) —>■ h n (X o, Ho) © h n (X x . Hi). 

The boundary operator A of the generalized MV-sequence becomes, in the special 
cases X — X 0 — X x = X 0 i and A — A 0 — A x = H 0 i C X 0 i, the same as in the 
previously discussed algebraic derivation of the MV-sequences. □ 
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(10.7.8) Example. Let i 1 , i 2 : S" -»• 5" x 5”, x ( x , yo), resp. x ( xo , y). 
Then (z'*,z*): H n (S n ) © H n (S n ) -> H n (S n x 5") is an isomorphism (n > 1) 
with inverse (pr*. pr*). We fix a generator z e H n (5”) and write zy = z* z. Then 
(zi, Z 2 ) is a Z-basis of H n (S n x 5"). Let a = (oq.c^): S n x 5” —>• S n x 5” 
be a map with bi-degree (a, b) of (X\ and bi-degree (c, d) of a 2 . Then a*(z\) — 
az\ + cz 2 and a*(z 2 ) = (zzr + dz 2 . 

Construct a space, a (2n + l)-manifold, X by identifying in D n+1 x S n + 
D n+l x 5" the point (x, y) € .S'" x S n in the first summand with a(x, y) in the 
second summand via a homeomorphism a — (oq, a 2 ) of S' 1 x S n as above. The 
two summands are embedded as X\ and X 2 into X. We use the MV-sequence of 
(X; X\ , X 2 ) to determine the integral homology of X. Let us consider a portion of 
this sequence 

H n (S n x 5") -U H n (D n+1 x S n ) 0 H n (D n+1 x S”) -+ H n (X). 

We use the Z-basis (zj, z 2 ) as above. The inclusion 5" —> D n+1 x S n , x (0, x) 
give us as image of z the generators u\,u 2 in the summands H n {D n+1 x S n ). The 
image of the basis elements under j is seen to be j(z\) — cu 2 , j(z 2 ) = u\ + du 2 
(we do not use the minus sign for the second summand). We conclude for c 7 ^ 0 
that H n (X ) is the cyclic group of order |c \; the other homology groups of X are in 
this case H 0 (X) = Z = H 2n+ \(X ) and Hj(X) = 0 for j 7 ^ 0,«,2« + 1. We 
leave the case c = 0 to the reader. O 

Problems 

1. Let R" be the union of two open sets U and V. 

(i) If U and V are path connected, then U fl V is path connected. 

(ii) Suppose two of the sets no(U), jto(L), no(U H V) are finite, then the third set is 
also finite and the relation 

\n 0 (U n V)\ - (ko(C)| + ko(L)|) + \n 0 (U U V)\ = 0 


holds. 

(iii) Suppose x, y e U fl V can be connected by a path in U and in V. Then they can 
be connected by a path in U fl V. 

Can you prove these assertions without the use of homology directly from the definition 
of path components? 

2. Let the real projective plane P be presented as the union of a Mobius band M and a disk D , 
glued together along the common boundary S 1 . Determine the groups and homomorphisms 
in the MV-sequence of ( P ; M, D). Do the same for the Klein bottle (K\ M, M). (Singular 
homology with arbitrary coefficients.) 

3. Let (Xi ,..., X n ) be an open covering of X and (Y\ . Y„) be an open covering of Y. 

Let /: X —> Y be a map such that f{Xj) C Yj. Suppose that the restriction fjaex —> 
(") a&A Ya of / induces a homology isomorphism for each 0 / 1 c {1. n}. Then / 
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induces a homology isomorphism. 

4. Suppose AB C A and AB C B are closed cofibrations. Then p: N(A, B) —> A U B is 
an h-equivalence. 

5. The boundary operators in (10.7.2) and (10.7.3) which result when we interchange the 
roles of A and B differ from the original ones by —1. (Apply the Hexagon Lemma to the 
two boundary operators.) 

6. The triad (TxD/Udx/jIxOU/lx/.IxlU/lx/jis always excisive. (Excision 
of X x 0 U A x [0, l/2[ and h-equivalence.) 

7. Verify the assertions about the morphisms in the sequence (10.7.7). 

10.8 Colimits 

The additivity axiom for a homology theory expresses a certain compatibility of 
homology and colimits (namely sums). We show that this axiom has consequences 
for other colimits. 

fl fl p 

Let ( X ., /.) be a sequence X\ -> X 2 - > X 3 -5- • • ■ of continuous 

maps f J . Recall that a colimit (a direct limit) of this sequence consists of a space 
X and continuous maps j k : X& —> X with the following universal property: 

(1) j k+ 1 f k = j k ■ 

(2) If« fc : Xk —»• Y is a family of maps such that a k+1 f k — a*, then there exists 
a unique map a: X —*■ Y such that aj k — a k . 

(This definition can be used in any category.) Let us write 

colim(X., /.) = colimCXfc) 

for the colimit. In the case that the f k :Xi c C X^. +1 are inclusions, we can take as 
colimit the union X = (J, Xj together with the colimit topology: U C X open if 
and only if C7 fl X„ open in X n for each n. 

Colimits are in general not suitable for the purpose of homotopy theory, one has 
to weaken the universal property “up to homotopy”. We will construct a so-called 
homotopy colimit. Colimits of sequences allow a special and simpler treatment than 
general colimits. A model of a homotopy colimit in the case of sequences is the 
telescope. We identify in ]J ( X/ x [i, i + 1] the point (jtj, i + 1) with (/' (x,), i + 1) 
for Xi e Xj. Denote the result by 

T = T(X., /.) = hocolim(X., /.). 

We have injections j k : X^ —> T,x i-> (x. k ) and a homotopy K k : j k+ 1 f k — j k , 
a linear homotopy in X^ x [k, k + 1]. Thus the telescope T consists of the mapping 
cylinders of the maps / ' glued together. The data define the homotopy colimit of 
the sequence. 
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Given maps a k : Xk —Y and homotopies h k : Ajt x [k.k + 1] —>• 7 from 
a k+1 f k to a k . Then there exists a map a : T —> Y such that j k a = a k , and the 
composition of the canonical map X k x [k, k + 1] —» T with a is h k . 

We have subspaces 1\. c T, the image of \^Z\ Xj x [i,i + 1] + X k x {k J. 
The canonical inclusion i k : X k —> T k is a homotopy equivalence (compare the 
analogous situation for a mapping cylinder). 

In homology we have the equality j k = j k+1 f k : h n (X k ) h n (X k+l ) -x 
h n (T). By the universal property of the colimit of groups we therefore obtain a 
homomorphism 

t: colim h n {X k ) h n (T(X„ /.)), 

(10.8.1) Theorem. In an additive homology theory i is an isomorphism. 

a i #2 

Proof. We recall an algebraic construction of the colimit A\ - > A2 —^4 • • • of 

abelian groups. Consider 

0£>1 Ak —>• ©fc>l Ak. (x k ) {.Xk +1 — Ok(Xk )). 

The cokemel is the colimit, together with the canonical maps (inclusion of the j -th 
summand composed with the projection) Aj -x 0^ A k —> colim/l^-. We therefore 
need a computation of h n (T) which has this form. We cover T by the subspaces 

A = T - U,->i ^ 2 / x {2 i + i}, B = T - U/>i *2/-t x {2/ - ±}. 

(10.8.2) Lemma. The inclusions 

I] X 2 ; x {2/} A. U * 2,-1 x {2i - 1} B, \J Xi x {i} ^ A r B 

i > 1 i > 1 i> 1 


are h-equivalences, and (A. B) is a numerable covering ofT. □ 

Because of this lemma we have a Mayer-Vietoris sequence 

h n (A n B) - >h n {A) © h n (B) - >h n (T) 

0 h n (Xj) - 7 0y=o(2) hn(Xj) © 0y=i(2) h n (Xj). 

The map a has the form 


a{x 2 i) = (x 2 i. fT (x 2 i )) and a(x 2/ +i) = (/* 2,+1 (x 2 /+ 1 ), * 21 + 1 ) 

for Xj e h n (Xj). We see that a is injective; therefore we can obtain h„(T) as 
cokernel of a. The automorphism (x, ) \-x ((— l)'x,) transforms a into the map 
which was used in the algebraic definition of the colimit. □ 
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For applications we have to find conditions under which the homotopy colimit 
is h-equivalent to the colimit. We consider the case that the f k \X k —*■ X k+ i are 
inclusions, and denote the colimit by X = fj fe X k . We change the definition of the 
telescope slightly and consider it now as the subspace 

T = \J k X k x[k,k + l] C X x [0, oo[. 

The topology of T may be different, but the proof of (10.8.1) works equally well 
in this case. The projection onto the first factor yields p : T —> X. 

(10.8.3) Example. Let A: X —> [1, oof be a function such that 

s = (id, l):I->Ix[l, oof 

has an image in T. Then s: X —> T is a section of p. The composition sp is 
homotopic to the identity by the homotopy ((x, u), t) m- ( x , (1 — t )u + f A(x)). 
This is a homotopy over X, hence p is shrinkable. The property required by A 
amounts to A(x) < i 4 x e I ;-1 for each i. 

Let (Ui | i e N) be a numerable covering of X with locally finite numeration 
(t,-) (see the chapter on partitions of unity). Set X k = (jf =1 Ui and A = , ft,-. 

Then A(x) < i implies x e X/ _ i • O 

(10.8.4) Proposition. Suppose the inclusions X k C X k+ \ are cofibrations. Then 
T C X x [1, oof is a deformation retract. 

Proof. Since X k C X is a cofibration, there exists by (5.1.3) a homotopy 

h k t : X x [1, oof—>• X x [1. oof rel Y k = X k x [1, oof UX x [k + 1, oof 

from the identity to a retraction X x [0, oof —> Y k . The retraction Rj acts as 
the identity on X k x [l.oof for l > k, and therefore the infinite composition 
RJ — ■ ■ ■ o Rj +2 o Rj + i o Rj is a well-defined continuous map. From h J we obtain 
a homotopy R J — R J + 1 relative to Yj. We can concatenate these homotopies and 
obtain a homotopy from the retraction R 1 to the identity relative to 7'. □ 

Problems 

1. Let T be a subring. Find a system of homomorphisms Z —> Z —>■ • • • such that the 
colimit is T. 

2. Let S" —> S n —> S” —> ■ ■ ■ be a sequence of maps where each map has degree two. Let 
X be the homotopy colimit. Show that jr n ( X ) = Z[l/2], the ring of rational numbers with 
denominators a power of two. What system of maps between S n would yield a homotopy 
colimit Y such that n„(Y) ^ Q? 

3. Let X be a CW-complex and T the telescope of the skeleton filtration. Then the inclusion 
T C X x [1. oof induces isomorphisms of homotopy groups and is therefore a homotopy 
equivalence. One can also apply (10.8.4) in this case. 
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10.9 Suspension 

Recall the homological suspension isomorphism 10.2.5. We use abbreviations of 
the type 7 x A = I A, 3/ x A = dIA, 0 x X = 0A. We set k n (A, 5) = 
h n ((I, 37) x (/1, 5)). The k*(—) are the data for a new homology theory. The 
boundary operator of this homology theory is defined for a triple (A, B, C) by 

3: h n+l (IA, dIA U IB) -?-> h„(dIA U B, dIA U 1C ) h„(IB, 3 IB U 1C ). 

In order to work with this definition we use 

(10.9.1) Lemma. For each triple ( A , 5, C) t/ie m'a<7 (dIA U IB: IB, 3 1A U IC) 
is excisive. 

Proof. The inclusion induces an isomorphism 

h n (dIA, 3 IB) -+ h n (dIA U IC, 3IB U IC), 

excise |xC and use a homotopy equivalence. If we use this also for B = C we 
conclude that h n (dIA U IC, dIB U IC) h n (dIA U IB, IB) is an isomorphism. 

□ 


The exact sequence of the triple ( IA,dIA U IB, DIA) is transformed with 
the isomorphism k n (B) — h n (IB, dIB) = h n {IB U dlA.dIA) into the exact 
sequence of (A. B) for the 7*-groups. Let U C B C A and U C B° . The excision 
isomorphism for the k *-theory claims that 

h n (IA v U), I(B ^U) U dI(A \ U)) h„(IA, IB U dIA) 

is an isomorphism. This is a consequence of 7 U = IU C (IB U 3IA)° and the 
usual excision isomorphism. The isomorphisms o^ A,B ^ : h n (A, B) —> k n +i(A, B) 
defined in (10.2.5) form a natural transformation. The next proposition says that 
they are natural transformations of homology theories of degree 1. 

(10.9.2) Proposition. For each triple (A, B,C) the diagram 


h n +i(A, B) 

fy(A.B) 

k n + 2^4, B) 


——> h n (B, C) 

_ CT (fi,C) 

^ k n+ i (B, C) 


is commutative. 
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Proof. By naturality it suffices to consider the case C = 0. The Hexagon Lemma 
shows a = —ft for the maps 

a: h n +i (I A, IB U dIA) h n (IB U dIA, 3 1 A) 

^ h n (IB U0A.0A U IB) h n - X (0A U 15, OH), 

ft: h n+1 (IA,IB U 3 1 A) -* h n (IB U 3 1 A, IB U0 A) 

^ h n (dIA,0A U 15) -* hn-AOA U 15, OH), 

and the center group h n (IB U 3 1 A, 15 U OH). Let j be the isomorphism 

j : /t„-i(15 U OH, OH) A h n -i(lB) ^ h n -i(B). 

By diagram chasing one verifies ja = 3 and jfto (A,B ^ — 3. □ 

(10.9.3) Lemma. Let (A, 5, C) be a triple. Then we have an isomorphism 

(H, to, t): h n (H, 5)©/z„(H, 5)©/i„(/5, 3/5U/C) ^ h n (dIAUIB , 3/5U/C). 
Here l is induced by the inclusion, and i v by a i-> (v, a). 

Proof. This is a consequence of (10.9.1) and (10.7.1). □ 

(10.9.4) Proposition. For each triple (A, 5, C) the diagram 

ryiA.B) 

h n (A , 5)--- >h n+1 (IA, 3/H U IB) 

Cl 3 

h„(A, B) © M(H, 5) © h n (IB, dIB U IC) —M3/H U IB, dIB U 7C) 

t'j commutative; here a(x) = (x, — x, —o^ B,c ^dx), and the isomorphism ft is taken 
from (10.9.3). 

Proof. The assertion about the third component of a follows from (10.9.2). The 
other components require a little diagram chasing. For the verification it is helpful 
to use the inverse isomorphism of ft given by the procedure of (10.7.1). The minus 
sign in the second component is due to the fact that the suspension isomorphism 
changes the sign if we interchange the roles of 0,1, see 10.2.5. □ 
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Homological Algebra 


In this chapter we collect a number of algebraic definitions and results which are 
used in homology theory. Reading of this chapter is absolutely essential, but it 
only serves practical purposes and is not really designed for independent study. 
"Homological Algebra” is also the name of a mathematical field - and the reader 
may wish to look into the appropriate textbooks. 

The main topics are diagrams and exact sequences, chain complexes, derived 
functors, universal coefficients and Kunneth theorems. We point out that one can 
imitate a lot of homotopy theory in the realm of chain complexes. It may be helpful 
to compare this somewhat simpler theory with the geometric homotopy theory. 


11.1 Diagrams 


Let R be a commutative ring and denote by R- MOD the category of left R- 
modules and R-linear maps. (The category ABEL of abelian groups can be iden¬ 
tified with Z-MOD.) Recall that a sequence of R-modules and /LIinear maps 

a i + \ a i 

■■ ■ —? Ai +1 —> Ai —> Ai -1 —»•••• is exact at Aj if Im(a,- + i) = Ker(a,) and 
exact if it is exact at each Aj. The language of exact sequences is a convenient way 
to talk about a variety of algebraic situations. 

a 

(1) 0 — > A —> B exact a injective. (We also use A >—»- B for an injective 
homomorphism.) 

(2) B — C —^ 0 exact b surjective. (We also use B C lor a surjective 
homomorphism.) 

a b 

(3) 0 A —> B —> C —> 0 exact 4^ a is injective, b is surjective, b induces 
an isomorphism of the cokernel of a with C . 


(4) Let A 


(i) „ (2) „ (3) 


B 


C 


D be exact. Then the following are equivalent: 


(1) surjective <£> (2) zero <£> (3) injective. 


An exact sequence of the form (3) is called a short exact sequence. It sometimes 
happens that in a longer exact sequence every third morphism has the property (1) 
(or (2), (3)). Then the sequence can be decomposed into short exact sequences. 
Note that the exact homotopy sequences and the exact homology sequences have 
“period” 3. 

A family (Mj \ j e /) of modules has a direct sum Mj, the sum 

in the category R- MOD, and a product [~[ / e / Mj, the product in the category 
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R- MOD. The underlying set of the product is the Cartesian product of the under¬ 
lying sets, consisting of all families (xj e Mj \ j e /); the /^-module structure 
is given by pointwise addition and scalar multiplication. The canonical projection 
Pk■ n 7 Mj -x Mk onto the k- th factor is part of the categorical product struc¬ 
ture. The sum 0 ; - Mj is a submodule of the product and consists of all families 
(Xj) where all but a finite number of xj are zero. We have the canonical injection 
ik : Mk —*■ Gj Mj , defined by pkik — id and pkU = Oforfc ^ l. If fj : Mj ->• N 
is a family of R -linear maps, then 

(fj)- G-Vi >-v 

denotes the morphism determined by (fj) o ik — fk- If gj ■ L —> Mj is a family 
of A'-linear maps, then 

(gj):L^UjMj 

denotes the morphism determined by pk ° (gj ) = gk- 

Let (Aj | j e J ) be a family of submodules of M. Then Aj denotes the 
submodule generated by Aj. We say that M is the internal direct sum of the Aj 
if the map 

©; Aj M, (cij) I > Jfj aj 

is an isomorphism. In that case we also write M — 0 ; Aj. A submodule A C M 
is called a direct summand of M if there exists a complement of A, i.e., a submodule 
B such that M is the internal direct sum of A and B. 

We assume known the structure theory of finitely generated abelian groups. An 
element of finite order in an abelian group A is called a torsion element. The torsion 
elements form a subgroup, the torsion subgroup T(A). The torsion subgroup of 
A/T ( A) is trivial. If the group is finitely generated, then the torsion subgroup has 
a complement F, and F is a free abelian group. The cardinality of a basis of F is 
called the rank of A. A finitely generated torsion group is the direct sum of cyclic 
groups of prime power order Z /(p k ), and the number of factors isomorphic to 
Z/( p k ) is uniquely determined by the group. A similar structure theory exists for 
finitely generated modules over principal ideal domains. 

A linear map p.M^-M with the property p o p = p is called a projection 
operator on M. 

f & 

(11.1.1) Splitting Lemma. Let 0 E —> F —> G —>• 0 be a short exact 
sequence of modules. Then the following assertions are equivalen t: 

(1) The image of f is a direct summand of F. 

(2) There exists a homomorphism r : F —> E such that rf — id. 

(3) There exists a homomorphism s: G -x F such that gs — id. 

If (1)—(3) holds, we say the sequence splits. We then call r and s splittings, r a 
retraction of f, s a section of g. In case (2) fr is a projection operator, hence we 



11.1. Diagrams 277 


have F = Im (fr) © Ker (fr) = Im(/) © Ker(r). In case (3) sg is a projection 
operator, hence we have F = Im(.yg) © Ker(sg) = Im (s) © Ker(g). □ 

(11.1.2) Sum Lemma. Suppose given a commutative diagram in R- MOD: 


B i B 2 



Assume j^i^ = 0 fork =1,2. 

(1) If the cik are isomorphisms and (i 2 , ji) is exact, then 

(;'i,/ 2 ): ^4i © A 2 -> C and ( 72 . 71 ): C -* B 2 © Bi 
are isomorphisms and (i\, j\) is exact. 

( 2 ) // (;’i, z 2 ) is an isomorphism and (z 2 , y 2 ) is short exact, then a \ is an isomor¬ 
phism (j), a 2 are not needed). If ( / 2 , /j) is an isomorphism and (i 1 , 71 ) is short 
exact, then a\ is an isomorphism ( z 2 , a 2 are no/ needed). 

Proof. ( 1 ) The hypothesis implies (72,71) o ( /], / 2 ) = oj © a 2 . We show that 
(/ 1 .7 2 ) is surjective. Given ceCwe have 72 (c — z 1 a )" 1 72(c)) = 0, by commuta¬ 
tivity. Hence there exists by exactness x 2 € /l 2 such that c — iiaj " 1 72(c) = / 2 (x 2 ), 
i.e., c is contained in the image of (/j. / 2 ). 

Let 71 (c) = Oandwritec = /j -17 +z 2 x 2 . ThenO = 71 (c) = yjz'iXi +yjz 2 X 2 = 
71 / 2 X 2 = a 2 (x 2 ), hence x 2 = 0 and c e Im(/'i). 

(2) Exercise. □ 

(11.1.3) Hexagon Lemma. Given a commu tative diagram of abelian groups. 



Suppose that k \, /r 2 are isomorphisms, (z'i, 72 ) exact, (z 2 ,y'i) exact, and joio = 0. 
Thenh\kj) l l\ = — /? 2 ^ 2 '^ 2 - 
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Proof. The part i, j. k satisfies the hypothesis of the Sum Lemma (11.1.2). Given 
x e Gq there exist xj e Gj such that i 0 x = i\X\ + i 2 X2- We compute 


0 — .h)U) x — johxi + joG x 2 — h\X\ + I12X2 , 
hx = j\U)X = jiiix + jii 2 x = j\i\x = k 1 x 1 , 

hence X\ = kf'fx and similarly x 2 = kf ] l 2 x. □ 


(11.1.4) Five Lemma. Given a commutative diagram of groups and homomor- 
phisms with exact rows: 



(1) a surjective, h, d injective => c injective. (Here the E-part of the diagram is 
not needed.) 

(2) h. d surjective, e injective =>■ c surjective. (Here the A-part of the diagram 
is not needed.) 

(3) a surjective, b , d bijective, e injective c bijective. 


Proof. For another proof see ( 11 .2.7). We give here a direct proof by the “method” 
called diagram chasing. One refers to diagram chasing whenever the proof (chasing 
elements through the diagram) does not really require a mathematical idea, only 
careful patience. 

(1) Let c(w) = 0. Then y'c(w) — dy(w) = 0, and injectivity of d shows 
y(w) — 0. By exactness, f(v) — w for some v. Since fi'b(v) = cf{ v) — 0, we 
have a'(u') = h ( v) for some u !', by exactness, and a (it ) = u' by surjectivity of 
a. By injectivity of b and commutativity we see a (it) = v and hence by exactness 
w = fi(v) = 0 . 

(2) Given w’ e C'. Choose x such that d(x) = y'(c'). By exactness, 

commutativity, and injectivity of e, we see 8 (x) = 0 and hence y(w) = x for 
some w. By commutativity, c(w) and w' have the same image under y'. Hence 
w' = c(w)-f(v') for some v'. Then c(w-/3(v)) = c(w)-cf(v) = c(w)-fi'b(v) = 
c(w) ■ = w', i.e., w' is contained in the image of c. 

(3) A consequence of (1) and (2). □ 
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Problems 

1. Let p be a projection operator on M. Then 1 — p is a projection operator. The equalities 
Im(l — p) = Ker (p) and Ker(l — p) = Im (p) hold. Moreover M = \m(p) © Im(l — p). 
The submodule A of M is a direct summand if and only if there exists a projection operator 
with image A. 

2. Let (Aj | j e J) be a finite family of modules. Suppose given linear maps i k : Ak —> A 
and p 1 : A —> Ai such that p k i k = id and p k i 1 = Ofork / / (we write p k i l = 8 kl in this 
case). Then (pk) ° (i k ) = id and ( i k ) o (pk) = Ylj l ' P J * s a projection operator. Hence 
the following are equivalent: (1) (i k ) is an isomorphism. (2) (p k ) is an isomorphism. (3) 
Ey i J P J = id - 

3. Let p be a prime number. Determine the number of subgroups of Z /(p k ) © Z /(p ! ). 

4. Consider the group Z/(6) © Z. Determine the subgroups of index 2, 3,4,5, 6. Determine 
the number of complements of the torsion subgroup. 

5. Let A be a finitely generated abelian group. Then A (g)^ Q is a (Q-vector space. Show 
that its dimension is the rank of A. 

6. Let Mj , j e J be submodules of M. The following assertions are equivalent: 

(1) Ey Mj is the direct sum of the Mj. 

(2) For each i e J , M t n M i = (°}- 

(3) Suppose E/ Xj = 0, Xj e My, almost all Xj = 0, then xj = 0 for each ye/. 


11.2 Exact Sequences 

We start with a commutative diagram of modules. 


A^-^B — b -^C 


A' - >B' 


AC 1 


It yields two derived diagrams (Ke = kernel, Ko = cokernel, Im = Image). 


Ke(a) —^ Ke(/1)---> Ke(y) 


(i) 


( 2 ) 


Ke(a'a) ——> Ke(/1) ——> Ke(y) fl Im(Zt) 


Ko(a)---> Ko(/3) —^ Ko(y) 


(3) 


(4) 


B’ 

IMP) 


v C’ 

—> 


lm(yb) 


Im(o') + Kc(a') 
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The morphisms named a.h. a', b' are induced by the original morphisms with the 
same name by applying them to representatives. (1) and (2) are inclusions, (3) and 
(4) are quotients. 

(11.2.1) Proposition. Let ( a,b ) and (a, b') be exact. Then a connecting morphism 


S: Ke(y) fl Im(Zt) 


A! 

Im(a) + Ke(a') 


is defined by the correspondence (a 1 ) 1 fib . 

Proof. For 5 e Ke(y) n Im (b) there exists y e B such that b(y) = z; since z e 
Ke(y) and yb — b'fi we have f(y) e Ke(Z/); since Ke(b') C Im (a'), there exists 
x' e A' such that a'(x') = /)(>’). We set S(z) = x' and show that this assignment 
is well-defined. If y e B, b{y) = z, then b(y — y) =0; since Ke(fi) C Im(a), 
there exists x e A such that a(x) = y — y. We have f(y) — f(y) = a'a(x), 
because of a'a = fa, and with a'(x') = f(y) we obtain a'(x' — x' — oi(x)) = 0 , 
i.e., x’ = Jc' mod Im(a) + Ke(a') . □ 


We add further hypotheses to the original diagram and list the consequences 
for the derived diagrams. We leave the verification of (11.2.2), (11.2.3), (11.2.4), 
(11.2.5) to the reader. 

11.2.2 If a' is injective, then (1) and (3) are bijective. If b is surjective, then (2) 
and (4) are bijective. O 


11.2.3 Let (a', b’) be exact. Then 

A! a’ B’ b' C 

Im(a) + Ke{a’) Im(/1) Im {yb) 

is exact. If, moreover, b is surjective, then (4) is bijective and therefore 

Ko(a) Ko(/3) —>■ Ko(y) 

is exact. If b' is surjective, then the derived V is surjective too. O 


11.2.4 Let (a, b) be exact. Then 

Ke^'a) Ke(/3) —> Ke(y) fl Im (b) 
is exact. If, moreover, a’ is injective, then (1) is bijective and therefore 
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is exact. If a is injective, then the derived a is injective too. O 

11.2.5 Let (a. b) and (a', b') be exact. Then, as we have seen, S is defined. Under 
these assumptions the bottom lines of the derived diagrams together with 8 yield 
an exact sequence. (See the special case (11.2.6).) O 

(11.2.6) Kernel-Cokernel Lemma. If in the original diagram a 1 is injective and b 
surjective, then (1), (2), (3), and (4) are bijective and the kernel-cokernel-sequence 

Ke(a) —Ke(/f) —Ke(y) —Ko(a) —Ko(j 6 ) —Ko(y) 


is exact. 

Proof. We show the exactness at places involving <5; the other cases have already 
been dealt with. The relations 8b = 0 and a'8 — 0 hold by construction. 

If the class of x' is contained in the kernel of a', then there exists y such that 
a'(x') = f)(y). Hence z = h ( y) e Ke(y) by commutativity, and 8(z) = x'. 

Suppose z e Ke(y) is contained in the kernel of <5. Then there exists y such 
that z = b(y), f(y) = a'(x') and = a(x) e Im(o'). Then b(y — a(xf) = z 
and f>{y — a(x)) = f(y) — fa{x) = f(y) — a’a(x) = fi(y) — a'(x') = 0. Hence 
y — a(x) is a pre-image of z. □ 

We now relate the Kernel-Cokernel Lemma to the Five Lemma (11.2.7); see also 
(11.1.4). Given a commutative five-term diagram of modules and homomorphisms 
with exact rows. 



We have three derived diagrams. 


0 Ke(S) 

d 



> 0 , 


0-> Ko(o;) -^-4 c Ke(<5)-> 0 

b c d 

0-> Ko(«0 c Ke(y)-> 0. 
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The rows of the first two diagrams are exact for trivial reasons. The exactness of the 
rows of the original diagram implies that the third diagram has exact rows. From 
the considerations so far we obtain the exact sequences 

Ke(e) fl Im(5) —> Ko(J) -a- Ko(<i), 

Ke(i) -a K e(b) -> A'/(Jm(a) + Ke(a')), 

0 -a Ke( 6 ) -a Ke(c) -a Ke(J) -a Ko (b) -a Ko(c) -a Ko(J) -a 0. 

This yields: 

(11.2.7) Five Lemma. Given a five-term diagram as above. Then the following 
holds: 

(1) Ke( 6 ) = 0,Ke(d) = 0 => Ke(c) = 0. 

(2) Ko (b) = 0, Ko(J) = 0 =► Ko(c) = 0. 

(3) Ke(i) = 0 , A!/ (Im(a) + Ke(a')) = 0 =► K e(b) = 0 . 

(4) Ke(e) n Im(<5) = 0, Ko (d) = 0 =► Ko(d) = 0. 

(5) a surjective, b.d injective =>■ c injective. (Here the E-part of the diagram 
is not needed.) 

(6) b. d surjective, e injective =>■ c surjective. ( Here the A-part of the diagram 
is not needed.) 

(7) a surjective, b, d bijective, e injective c bijective. □ 


Problems 

1. Given homomorphisms /: A -a B and g: B -a- C between ^-modules. Then there is 
a natural exact sequence 

0 -a Ke(/) -a K t(gf) -a Ke(g) -a Ko(/) -a Ko(g/) -a Ko(g) -a 0. 

The connection to the previous considerations: The commutative diagram with exact rows 


0 

0 


A A 


(i,/) 


A A © B 




A B 


gf® 1 


te.D „ + „ <—l.S'l „ 
A B - > C © B - > C 


■>0 

>0 


can be viewed as an exact sequence of chain complexes. Its homology sequence (1 1.3.2) is 
the desired sequence, if we identify the kernel and cokernel of gf © 1 with the corresponding 
modules for gf. 

Describe the morphisms of the sequence and give also a direct proof. 
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11.3 Chain Complexes 

The algebraic terminology of chain complexes arose from the definition of ho¬ 
mology groups. Since then it also has become of independent interest in algebra 
(homological algebra). The construction of (singular) homology proceeds in two 
stages: First one associates to a space a so-called chain complex. Then the chain 
complex yields, by algebra, the homology groups. The category of chain complexes 
and chain maps has an associated homotopy structure. 

We work in this section with the category R- MOD of left modules over some 
fixed ring R. A family .4* = (A n \ n € Z) of modules A„ is called a Z- graded 
module. We call A n the component of degree or dimension n. One sometimes 
considers the direct sum /I „; then the elements in A n are said to be ho¬ 

mogeneous of degree n. Typical examples are polynomial rings; if k [x, y] is the 
polynomial ring in two indeterminates x,y of degree 1 say, then the homogeneous 
polynomials of degree n are spanned by x' y n ~‘ for 0 < i <n, and in this manner 
we consider k[x.y] as a graded ^-module (actually a graded algebra, as defined 
later). One can also consider formal power series; this would correspond to taking 
the product n«ez instead of the sum. 

Let A * and 5* be Z-graded modules. A family /„ : A n —> B n +k of homomor- 
phisms is called a morphism of degree k between the graded modules. 

A sequence C. = ( C „, d n \ n e Z) of modules C„ and homomorphisms 
3„ : C n — C n - 1 , called boundary operators or differentials, is said to be a chain 
complex, i t for each n e Z the boundary relation 3„_i o <) n = 0 holds. We associate 
to a chain complex C, the modules 

Z„ = Z n (C.) = Ker(3„: C„ -+ C„_i), 

B n = B n (C.) = lm(3„ +1 : C n+1 -+ C „), 

H n = H n (C .) = Z n /B n . 

We call C„ (Z„, B n ) the module of n-chains ( n-cycles , n-boundaries) and H n 
the n-th homology module of the chain complex. (The boundary relation 33 = 0 
implies B n C Z„, and therefore //„ is defined.) Two n-chains whose difference is 
a boundary are said to be homologous. Often, in particular in the case R — Z, we 
talk about homology groups. 

Let C. = ( C n , c n ) and D. = ( D n .d n ) be chain complexes. A chain map 
/,: C. —>• D. is a sequence of homomorphisms f n : C n —> D n which satisfy the 
commutation rules d n o /„ = /„_i o c„. A chain map induces (by restriction 
and passage to the factor groups) homomorphisms of the cycles, boundaries, and 
homology groups 

Z„(/.): Z„(C.) —Z„(D.), 

B n (f.): B n (C.) ->• B n (D,), 

/* = //„(/.): H n (C.) H n (D.). 
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A (short) exact sequence of chain complexes 

o -* c' c c" -* o 

fTX SIX 

consists of chain maps / and g such that 0 —»• C' n —> C n —> C" —> 0 is exact 
for each n. 

We certainly have the induced morphisms H n (f) and H n (g). Moreover, there 
exists a connecting morphism <)„ : fl„(C ") —> H n -\(C' ), also called boundary 
operator, which is induced by the correspondence ff_ ] ] o d n o g ~ 1 . 

C n C" 3 z" 

dn 

z' e C'_J C„_, 

(11.3.1) Lemma. For a cycle z" e C'f with pre-image z under g n the relation 
g n -\d n z — dfgnZ = dfz" = 0 and exactness shows that there exists z' with 
d n (z) = f n -\(z'). The assignment z" (->• z 1 induces a well-defined homomorphism 
9«: H n (C") -a 

Proof. The relation f n - 2 d' n _ x z' = d n -\ f n -\z' = d n -id„z = 0 and the injectivity 
of fn —2 show that z' is a cycle. If we choose another pre-image z + f n w' of z", 
then we have to replace z' by z' + d' n w' , so that the homology class of z' is well- 
dehned. Finally, if we change z" by a boundary, we can replace z by the addition 
of a boundary and hence d n z does not change. □ 

(11.3.2) Proposition. The sequence 

••• -► H n {C') ^ H n (C) H n (C") ^ H n - i(C') -a ••• 


is exact. 

Proof. The boundary operator d n 'C n —>■ C n -i induces a homomorphism 

dn ■ K n — C n /B n > Z n —\, 

and its kernel and cokernel are //„ and H n ~\. By (11.2.3) and (11.2.4) the rows of 
the next diagram are exact. 


K 


o 


-+K-1 


fn 


fn- I 


> K„ 


■> Z„_ 


gn 


Sn —1 


«—1 




> 7" 

* ^n -1 


AO 


The associated sequence ( 11 .2.6) H' n -a //„ -a //,( 
is the exact homology sequence. 




H„- 


n —1 


□ 
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Let fg: C = (C„,c n ) D = (D n ,d n ) be chain maps. A chain homotopy 
s from / to g is a sequence s„ : C' n — D n+ 1 of homomorphisms which satisfy 

dn +1 ° T" Sn—1 ° Cn — gn ./«• 

(This definition has two explanations; firstly, one can define “chain homotopy” in 
analogy to the topological definition by using the chain complex analogue of the 
unit interval; secondly, it codifies the boundary relation of a geometric homotopy.) 
We call / and g homotopic or chain homotopic, if there exists a chain homotopy 
5 from / to g, in symbols s: f — g. “Chain homotopic” is an equivalence 
relation on the set of chain maps C —»• D; the data s: f — g and t:g — h 
imply (s n + t n ): f — li. This relation is also compatible with composition; if 
s: f ~ f': C -»• D and t:g~g':D->E, then (g n+ is„): gf ~ gf and 
(?„/„): gf — g' f. We call /: C —>■ D a chain equivalence , if there exists a 
chain map g: D —*■ C and chain homotopies fg — id and gf — id. 

(11.3.3) Proposition. Chain homotopic maps induce the same morphisms between 
the homology groups. 

Proof. Letx e C n be a cycle. The homotopy relation g„ (x) — f n {x ) = d n +\s n (x) 
shows that /„ (x) and g„ (x) are homologous. □ 

11.4 Cochain complexes 

Let C m = ( C n , 3„) be a chain complex of /Cmodulcs. Let G be another /^-module. 
We apply the functor Hom«(—, R) to C. and obtain achain complex C* = (C n ,S n ) 
of ^-modules with C n = Hom/{(C„, R ) and the .R-linear map 

8” : C n = Horn r (C„,R) -»> Hom R (C„+i, R) = C n+1 

defined by 8"(<p) = (—1 ) n+1 <p o 3„ +1 for cp e Hom(C n , R). 

For the choice of this sign see 11.7.4. The reader will find different choices of 
signs in the literature. Other choices will not effect the cohomology functors. But 
there seems to be an agreement that our choice is the best one when it comes to 
products. 

Now some “co” terminology. A cochain complex C* = (C n ,S n ) is a Z- 
graded module (C n \ n € Z) together with homomorphisms 8 n : C n —>• C n+1 , 
called coboundary operators or differentials 1 , such that 8 n+1 8" = 0. We set 

Z n = KerT. B n = \m8 n ~\ H n = Z n / B n 

and call C”, Z", B n the module of n-cochains, n-cocycles , n-coboundaries, and 
H n the n-th cohomology module of the cochain complex. 

'An important cochain complex arises from the exterior differentiation of differential forms. So one 
should not use a “co” word here. 
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11.5 Natural Chain Maps and Homotopies 

Let 'C be an arbitrary category and CH+ the category of chain complexes (C„ ,c n ) of 
abelian groups with C n — 0 for n < 0 and chain maps. A functor If : C —»■ CH + 
consists of a family of functors F n : 'C —>■ Z-MOD and natural transformations 
d„ : F n —> F n - 1 such that d^_ A od£ = 0. A natural transformation : F* —> G*. 
between such functors is a family of natural transformations cp n : F n —»• G„ such 
that d„<p n = (p n -\d^. A natural chain homotopy s*: <p* — t//* from <p* to t//* is 
a family s n : F n —>• G n +\ of natural transformations such that 

d„ +1 os» + s „-i o d* = \Jr n -<p n . 

A functor F n : 'C —Z-MOD is called free if there exists a family (( B n j,b n j ) | 
j e J(n)) of objects B n j of G (called models) and elements b n j e F n (B n j) such 
that 

Fn(f)(bnj), j e /(«), / e Hom e (7? nJ ,X) 

is for each object X of 'C a Z-basis of F n (A). A natural transformation (p n : F n —>• 
G„ from a free functor F n into another functor G n is then determined by the values 
(pn (b n ,j) and the family of these values can be fixed arbitrarily in order to obtain a 
natural transformation. We call F* free if each F„ is free. We call G* acyclic (with 
respect to the families of models for F*) if the homology groups //„ (G* ( B n j )) = 0 
for n > 0 and each model B n j. 

(11.5.1) Theorem. Let F^ be a free and G* be an acyclic functor. For each natural 
transformation If) o F 0 ->■ // 0 o Go there exists a natural transformation 
tp* : F^ —> which induces Ip. Any two natural transformations (p and \[r with 

this property are naturally chain homotopic ([57]). 

Proof. We specify a natural transformation cpo by the condition that (p(boj) rep¬ 
resents the homology class <p[b 0 j]. Let now <pi: F, —»• G, be natural transfor¬ 
mations (0 < i < n) such that df’ipi — (pi _i df for 0 < i < n. Consider the 
elements (p n -id„b n j e G n -i(B n j). For n — 1 this element represents 0 in 
Ho, by the construction of (po- For n > 1 we see from the induction hypothesis 
that d^_ x tp n -\d^b„j = (p n - 2 d„_ x d„ b n j = 0. Since G* is acyclic we find 
g n j e G n (B n j) such that d„ g n ,j = (p n -id£b n ,j■ We specify a natural trans¬ 
formation (p by the conditions < p(b n j ) = g n j . This transformation then satisfies 
d^(p n = p n -]d[. This finishes the induction step. 

Let now <p* and r/r* be given. Then \j/o(boj) — (po(boj) = d x co,j for some 
Coj, since t//o (/)<)./) and (po{boj) represent the same homology class. We define 
the transformation s 0 . F 0 —>■ G\ by the condition So(boj) = Coj- Suppose now 
that s„ : F n —> G n +\ arc given such that dj ’ +] Sj + Si-\df = ft —tp\ forO < i < n 
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(and S -1 = 0). We compute with the induction hypothesis 
d„{f n ~(p n - S n -ld„ ) 

= tn-ld„ - <p„-i d„ - {fn-ldn ~ <Pn-\d„ ~ S n ^ 2 d^)d^ = 0. 
Thus, by acyclicity, we can choose c n j e G„+ \ ( B n j ) such that 
d n -\-\Cn,j = (VTi Vn Sn—\d n )(b n j). 

We now specify a natural transformation s„ : F n -> G„+i by s n (b n j) — c„j. It 
then has the required property d„ +1 s n = iA« — <Pn ~ s n -1 d[. □ 

Problems 

I. Let Fq <— Fi be a chain complex of free ^-modules /•’, and Dq D \ •<—■■■ an 

exact sequence of ^-modules. A chain map (cp: Fi Di | i e Nq) induces a homomor¬ 
phism Ho(<p*): Hoi /■’*) —> W()(/J*). Given a homomorphism a: Ho(F *) —>■ Ho(Do) 
there exists up to chain homotopy a unique chain map (ipj) such that //o(<p*) = a. This can 
be obtained as a special case of (11.5.1). 

The reader should now study the notion of a projective module (one definition is: direct 
summand of a free module) and then show that a similar result holds if the Fi are only 
assumed to be projective. 

An exact sequence of the form 0 <— A <— Po <— P\ •<—■■■ with projective modules 
Pi is called a projective resolution of the module A. The result stated at the beginning says 
that projective resolutions are unique up to chain equivalence. ( Fundamental Lemma of 
homological algebra). Each module has a free resolution. 

II. 6 Chain Equivalences 

A chain map which induces an isomorphism of homology groups is under certain 
circumstances a chain equivalence. This is one of the results of this section. 

The notion of a chain homotopy can be used to develop a homotopy theory of 
chain complexes in analogy to the topological homotopy theory. 

We have the null complex; the chain groups are zero in each dimension. A 
chain complex is called contractible if it is chain equivalent to the null complex, or 
equivalently, if the identity is chain homotopic to the null map. A chain complex is 
said to be acyclic if its homology groups are zero. 

Let /: ( K,d K ) —»• (L,d L ) be a chain map. We construct a new chain complex 
Cf, the mapping cone of /, by 

(Cf) n = L„ © K„- 1 , d cf (y, x) = (d L y + fx,-d K x). 

This can also be written in matrix form 
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The suspension E K of K is defined by (Y.K)„ = K n -\ and d' LK = —d K . 
The canonical injection and projection yield an exact sequence of chain complexes 
0 —> L —^ Cf —> ZK —»• 0. Associated is an exact sequence (11.3.2), and 
the boundary morphism 3: H n+ \(ZK) —»• H n {L) equals H n (f ), if we use the 
canonical identifications H n +\(ZK) = H n (K). The next result shows a typical 
difference between the topological and the algebraic homotopy theory. 

(11.6.1) Theorem. Let Cf be contractible. Then f is a chain equivalence. 

Proof. The inclusion r. L —> Cf. y (y. 0) is null homotopic, since Cf is 
contractible. Let 5 : 1 ~ 0 be a null homotopy. We write .v( v) = (y(v). g(v)) e 
L © K (without notation for the dimensions). The condition ds + sd = 1 then reads 

(dyy + fgy + y^y. -3 gy + gdy) = (y, 0 ), 

i.e., 3 g = g 3 and 3y + yd = id —fg. Hence g is a chain map, and because of the 
y-relation, a right homotopy inverse of /. 

The projection k\ Cf Y.K is likewise null homotopic. Let t : k ~ 0 be a 
null homotopy. We write t(y, x) = h(y) + rj(x). The equality dt + td = k then 
means 

—3 hy + hdy — drjx + qdx + h fx = x, 

hence 3 h — h 3 and 3r; + r]H — hf — id. Therefore h is a chain map and a left 
homotopy inverse of/. □ 

(11.6.2) Proposition. Let K be acyclic and suppose that Z n C K n is always a 
direct summand. Then K is contractible. 

d 

Proof. We have the exact sequence 0 —> Z n —> K n —> B n -\ —> 0, and since 
K is acyclic we conclude Z„ = B n . Moreover there exists t„_i: B n -\ —> K n 
with 3/„_i = id, since Z„ is a direct summand of K n . We therefore have a direct 
decomposition K n = B n © t n -\ B n _\. We define s: K n —> K n+ i by s\B n = t n 
and s n \t n -\B n -i = 0. With these definitions one verifies separately on B n as well 
as on t n -\B n -\ that ds + sc) is the identity, i.e., 5 is a null homotopy of the identity. 

□ 

(11.6.3) Theorem. Let f : K —> L be a chain map between chain complexes which 
consist of free modules over a principal ideal domain R. If f induces isomorphisms 
/* : H*(K) = //* ( L), then f is a chain equivalence. 

Proof. The exact homology sequence and the hypothesis imply that Cf is acyclic. 
A submodule of a free /©module is free. Hence the boundary groups of the complex 
Cf are free, and therefore the exact sequence 0 —> Z n —>■ Cf n —> /i n -i —*■ 0 splits. 
Now we apply (11.6.1) and (11.6.2), in order to see that / is a chain equivalence. 

□ 
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In the topological applications we often have to work with large chain complexes. 
In some situations it is useful to replace them by smaller chain equivalent complexes. 
A graded /^-module A — (A„) is said to be of finite type if the modules A„ are 
finitely generated -modules. 

(11.6.4) Proposition. Let R be a principal ideal domain. LetC = (C n ) be a chain 
complex of free R-modules such that its homology groups are finitely generated. 
Then there exists a free chain complex D of finite type which is chain equivalent 
to C. 

Proof. Let F n be a finitely generated submodule of Z n (C) which is mapped onto 
H n (C) under the quotient map Z n (C) —*■ H n (C), and denote by G„ the kernel 
of the epimorphism F n —> H n (C). Define a chain complex D = ( D n . d n ) by 
D n — F n © G„_ i and d n (x. y ) = (y, 0). Then D is a free chain complex of finite 
type and Fl n (D) = F n /G n = Since G n is a free submodule of B n (C) we 

can choose for each n a homomorphism cp n : G n —> C„ + i such that c n + \(p n {y) = y 
for each y e G n . Define f n \ D n = F„ © G n -i -> C„, (x, y) \-+ x + q> n -i(y). 
One verifies that x[r — (f/ n ) is a chain map which induces an isomorphism of 
homology groups. By (11.6.3), yjr is a chain equivalence. □ 

11.7 Linear Algebra of Chain Complexes 

We work in the category R- MOD for a commutative ring R. 

11.7.1 Graded modules. Let A, — (A n ) and B. = ( B n ) be Z-graded left R- 
modules over a commutative ring R. The tensor product A, ® B . is the module 
with (B p+q=n A p Zr B q as entry in degree n. If /: A, —> A . and g: B. B', 
are morphisms of some degree, then their tensor product / <g> g is defined by 

(/ ® g)(a ®b) = (~l) ]g]M f(a) ® g(b). 

Here \a\ denotes the degree of a. The formula for the tensor product obeys the 
(heuristic) “graded sign rule”: Whenever entities of degree x and y are interchanged, 
then the sign (— l) xy appears. The tensor product of objects and of morphisms is 
associative and compatible with composition (in the graded sense) 

(/ ® g) o (/' <g> g’) = (-1 ) lgll/ V/' <8> gg' 

(sign rule). This composition is associative, as it should be. When we use the degree 
as upper index (e.g., in cohomology), then the agreement A k = is sometimes 
suitable. O 

11.7.2 Graded algebras. A Z-graded .R-algebra A* is a Z-graded /s’-module 
( A n n e Z) together with a family of /^-linear maps 
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The algebra is associative, if always x ■ (y • z ) = (x- y)-z holds, and commutative, 
if always x • y = (— l)l*H>’ly • x holds (sign rule). A unit element 1 e A 0 of the 
algebra satisfies 1 • x = x = x • 1. Let M* = (M n ) be a Z-graded f?-module. A 
family 

A 1 0 M J ' —> M ,+ i, 

of A’-linear maps is the structure of an /l*-modulc on M*. provided the associativity 
a ■ (b ■ x) = (a ■ b ) • x holds for a, b e A and x e M. If A has a unit element, 
then the module is unital, provided 1 ■ x = x always holds. Let A* and B * be Z- 
graded algebras. Their tensor product A 0 B is the tensor product of the underlying 
graded modules (A <g> B) n — Q) j+ j =n A' 0 B J together with the multiplication 
(a ® b) ■ {a' 0 b') = (-l)l fe H a 'l aa' <8> bh' (sign rule). If A and B are associative, 
then A ® B is associative. If both have a unit element 1, then 1 <8> 1 is a unit element 
for the tensor product. If both algebras are commutative, then their tensor product 
is commutative. The tensor product of graded algebras is an associative functor. O 

11.7.3 Tensor product of chain complexes. Let (A cIa) and (/?., dn ) be chain 

complexes. Then the graded module A, <g> B, is a chain complex with boundary 
operator d = <^4 <g) 1 H- 1 <8> . Here we have to take the sign rule into account, 

i.e., 

d{a <g> b) = dAa ® b + (—1 )^a <g) dsb. 

One verifies dd — 0, using this sign rule. Passage to homology induces 

H P (A,) <g> H q (B .) H p+q (A . <g> 5.), [a] ® [b] [a ® b\. 

The tensor product of chain complexes is associative. O 

11.7.4 Dual chain complex. We regard the ground ring R as a trivial chain complex 
with R in degree 0 and zero modules otherwise. Let ( A n , 9) be a chain complex. 
We define the dual graded f?-module by A*_ n = Horn r(A„. R). We require a 
boundary operator 9: A*_ n -> A*_ n _ x on the dual module such that the evaluation 
e: A*, <g> A. -> R 

£■ A*_ n <g> A n —>■ R, (p ® a (p(a), 

e = 0 otherwise, becomes a chain map. This condition, s((p 0 a) = 0 and 11.7.3 
yield for <p 0 a e ® A n 

0 = de((p 0 a) = e{d(<p 0 a) 

= s(S(p 0 a + (—1)^^ 0 da 
= (8<p)(a) + (—l)'^(9a), 


i.e., we have to define 8(p = (— \)\v\ +1 (p o 9. 


O 
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11.7.5 Hom-Complex. For graded modules A, and B . we let I lorn (A ., B .) be 
the module with Y\aeT Hom(/l a , B a+n ) as component in degree n. On this Hom- 
module we use the boundary operator 

d(f) = O o f.) - ((-1 ) n f o 9) 

for (fi: A t B i+n ) , i.e., the a-componcnt pr a (df) € IIom(/l a . B a + n - 1 ) for 
f = ( f a ) e Hom(^4., B,) n is defined to be 

pr a(df) = 3 o fa- {-i) n ga-l ° 3. 

One verifies dd = 0. This definition generalizes our convention about the dual 
module. O 

11.7.6 Canonical maps. The following canonical maps from linear algebra are 
chain maps. 

(1) The composition 

Hom(5, C) ® Hom(.4, B ) -> Hom(,4, B ), ) <g> (gy) (//+| g | o g,). 

(2) The adjunction 

$: HomU(g)5,C) -* Homfd, Hom(5. C)), <^(f l )(x)(y) = f\ x \+\ y \{x®y). 

(3) The tautological map 

y : Hom(C, C') <g> Hom(£), D') -x Hom(C <g> D, C' <g> D') 

with y( f ® g)(x ® y) = (— \)^ 8 ^ f{x) <g) g(y) (sign rule). 

(4) The trace map A: A* <S> B —> Hom(^4, B), \(<p <S> b)(a) = (—1)1^11*1 (p{a)b. O 

Problems 

1. Tensor product is compatible with chain homotopy. Let s : / cx g: C —> C' be a chain 
homotopy. Then .v (g) id: /(g> id ~g(g> id :C(g>.D —> C' ® D & chain homotopy. 

2. A chain complex model of the unit interval is the chain complex /, with two non-zero 
groups I\ = R with basis e, Iq = R © R with basis eo- ci and boundary operator d(e) = 
ci — Co (in the topological context: the cellular chain complex of the unit interval). We use 
this model to define chain homotopies with the cylinder /, ® C. Note 

Cn © c n © C „_1 (7. © C)n, (xi, xo, y) i-» ci © x\ + e 0 © ,\'o + e®y. 

A chain map /;:/,© C —> D consists, via these isomorphisms, of homomorphisms 
h l n : C n —> D n and s n : C n —> D n +i. The h\ are chain maps (t = 0, 1) and ds n (y ) = 
h}i (A) — h° n (y) — s n —\cy, i.e., s, : hi cx h® is a chain homotopy in our previous definition. 

3. Imitate the topological definition of the mapping cone and define the mapping cone of a 
chain map /: C —> D as a quotient of /. © C © D. The «-th chain group is then canonically 
isomorphic to C„_i © D„ and the resulting boundary operator is the one we defined in the 
section on chain equivalences. Consider also the mapping cylinder from this view-point. 
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11.8 The Functors Tor and Ext 


Let R be a principal ideal ring. We work in the category R- MOD; this comprises 
the category of abelian groups (Z-modules). An exact sequence 0 —> F\ —> Fo —> 
A —>■ 0 with free modules F\ . Fq is a free resolution of A. Since submodules of 
free modules are free, it suffices to require that Fq is free. Let F{A) denote the 
free iGmodule generated by the set A. Denote the basis element of F(A) which 
belongs to a e A by [a\. We have a surjective homomorphism p : F(A) — »• A, 
f2 n aVA 22n a a. Let K(A) denote its kernel. The exact sequence 

0 -* K{A) -4 F{A) 0 

will be called the standard resolution of A. We take the tensor product (over R) 
of this sequence with a module G, denote the kernel of i <8> 1 by '\\x R (A. G) = 
Tor(/l, G) and call it the torsion product of A,G. 

We now derive some elementary properties of torsion products. We show that 
Tor(/l, G) can be determined from any free resolution, and we make Tor(—, —) into 
a functor in two variables. In the next lemma we compare free resolutions. 

(11.8.1) Lemma. Given a homomorphism f : A —>• A! and free resolution IF and 
IF 1 of A and A', there exists a commutative diagram 


> F\ 


A Fr, 


h 

K 


fo 


A FI 


AF' 


a A 


A A' 


AO F 


AO F’ 


(without s). If (/i, fo) is another choice of homomorphisms making the diagram 
commutative, then there exists a homomorphism s: Fo —x F[ with fo — fo = i's 
and /i — // = si. 

Proof. Let (x^) be a basis of F 0 . Choose x’ k e Fq such that p'(x ’ k ) = fp(x]f). 
Define / 0 by fo(Xk) — x Then fp = p'fo- Since p'foi = 0, there exists by 
exactness of.) 7 ' a unique f\ such that foi = i' f \. Since p' {fo — fo) = fp — fp — 
0, the elements {fo — fo)(xk) are contained in the kernel of p'. Hence we have 
{fo - fo){xk) = i'{y k ) for suitable y k . We dehne x by s(x k ) = y k . From 
i'{f\ — //) = foi — foi — i'si and the injectivity of i' we conclude /i — f[ = si. 

□ 

We take the tensor product OG of the diagram in (11.8.1). The homomorphism 
/i ® 1 induces a homomorphism Ker(/ ® 1) Ker(/' ® 1) and f\ — f[ = si 
shows that this homomorphism does not depend on the choice of {f\ , / 0 ). Let us 
denote this homomorphism by T{f\ F. IF'). If g: A' -x A" is given and IF" a 
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free resolution of A", then T(g\ T'', f") o T{f\3 r , !F') = T(gf ; IF, F"). This 
implies that an isomorphism / induces an isomorphism T(f;F, F'). In particular 
each free resolution yields a unique isomorphism Ker(/ (g> 1) = Tor (/I: G), if we 
compare F with the standard resolution. The standard resolution is functorial in A. 
This fact is used to make Tor(—, G) into a functor. It is clear that a homomorphism 
G —> G' induces a homomorphisms Tor(/l, G) —> Tor(/l, G'). Hence Tor is also 
a functor in the variable G (and the two functor structures commute). 

If we view 0 —> F\ —> F 0 > 0 in (11.8.1) as a chain complex, then (/), /o) is 
a chain map and s yields a chain homotopy between ( f \, / 0 ) and (f[. /„'). 

(11.8.2) Proposition. Elementary properties of torsion groups in the category of 
abelian groups are: 

(1) Let A be a free abelian group. Then Tor(/l, G) = 0. 

(2) Tor(Z/«, G) ^ {g e G | ng = 0} c G. 

(3) If G is torsion free, then Tor(Z / n, G) = 0. 

(4) Tor(Z/;n, Z//i) = Z /d with d the greatest common divisor of m,n. 

(5) A direct sum decomposition A = A i © A 2 induces a direct sum decomposition 
Tor(H, G) ss Tor(Hi, G) © Tor(H 2 , G). 

Proof (1) 0 —> t) —> /I —> /I —> 0 is a free resolution. (2) Use the free resolution 
0 -r Z Z -r Z/n ^ 0. (3) and (4) are consequences of (2). In order to verify 
(5), use the direct sum of free resolutions. □ 

We can also work with a resolution of the other variable. Let Q \ >—>• Q 0 —^» B 
be a free resolution and define Tor'(H, B) = Ker(H <8> Q\ —>■ A ® Q a ). 

(11.8.3) Proposition. There exists a canonical isomorphism 

Tor (A.B) ^Tor \A,B). 

Proof Let P\ Po -x A be a free resolution. From the resolutions of A and B 
we obtain a commutative diagram: 


Pi © Q 

a 

P 0 ®Q 


■> Pi ® Q 0 

p 

> Po®Qo 

-> A ® Q 0 


Tor(H, B) 

^ Pi® B 

Y 

> P 0 ® B 

-> A ® B. 


Tor \A,B) $—Qi 
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The Kemel-Cokernel Lemma (11.2.6) yields an isomorphism <5 of Tor (A, B ) = 
Ker(y) with the submodule Tor'(/I, B) of Cokera. □ 

Interchanging the tensor factors yields anisomorphismTor(5, A) = Tor'(4. B). 
We combine this with (11.8.3) and see that the isomorphisms (11.8.2) also hold if 
we interchange the variables. It is now no longer necessary to use the notation Tor'. 

The functor Ext is defined in analogy to the functor Tor, the tensor product is 
replaced by the Hom-functor. 

/ p 

Let R be a principal ideal domain and 0 —>■ K(A) —> F( A) —>■ A —»• 0 the 
standard free resolution of A as above. We apply the functor Horn r(—, B) to this 
sequence. The cokernel of /*: Hom(F(A), B) —> Hom(W(A), B) is defined to be 
Ext^(A, B ) = Ext(/1, B). We show that Ext (A, B) can be determined from any 
free resolution. We start with a diagram as in (11.8.1) and obtain a well-defined 
homomorphism Coker (Horn (i, B)) —»• Coker(Hom(z', B)); in particular we obtain 
an isomorphism Ext (A, B) = Coker(Hom(z\ B )). 

(11.8.4) Proposition. Elementary properties of Ext in the category of abelian 
groups are: 

(1) Ext (/I. B) = 0 for a free abelian group A. 

(2) Ext(Z /n,B) 95 B/nB. 

(3) Ext(Z/«,5) = Ofor B = <Q,<Q/Z, R. 

(4) Ext(Z/m, Z/n) = Z /(m,n). 

(5) Ext(H! © A 2 , B) 95 Ext(Hi, B) © Ext(H 2 , B). □ 

The foregoing develops what we need in this text. We should at least mention 
the general case. Let 0 C Pq B\ -<—••• be a projective resolution of the 
.R-module C and let A be another /©module. We apply Hom(—, A) to the chain 
complex If. and obtain a cochain complex Hom( /©, A); its i -th cohomology group 
(i > 1) is denoted Ext'^(C, A). Since projective resolutions are unique up to chain 
equivalence, the Ext' K -groups are unique up to isomorphism. For principal ideal 
domains only Extj occurs, since we have resolution of length 1. The notation Ext 
has its origin in the notion of extensions of modules. An exact sequence 

0 —> A —> B n ~i —¥■ — —> B\ —>■ Bq —>■ C —y 0 

is called an n-fold extension of A by C. One can obtain Ext^(C, A) as certain 
congruence classes of n-fold extension of A by C, see [120, Chapter III]. Write 
E v> E' if there exists a commutative diagram 

E\ O^C —tBn-x 

1- t I ]- 

The congruence relation is generated by v>. 
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Problems 

1. Suppose Tor(^4, Z//>) = 0 for each prime p. Then the abelian group A is torsion free. 

2. The kernel of A —> A (g >2 Q, a i->- a ® 1 is the torsion subgroup of A. 

3. Does there exist a non-trivial abelian group A such that A ® F = 0 for each field F? 

11.9 Universal Coefficients 

We still work in R- MOD for a principal ideal domain R. Let C = ( C„, c n ) be 
a chain complex of modules. Then C ® G = ( C„ G, c n <g> 1) is again a chain 
complex. 

(11.9.1) Proposition (Universal Coefficients). Let C be a chain complex of free 
modules. Then there exists an exact sequence 

0 H q {C) <g> G -%■ H q (C <g) G) Tor(H q -i(C), G ) -* 0. 

The sequence is natural in C and G and splits. The homomorphism a sends ["] Z) g 
for a cycle z to the homology class [z ® g], 

C n 

Proof. The sequence 0 — Z n —> C n —> B n -\ 0 is exact; B„- 1 is a submodule 
of C n - 1 and hence free. Therefore the sequence splits and the induced sequence 

0 —> Z n <8> G —>■ C n ® G B n ~ i ® G —> 0 

is again a split exact sequence. We consider the totality of these sequences as an 
exact sequence of chain complexes, the Z- and the B -complex have trivial boundary 
operator. Associated to this short exact sequence of chain complexes is a long exact 
homology sequence of the form 

B n <g> G -—> Z n ® G -> H„(C ® G) -> B n —\ ® G -—> Z n -\ ® G. 

One verifies that the boundary operator (11.3.1) of the homology sequence is i ® 1, 
where i : B n C Z n . The sequence B n ® G —> Z n ® G —> H n ® G —> 0 is exact, 
hence the cokernel oft ® 1 is H„(C) <8> G, and the resulting map H n (C ) <S> G —> 
H n (C ® G) is a. The kernel of B n -\ ® G —> Z n -\ <g> G is Tor(//„_i(C), G), 
because 0 —> B n -\ —> Z n -\ -> H n -i(C) —> 0 is a free resolution. Let r :C n —>■ 
Z n be a splitting of Z„ C C n . Then 

r (R> 1 

Z n (C ® G) C C n <E> G —> Z n ® G —> H n (C) <S> G 


maps B n {C ®G) to zero and induces p: fl n (C(S)G) H n (C)®G with pa = id, 
i.e., a splitting of the universal coefficient sequence. □ 
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Let again C = (C„, c n ) be a chain complex with free /^-modules C„. We 
obtain the cochain complex with cochain groups I lorn ( C„. G) and cohomology 
groups H n (C; G). 

(11.9.2) Proposition (Universal Coefficients). There exists an exact sequence 

0 Ext(//„_!(C),G) -► H n (C ; G) A Horn (H n (C),G) 0. 

The map a sends the cohomology class of the cocycle <p >: C n —4 G to the homo¬ 
morphism H n (C) — > G, [c] i-> (p(c). The sequence is natural with respect to chain 
maps (variable C ) and module homomorphisms (variable G ). The sequence splits, 
and the splitting is natural in G but not in C. 

Proof. Again we start with the split exact sequence 0 —>■ Z n —>■ C n —> B n -\ —> 0 
and the induced exact sequence 

0 4— Hom(Z„, G) 4— Hom(C n , G) Hom(5„_i, G) <— 0. 

We consider the totality of these sequences as an exact sequence of cochain com¬ 
plexes, the Z- and the B -complex have trivial coboundary operator. Associated 
to this short exact sequence of cochain complexes is a long exact cohomology 
sequence of the form 

••• ^Hom(B, t ,G) <^-Hom(Z„,G) 4- H n (C; G) 4- Hom(B„_i, G) 4- 

which induces a short exact sequence 

(4) 0 4- Ker d n £- H n (C\G) 4- Coker d n ~ l 4- 0. 

We need: 

(11.9.3) Lemma. The formal coboundary operator d n (without the additional sign 
introduced earlier!) is the homomorphism induced by i : B„ Z n . 

Proof. Let cp: Z n —> G be given. Then d n ((p) is obtained as follows: Extend <p to 
q>\ C n —>■ G. Apply S and find a pre-image of fi(ip) = fc n +\ in Horn (B n , G ). One 
verifies that cpi is a pre-image. □ 

From the exact sequence 0 —> B n —> Z n —> H„(C) —>■ 0 we obtain the exact 
sequence 


Hom(5„, G) 4—— Hom(Z„, G) 4- Horn (H n (C), G ) 4- 0. 

We use it to identify the Ker /* with Horn (H n (C), G). One verifies that a is as 
claimed in the statement (11.9.2). From the free presentation and the definition 
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of Ext we thus obtain the exact sequence of the theorem. The naturality of this 
sequence is a consequence of the construction. It remains to verify the splitting. 
We choose a splitting r : C n —> Z n of the inclusion Z„ c C n . Now consider the 
diagram 

0-> Z”(Hom(C, G)) Horn (C H , G) —^ Hom(C„ +1 , G) 

r* 

0->Hom (H n (C),G) -» Hom(Z„, G) ———> Hom(5„, G). 

If cp e Kcr z *, then r*(cp) = (p o r e Kcr <5. The splitting is induced by Kcr i * — 
Z"(Hom(C, G)), ip m- (pt. □ 

Without going into the definition of Ext we see from the discussion: 

(11.9.4) Proposition. Suppose H n -\(C ) is a free R-module. Then the homomor¬ 
phism a: H n (C\ G ) —Hom(//„ (C), G) in (11.9.2) is an isomorphism. 

Proof. The sequence 0 —> B n -\ —> Z n -\ —> H„-\ —? 0 splits and therefore the 
cokernel of d n ~ l is zero. □ 

Given a cochain complex C* = {C q ,8 q ) we can view it as a chain complex 
C. = ( C q . d q ) by a shift of indices: We set C q = C~ q and we define d g : C q 
C q -i as 8~ q : C~ q —»• C~ q+1 . We can now rewrite (11.9.1): 

(11.9.5) Proposition. Let C* be a cochain complex of free R-modules. Then we 
have a split exact sequence 

0 H q {C *) <g> G H q {C * (8) G) -+ Tor(// ?+1 (C*), G) 0. □ 

Let now C. be a chain complex of free modules. We apply (11.9.5) to the dual 
cochain complex with C q = I lorn( C q . R) and cohomology groups H q (C\ R). 

(11.9.6) Proposition. Let C be a free chain complex and G be a module such that 
either H* (C) is of finite type or G is finitely generated. Then there exists a natural 
exact sequence 

0 H P (C) <g> G -)• H q (C\G) Tor (H q+1 (C), G) -> 0 

and this sequence splits. 

Proof. If G is finitely generated we have a canonical isomorphism of the form 
Hom(C, R) <8 G = Hom(C, G); we use this isomorphism in (11.9.5). If H*{C) 
is of finite type we replace C by a chain equivalent complex C' of finite type (see 
(11.6.4)). In that case we have again a canonical isomorphism Hom(C', R) <8 G = 
Hom(C / , G). We apply now (11.9.5) to C'. □ 
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(11.9.7) Proposition. Let f : C —* D be a chain map between complexes of free 
abelian groups. Suppose that for each field IF the map / ® F induces isomorphisms 
of homology groups. Then f is a chain equivalence. 

Proof. Let C(f) denote the mapping cone of /. The hypothesis implies that 
H*(C(f) ® F) = 0. We use the universal coefficient sequence. It implies that 
Tor(//*(C(/)), Z/p) = 0 for each prime p. Hence II*(C(f)) is torsion-free. 
From //*(C(/)) <S> <Q we conclude that //*(C(/)) is a torsion group. Hence 
//*(C(/)) = 0. Now we use (11.6.3). □ 


11.10 The Kiinneth Formula 

Let C and D be chain complexes of R -modules over a principal ideal domain R. We 
have the tensor product chain complex C ®r D and the associated homomorphism 

or. Hi(C ) Hj(D) H i+ j(C ®r D ), [x] <g> [ y] [x <g> y]. 

We use the notation * for Tor s . The next theorem and its proof generalizes the 
universal coefficient formula (11.9.1). 

(11.10.1) Theorem (Kiinneth Formula). Suppose C consists of free R-modules. 
Then there exists an exact sequence 

0^ © Hj(C)(g)RHj(D) — H n (C® r D) —© Hi(C)*Hj(D) —0. 

i+j=n 1+7=/!—1 

If also D is a free complex, then the sequence splits. 

Proof. We consider the graded modules Z(C) and B(C) of cycles and boundaries 
as chain complexes with trivial boundary. Since Z (C ) is free, we have the equalities 
(canonical isomorphisms) 

(Z(C) ® Z(D)) n = Ker(l <g> 9: (Z(C) ® D)„ (Z(C) ® £»)„_i) 

and 

(Z(C) ® B(D))„ = Im(l ® 9: (Z(C) ® £»)„+i (Z(C) ® £»)„), 

and they imply H(Z(C) ® D) = Z{C) ® H(D) (homology commutes with the 
tensor product by a free module). In a similar manner we obtain an isomorphism 
H(B{C)® D) = B(C)Z) 11(D). We form the tensor product of the free resolution 
of chain complexes 


0 -* B(C) -* Z(C) -► H(C ) -► 0 
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with H(D). We obtain the following exact sequence, referred to as (f), with 
injective morphism (1) and surjective morphism (2) 

H(C ) * H(D ) ——t- 5(C) 0 H(D) Z(C) 0 H(D) H(C) 0 //(£>) 

//(5(C) (8) Dy -> H(Z(C) 0 D). 

Let us use the notation [A[— 1])„ = /1„_| for a graded object A. We tensor the 
exact sequence of chain complexes 0 —> Z(C) C 5(C)[— 1 ] —>• 0 with D 
and obtain an exact sequence 

0 -* Z(C) 0 D -+ C 0 D -> (5(C) 0 D)[—1] -► 0. 

Its exact homology sequence has the form 

... -> H(B(C) ®D) —l H(Z(C) ® D) H(C ® D) 

-> //(5(C) 0 Z>)[—1] -‘-l //(Z(C) 0 Z>)[—1] -»■ • • • . 

One verifies that (1) is the map (i ® 1)*. Hence we obtain the exact sequence 

0 -+ Coker(/*) H(C ® D) -+ Ker(i»)[-1] 0 

which yields, together with the sequence (t), the exact sequence of the theorem. 

Choose retractions r : C n —> Z n (C) and s: D n —> Z n (D). Then(C0D)„ —>• 
H(C ) 0 H(D), c ® d [r(c)] 0 [.«(</)] sends the boundaries of (C 0 D) n to 
zero and induces a retraction p: H n (C 0D)-> (//(C) 0 H(D)) n of a. □ 

As in the case of the universal coefficient theorem we can rewrite (11.10.1) in 
terms of cochain complexes. Under suitable finiteness conditions we can then apply 
the result to the dual complex of a chain complex and obtain: 

(11.10.2) Theorem (Kiinneth Formula). Let C and D be free chain complexes such 
that //* (C) or //* ( D ) is of finite type. Then there exists afunctorial exact sequence 

0^ © //'(C)0 // 7 (/>) — H n {C 0fl)-z © H i (C)*Hj(D) -> 0 

i+j=n i+j=n+1 


and this sequence splits. 


□ 








Chapter 12 

Cellular Homology 


In this chapter we finally show that ordinary homology theory is determined on 
the category of cell complexes by the axioms of Eilenberg and Steenrod. From the 
axioms one constructs the cellular chain complex of a CW-complex. This chain 
complex depends on the skeletal filtration, and the boundary operators of the chain 
complex are determined by the so-called incidence numbers; these are mapping 
degrees derived from the attaching maps. The main theorem then says that the 
algebraic homology groups of the cellular chain complex are isomorphic to the ho¬ 
mology groups of the homology theory (if it satisfies the dimension axiom). From 
this fact one obtains immediately qualitative results and explicit computations of 
homology groups. Thus if X has k(n ) /7-cells, then H n (X: Z) is a subquotient 
of the free abelian group of rank k{n). A finite cell complex has finitely gener¬ 
ated homology groups. We deduce that the combinatorial Euler characteristic is a 
homotopy invariant that can be computed from the homology groups. 

In the case of a simplicial complex we show that singular homology is isomor¬ 
phic to the classical combinatorial simplicial homology. In this context, simplicial 
homology is a special case of cellular homology. 

12.1 Cellular Chain Complexes 

Let hi. be an additive homology theory. Let X be obtained from A by attaching 
n -cells via (<b, cp) : LI , S”~ x ) (X, A). The characteristic map of the 

cell e is denoted by (<t> c . cp e ). The index e distinguishes different copies. 

(12.1.1) Proposition. The induced map 

3>" = 0 e //*(£>", S” _1 ) -* h*(X,A) 

is an isomorphism. 

Proof. By (10.4.6), O*: ln( ]j e (D”, S" -1 )) -*■ h*(X,A ) is an isomorphism. 
Now apply the additivity isomorphism 0 e h*(D%, S" -1 ) 9s h*( Lie CD" > S" -1 ) 
and compose it with 4>*. □ 

The isomorphism inverse to <b" is obtained as follows. Given z e h/c{X , A). 
We use the inclusion p e : ( X. A) C ( X , X \ e) and the relative homeomorphism 
A > e ; (£>", S" -1 ) (X, X \ e). Let z e e h k (D’’ , S'' -1 ) denote the image of z 

under 

z € h k (X, A) h k (X, X^e)^- h k (D", S" -1 ) 9 z e . 
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Then z h-> (z e \ e e E) is inverse to d>”. 

Let I be a CW-complex. The boundary operator 3: h k+ i(X n+1 , X n ) — 
h k ( X n , X" -1 ) of the triple (X” +1 , X”, X” -1 ) is transformed via the isomorphisms 

(12.1.1) into a matrix of linear maps 

h k+1 (D} +1 , S}) h k (D", Sp 1 ) 

for each pair (/, e) of an (n + l)-cell / and an //-cell e (as always in linear algebra). 
Let i e, f be the composition 

Sf X n X n /(X n D n /S n ~ 1 . 

If we compose i e ’f with an h-equivalence k" : —> S n , then K n i e ’f has 

as a self-map of S n a degree d(e, /). We call d(e. f) th e, incidence number of the 
pair (/, e ) of cells. The case n — 0 is special, so let us consider it separately. Note 
that £>°/S _1 is the point D° = {0} together with a disjoint base point {*}. Let k° 
be given by x°(0) = +1 and k°(*) = —1. We have two 0-cells <p^(±l) = e± 
(they could coincide). With these conventions d(f,e±) — ±1. 

In the following considerations we use different notation 3, 3', 3" for the bound¬ 
ary operators. 

(12.1.2) Proposition. The diagram 


h k+l (D n /\Sp 


« + l c n\ , L , nn 


>h k (D* e ,sr ] ) 


r 


h k (Sp 




P* 


-> h k (D”/S, 


n—l\ 


is commutative. 

Proof. Consider the diagram 

h k+l (X»+\X n )^h k (X n ) 

A- 

'!>* <pf 

h k+1 (D n +\S n )^h k (S n ) 


> h k (X'\X n ~ l ) h k (X n /X n ~ l ) 

p% 

h k (X n ,X n ^e) p *> h k (X n /X n ^ e) 

<J>J 

h k (D n .S n - 1 ) h k (D n /S n ~ 1 ). 


Given x e h k+ \(D n+l . S n ). Then p*m(e, f)x is, by definition of m(e. /), the 
image of x in h k (D n /S n ~ l ). Now use the commutativity of the diagram. □ 
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(12.1.3) Corollary. Let a: h k (D n , 5 1 ” -1 ) —> h k +i(D n+1 , S n ) be a suspension 

isomorphism. Then m(e,f ) o o is the multiplication by d(e,f), provided the 
relation d" o a = k" o p * holds. □ 

We now write the isomorphism (12.1.1) in a different form. We use an it¬ 
erated suspension isomorphism a": hk-„ —> hk(D n . S n ~ ] ) in each summand. 
Let C n (X) denote the free abelian group on the rr-celIs of ( X , A). Elements in 
C n (X) ® z hk-n will t> e written as finite formal sums e®u e where u e e h k _ n 
the elements in C n (X ) ® h k - n are called cellular n-chains with coefficients in 
hk-n We thus have constructed an isomorphism 

Kn : C n (X) <g> z h k -„ h k (X, A), J2 e e ® l <e J2 e < I > *o'"(w e ). 

The matrix of incidence numbers provides us with the Z-linear map 

M(n): C n+ \(X) -»• C„(X), f h* £ e d(e, f)e. 

The sum is finite: d(e, f) can only be non-zero if the image of <pf intersects e 
(property (W3) of a Whitehead complex). From the preceding discussion we obtain: 

(12.1.4) Proposition. Suppose o and k are chosen such that the relation (12.1.3) 
holds. Then the diagram 

h k+1 (X n +\X n ) - 3 -> h k {X\ X n ~ l ) 

•'N 

£n+l 

C„+i(X) <8> h k - n M{n) ® ld > C„(X) ® h k -n 


is commutative. □ 

The composition of the boundary operators (belonging to the appropriate triples) 

h m+l (X n+ \X n ) -4 h m (X n J”- 1 ) -4 h m -i(X n ~ l ,X n ~ 2 ) 

is zero, because the part h m (X n ) —> h m (X n , X n ~ l ) —> h m -i(X n ~ l ) of the ex¬ 
act sequence of the pair (X n . X n ~ ] ) is “contained” in this composition. We set 
h n ,k(X) = h n+k {X n . X n ~ l ). Thus the groups (h n-k (X) \ n e Z) together with 
the boundary operators just considered form a chain complex h,, k (X). 

(12.1.5) Proposition. The product M(n — l)M(n) of two adjacent incidence ma¬ 
trices is zero. The cellular chain groups C„ ( X ) together with the homomorphisms 
M(n): C(n) —»■ C(n — 1) form a chain complex C,(X). This chain complex is 
called the cellular chain complex of X. 

Proof. The relation M(n — l)M(n) — 0 follows from (12.1.4) applied to the chain 
complex H,fi(X) obtained from singular homology with coefficients in Z. □ 
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The cellular chain complex has its algebraically defined homology groups. In the 
next section we prove that in the case of an ordinary homology theory the algebraic 
homology groups of the cellular chain complex are naturally isomorphic to the 
homology groups of the theory. We should point out that the algebraic homology 
groups of the chain complexes h.± (X) only depend on the space and the coefficients 
of the homology theory, so are essentially independent of the theory. Nevertheless, 
they can be used to obtain further information about general homology theories - 
this is the topic of the so-called spectral sequences [130]. 

The definition of incidence numbers uses characteristic maps and a homotopy 
equivalence /c. These data are not part of the structure of a CW-complex so that 
the incidence numbers are not completely determined by the CW-complex. The 
choice of a characteristic map determines, as one says, an orientation of the cell. If 
d>, T: ( D n , S n ~ x ) — (X n ,X n ~ 1 ) are two characteristic maps of a cell e, then 

'I'“ 1 <T: D n /S n ~ 1 -* X n /X n e 4- D n / S n ~ x 

is a homeomorphism and hence has degree ± 1. One concludes that the incidence 
numbers are defined up to sign by the CW-complex. 

(12.1.6) Proposition. A cellular map f \ X —*■ Y induces a chain map with com¬ 
ponents /* : h m (X n , X n ~ x ) h m (Y n ,Y n ~ x ). Homotopic cellular maps induce 
chain homotopic maps. 

Proof. The first assertion is clear. Let f.g:X —»• Y be cellular maps and let 
p: Ax/ -> f,/ ~ g be a homotopy between them. By the cellular approximation 
theorem we can assume that tp is cellular, i.e., <p((X x /)") c Y n . Note that 
(X x /)” = X n x dl U X n ~ x x I. We define a chain homotopy as the composition 

s n : h m (X\X n ~ l ) -^> h m+1 ((X\ X n ~ x ) x (/, a/)) h m+l (Y n+1 ,Y n ). 

In order to verify the relation ds n — g* — /* — s n -jd we apply (10.9.4) to 
(A,B,C) = (X n .X n - 1 ,X n ~ 2 ) and compose with tp*. □ 

(12.1.7) Proposition. Let p: k*(—) —> /*(—) be a natural transformation be¬ 
tween additive homology theories such that p induces isomorphisms of the coeffi¬ 
cient groups p: k n (P) = l n (P), n € 1L, P a point. Then p is an isomorphism 
k*(X) —> 1*(X) for each CW-complex X. 

Proof. Since p is compatible with the suspension isomorphism we see from (12.1.1) 
that p: k*(X n , X n ~ x ) = l*(X n , X n ~ l ). Now one uses the exact homology se¬ 
quences and the Five Lemma to prove by induction on n that p is an isomorphism 
for //-dimensional complexes. For the general case one uses (10.8.1). □ 
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Problems 


1. The map x h>- (2-^1 — ||.v|| 2 ;r, 2||.r|| 2 — 1) induces a homeomorphism k". Let a be the 
suspension isomorphism (10.2.5). Then commutativity holds in (12. 1.3). For the proof show 

that S n S n /D'] r Dl/S"- 1 D n /S n ~ 1 S n , with the projection r which 
deletes the last coordinate, has degree 1. 

2. Prove M(n — l)M(n) = 0 without using homology by homotopy theoretic methods. 

12.2 Cellular Homology equals Homology 

Let H * (—) = //*(—; G ) be an ordinary additive homology theory with coefficients 
in G (not necessarily singular homology). The cellular chain complex C,(X ) = 
C,(X.G) of a CW-complex X with respect to this theory has its algebraically 
defined homology groups. It is a remarkable and important fact that these algebraic 
homology groups are naturally isomorphic to the homology groups of the space X. 
This result says that the homology groups are computable from the combinatorial 
data (the incidence matrices) of the cellular complex. 

(12.2.1) Theorem. The n-th homology group of the cellular chain complex C, ( X ) 
is naturally isomorphic to H n (X). 

Proof. We show that the isomorphism is induced by the correspondence 
H n {X n ,X n ~ l ) 4- H n {X n ) -4 H n (X). 

We divide the proof into several steps. 

(1) A basic input is H k (X n , X n ~ l ) — 0 for k 0; this follows from our 
determination of the cellular chain groups in (12.1.1) and the dimension axiom. 

(2) II k (X n ) — 0 for k > n. Proof by induction on n. The result is clear 
for X° by the dimension axiom. Let k > n + 1. We have the exact sequence 
H k (X n ) -4 H k (X n+1 ) -> H k (X n+1 ,X n ). The first group is zero by induction, 
the third by (1). 

(3) Since H„- l {X n ~ 2 ) = 0, the map H n -x{X n ~ l ) H n - l {X n ~ 1 , X n ~ 2 ) is 
injective. Hence the cycle group Z„ of the cellular chain complex is the kernel of 
d: H n (X n ,X n ~ 1 )^ Hn^iX"- 1 ). 

(4) The exact sequence 0 —>■ H n (X n ) —4 H n (X n , X n ~ l ) H n - i(X” -1 ) 

induces an isomorphism ( b): H n (X n ) = Z n . 

(5) H k (X, X n ) = 0 for k < n. One shows by induction on t that the groups 
H k (X n+t , X n ) are zero lor t > 0 and k < n. We know that for an additive theory 
the canonical map colim, II k (X n+t , X") —>• II k (X. X n ) is an isomorphism (see 

(10.8.1) and (10.8.4)). For singular homology one can also use that a singular 
chain has compact support and that a compact subset of X is contained in some 
skeleton X m . 
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(6) The map H n (X n+1 ) —> H n (X) is an isomorphism. This follows from the 
exact sequence of the pair (X, X n+x ) and (5). 

(7) The diagram 


H n+ i{X n+ \X n ) - ~^Z n 


0 b) 


' Z n j B n ¥ 0 

(a) j =s 
I 


H n+l (X" +1 ,X n ) —U H n (X") -> H„(X n+l ) -> 0 


Hn(X) 


shows us that we have an induced isomorphism (a) (Five Lemma). □ 

(12.2.2) Corollary. Suppose X has a finite number ofn-cells; then 11„ (X ; Z) is a 

finitely generated abelian group. Let X be n-dimensional; then IIk ( X ; G) = 0 for 
k > n. □ 

(12.2.3) Example (Real projective space). The diagram 

S '- 1 -> RP '- 1 

I # I 

D l -> \RP< 


with attaching map sj 1 ~ 11.v11 2 ] is apushout. The incidence map with 

the homomorphism x ,_1 of Problem 1 in the previous section is computed to be 
S ' ~ 1 —> 5 ,_1 , (y. t) i-^* (2 ty, 21 2 — 1) of degree 1 + (—1)'. This yields the cellular 


chain complex 


Co Ci C2 


with Ci — Z for 0 < i < n and boundary operator, alternatively, the zero morphism 
and the multiplication by 2. The cellular chain complex with coefficients in the 
abelian group G is of the same type (using the canonical identification Z <g> G = G). 
Let 2 G = {g e G \ 2g — 0}. We obtain the cellular homology 


Hj (R P n : G) ^ 


i G, 
G/2G, 
2 G, 

G 


7=0, 

0 < j = 2k — 1 < n , 
0 < j = 2k < n , 
n = 2k — 1. 


Similarly for RP°°. 


O 
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(12.2.4) Example. The sphere S" has a CW-decomposition with two /-cells in 
each dimension i , 0 < i < n. The attaching diagram is 

S n ~ 1 
D n 

with <F + (x) = (x , v'l — ||x|| 2 ) and <T-(x) = — 0+(x). This attaching map 
is G-equivariant, if the cyclic group G = {1, / | t 2 = 1} acts on the spheres 
by the antipodal map and on the left column by permutation of the summands. 
The equivariant chain groups are therefore isomorphic to the group ring ZG = 
Z • 1 © Z • t. In order to determine the equivariant boundary operator we use 
the fact that we know already the homology of this chain complex. If we add the 
homology groups in dimension 0 and n we obtain an exact sequence 

0 -* Z(e„) \ YLG ZG -»•-■> ZG 4z^0. 

The map s sends 1, t to 1. The kernel is generated by 1 — t. From the geometry 
we see that the first boundary operator sends the generator 1 e Ci represented by 
a suitably oriented 1-cell to ±(1 — t). We orient the cell such that the plus-sign 
holds. Then d\ is the multiplication by 1 — t. The kernel of d\ is thus generated by 
1 + t. We can again orient the 2-cells such that c /2 is multiplication by 1 + / . If we 
continue in this manner, we see that d k = 1 — t for k odd, and d k = I +/ for/c even. 
The homology module H n (S n ) = Z (s n ) carries the l -action s n = (—1)" +1 , the 
degree of the antipodal map. One can, of course, determine the boundary operator 
by a computation of degrees. We leave this as an exercise. Similar results hold 
for S°°. O 

Let X and Y be CW-complexes. The product inherits a cell decomposition. 
The cross product induces an isomorphism 

®k+l=n H k (X k ,X k ~ l ) ® HUY 1 , Y l ~ l ) H n ((X x Y) n , (X x F)” -1 ). 

With a careful choice of cell orientations these isomorphisms combine to an iso¬ 
morphism C* ( X ) (g) C* ( Y ) = C*(Z x Y) of cellular chain complexes. 

12.3 Simplicial Complexes 

We describe the classical combinatorial definition of homology groups of polyhe- 
dra. These groups are isomorphic to the singular groups for this class of spaces. 
The combinatorial homology groups of a finite polyhedron are finitely generated 
abelian groups and they are zero above the dimension of the polyhedron. This finite 
generation is not at all clear from the definition of the singular groups. 
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Recall that a simplicial complex K = (E. S) consists of a set E of vertices and 
a set S of finite subsets of E. A set s e S with q + 1 elements is called a q-simplex 
of K. We require the following axioms: 

(1) A one-point subset of £ is a simplex in S. 

(2) s e S and 0 ^ t C s imply t e S. 

An ordering of a p-simplcx is a bijection {0,1. p) —> s. An ordering of K 

is a partial order on E which induces a total ordering on each simplex. We write 
s — ().!(),.... v p ), if' the vertices of s satisfy i; 0 < i’ i < ■ ■ ■ < v p in the given partial 
ordering. Let C P (K) denote the free abelian group with basis the set of p-simplices. 
Its elements are called the simplicial /^-chains of K. Now fix an ordering of K and 
define a boundary operator 

3: C P (K) Cp-i(K), (v 0 ,...,v p ) h-> Zf=o(~1) 1 (v 0 ,..., v},..., v p ). 

The symbol v} means that this v, is to be omitted from the string of vertices. 
The boundary relation 33 holds (we set C P {K) = 0 for p < —1). We denote 
the p -th homology group of this chain complex by H P (K). This is the classical 
combinatorial homology group. 

A simplicial complex K has a geometric realization \K\. An ordered simplex 
5 = (!,’o..... v p ) has an associated singular simplex 

S>*:A P ^\K\, (to,...,t P )»EtjVj. 

We extend ^ i—>- by linearity to a homomorphism p p : C P (K) —> S p (| ^|). The 

boundary operators are arranged so that p = (p p ) is a chain map. 

(12.3.1) Theorem. p induces isomorphisms R p : H p (K) = H P (\K\). 

Proof. We write X = \K\. Let S(p) be the set of p-simpliccs. The characteristic 
maps O -5 : (A p , dA p ) (X p , X p_1 ) yield an isomorphism (12.1.1), 

■ &seS( P ) 3Af) -> H P (X P . X p - 1 ). 

The identity of A p represents a generator i p of f/ p (A p , 3A /; ). Let x s be its image 
under Then (x 5 | s e S(p)) is a Z-basis of H S (X P , X p ~ x ). If we express 
x e II p {X p , X p ~ x ) in terms of this basis, x = n s x s , then n s is determined by 
the image n s i p of x under 

x e H p {X p , Z^ 1 ) -► H p (X p , X p ^ e s ) H P (A P , dA p ) 3 n s L p . 

Here e s is the open simplex which belongs to .v. Let s(i) denote the z-th face of 
A p and x s p) e H p -\{X p ~ l , X p ~ 2 ) the corresponding basis element. We claim 
= Z P =0 (-1YMo- It is clear for geometric reasons that the expression of dx s 
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in terms of the basis (x t \ t e S(p — 1)) can have a non-zero coefficient only for 
the x s (,•). The coefficient of x s q) is seen from the commutative diagram 

H p (AP, dAP) -—-> H P (XP, XP~ l ) 

3 3 

H p ^(dAP,dAP ^s(i)°) -——> H P -^XP-\XP- 2 ) 

(<)* 

H P -\{A P ~ X , dA p ~ x ) H p ~ l {X p ~ x , X p ~ x - e m ). 

Note <t> s d l P — O' ''f The left column sends i p to (— 1)' i p - 1 . We have con¬ 
structed so far an isomorphism of C,{K) with the cellular chain complex C,(\K\) 
of |tf|. Let P p : / I p (C,( K)) — H p (C,(\K\)) be the induced isomorphism. Let 
Q p : H p (C,(\K\)) —> H p (\K\) be the isomorphism in the proof of (12.2.1). Trac¬ 
ing through the definitions one verifies R p = Q p P p . Hence R p is the composition 
of two isomorphisms. □ 

An interesting consequence of (12.3.1) is that p: C,{K ) —> .S.(| /f |) is a chain 
equivalence. Thus, for a finite complex K, the singular complex of | K is chain 
equivalent to a chain complex of finitely generated free abelian groups, zero above 
the dimension of K. 

(12.3.2) Example. A circle S 1 can be triangulated by a regular n- gon with ver¬ 
tices {eo, ■ ■ ■, e„-i} and ordered simplices S; = (e,, e ; +i), 0 < z < n — 1 and 
mod n notation e n — e 0 - The cellular chain complex is given by 3(e,-,e, + i) = 
( ei) — (e, + i). The sum z = s ‘ i s a 1-cycle. Let i: Z —> C\(K), 1 i->- z 

and e: Co(K) —>• Z, e,- i->- 1. Then the sequence 

0 -► Z -U Ci(K) C 0 (K ) Z -► 0 
is exact. Hence z induces an isomorphism H\(C) = Z. O 

Problems 

1. Let K be the tetrahedral simplicial complex; it consists of E = {0, 1, 2, 3}, and all subsets 
are simplices. Verify Hj(K) = 0 for n > 0. Generalize to an n -simplex. 

12.4 The Euler Characteristic 

Let X be a finite C W -complex and fi (X) the number of its i -cells. The combina¬ 
torial Euler characteristic of X is the alternating sum 

x{X) = Y,i>oi-V i MX)- 
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The fundamental and surprising property of this number is its topological invariance, 
in fact its homotopy invariance - it does not depend on the cellular decomposition 
of the space. The origin is the famous result of Euler which says that in the case 
X = S 2 the value /(Z) always equals 2 ([61], [62], [64]). 

We prepare the investigation of the Euler characteristic by an algebraic result 
about chain complexes. Let M be a category of -modules. An additive invariant 
for M with values in the abelian group A assigns to each module M in M an element 
A (M) e A such that for each exact sequence 0 —> M 0 —> Mi —>• M 2 —> 0 in M 
the additivity 

(1) A(M 0 ) — A(M X ) + A(M 2 ) = 0 

holds. For the zero-module M we have A (M) = 0 since there exists an exact 
sequence 0 —> M —> M —> M —> 0. We consider only categories which contain 
with a module also its submodules and its quotient modules as well as all exact 
sequences between its objects. Let 

d/c 9i 9o 

C*: 0 —> C k —->■ C k —i —>■•••—>■ Ci —-> Co —->■ 0 

be a chain complex in this category. Then its homology groups H, (C*) are also 
contained in this category. 

(12.4.1) Proposition. Let A be an additive invariant for M. Then for each chain 
complex C* in M as above the following equality holds: 

Eto(-l) ! 'A(Q) = E?=o(-l) f W«(C.)). 

Proof Induction on the length k of C*. We set Hj — l /, (C*), If = Im3,- + i, 
Zj = Ker dj. For k = 1 there exist, by definition of homology groups, exact 
sequences 

0 —> Bq —> C 0 —> Ho —> 0, 0 —> Hi —> Ci —> Bq —^ 0. 

We apply the additivity (1) to both sequences and thereby obtain X(H 0 ) — f(Hi) — 
A(Co) — A(Ci). For the induction step we consider the sequences 

C*: 0 -»• C k -1 ->• •••->• Co -*■ 0, 

0 H k ^ C k ^ B k -i ^0, 0 ->• B k -i -*■ Z k -i -+ H k -i 0; 

the last two are exact and the first one is a chain complex. The homology groups 
of the chain complex are, for k > 2, 

HfCf) = //,(C*), 0 < / < k — 2, H k _i(Ci) = Z k _i. 

We apply the induction hypothesis to C' and (1) to the other sequences. We obtain 
the desired result by eliminating A (B k _i) and A(Z^-_|). □ 
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The relation of the combinatorial Euler characteristic to homology groups 
goes back to Henri Poincare [150], [152], The z-th Betti number, named after 
Enrico Betti [20], bj(X) of X is the rank of H t (X ; Z), i.e., the cardinality of a 
basis of its free abelian part, or equivalently, the dimension of the Q-vector space 
Hi (X ; Z) ® <Q = IIj (X; <Q). The result of Poincare says: 

(12.4.2) Theorem. For each finite CW-complex X the combinatorial Euler char¬ 
acteristic equals the homological Euler characteristic JT >0 (—1 )‘bi(X). 

Proof. For finitely generated abelian groups A i-> rank A is an additive invari¬ 
ant. We apply (12.4.1) to the cellular chain complex C(X ) of X and observe that 
rank Q{X) = f { (X). □ 

If A is an additive invariant for M and C* a chain complex of finite length in 
M, then we call /(C*) = = I] ! > 0 (-1)''U#/(C*)) the Euler 

characteristic of C* with respect to A. 

(12.4.3) Proposition. Let 

0 4- H' 0 4- Ho 4- Hq 4- H[ 4- Hi 4- H" 4- H 2 4- H 2 4- 

be cm exact sequence of modules in M which consists even tually of zero-modules. 
Let /(//*) = JT >0 (— l) 1 X(Hj) and similarly for IE and H ". Then 

x(K) - X(H*) + /«) = 0. 

Proof. Apply (12.4.1) to the given exact sequence, considered as chain complex, 
and order the terms according to H, H', and H". □ 

One can define the Euler characteristic by homological methods for spaces which 
are not necessarily finite CW-complexes. There are several possibilities depending 
on the homology theory being used. 

Let R be a principal ideal domain. We call (X. A) of finite A 1 -type if the groups 
H, (X, A; R) are finitely generated ^-modules and only finitely many of them are 
non-zero. In that case we have the associated homological Euler characteristic 

X(*>A;R) = J2i> 0 (-\) l rMk R Hi(X,A-,R). 

(12.4.4) Proposition. If (X. A) is of finite IX-type, then it is of finite R-type and the 
equality x(X, A: Z) = /(X. A; R) holds. 

Proof. If (X, A) is of finite Z-type, then the singular complex S,(X. A) is chain 
equivalent to a chain complex D. of finitely generated free abelian groups with 
only finitely many of the D n non-zero (see (11.6.4)). Therefore 

X(X,A: R) = ^(-1)'mnk R Hi(D. <g> R) = £/(-!)'rank*(£/ 0 R) 

= Dj(-l) I 'rank z (A') = X(X,A; Z), 


by (12.4.1), and some elementary algebra. 


□ 
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Proposition (12.4.3) has the following consequence. Suppose two of the spaces 
A, X, {X, A ) are of finite R- type. Then the third is of finite A 1 -type and the additivity 
relation 

X (A;R) + x(X,A;R) = X (X;R) 

holds. Let Aq,A\ be subspaces of X with MV-sequence, then 

X{A 0 \ R) + x(Ai;R) = xi^o U A x \R) + X (.A 0 n A x \R) 

provided the spaces involved are of finite R- type. Similarly in the relative case. Let 
( X , A) and (Y. B) be of finite P-type. Then the Kiinneth formula is used to show 
that the product is of finite R -type and the product formula 

X(X, A; R) ■ x(Y, B ; R) = X ((X, A) x (Y, B ); R) 

holds. These relations should be clear for finite CW-complex and the combinatorial 
Euler characteristic by counting cells. 

For the more general case of Lefschetz invariants and fixed point indices see 
[51], [52], [109], [116]. 

12.5 Euler Characteristic of Surfaces 

We report about the classical classification of surfaces and relate this to the Euler 
characteristic. For details of the combinatorial or differentiable classification see 
e.g., [167], [80], [123]. See also the chapter about manifolds. 

Let F\ and F 2 be connected surfaces. The connected sum /*) # F 2 of these 
surfaces is obtained as follows. Let Dj C Fj be homeomorphic to the disk D 2 
with boundary Sj. In the topological sum F\ ^ D\ + F 2 ^ we identify x € Si 
with (p(x) e .S ’2 via a homeomorphism (p: Si —> S 2 . The additivity of the Euler 
characteristic is used to show 

X(Fi) ~ 1 + X(F 2 ) - 1 = x(Fi#F 2 ), 

i.e., the assignment F i-> /( F) — 2 is additive with respect to the connected sum. 
Let mF denote the /77-fold connected sum of F with itself. We have the standard 
surfaces sphere S 2 , torus T, and projective plane P. The Euler characteristics are 

X(S 2 ) = 2, /(mf) = 2 — 2m, /(//P) = 2 — n. 

If F is a compact surface with k boundary components, then we can attach k disks 
D 2 along the components in order to obtain a closed surface F*. By additivity 
X(F*) — x(F) + k. Connected surfaces Fj with the same number of bound¬ 
ary components are homeomorphic if and only if the associated surfaces F* are 
homeomorphic. 
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(12.5.1) Theorem. A closed connected surface is homeomorphic to exactly one of 
the surfaces S 2 , tnT with m > 1, nP with n > 1. The nP are the non-orientable 
surfaces. 

The homeomorphism type of a closed orientable surface is determined by the 
orientation behaviour and the Euler characteristic. The homeomorphism type of 
a compact connected surface with boundary is determined by the orientation be¬ 
haviour, the Euler characteristic and the number of boundary components. 

The sphere has genus 0, mT has genus m and nP has genus n. □ 

12.5.2 Platonic solids. A convex polyhedron is called regular if each vertex is the 
end point of the same number of edges, say m, and each 2-dimensional face has 
the same number of boundary edges, say n. If E is the number of vertices, K the 
number of edges and F the number of 2-faces, then mE = 2 K and nF = 2 K. We 
insert this into the Euler relation E + F — K + 2, divide by 2 K, and obtain 

1111 

m n K 2 

We have m > 3, n > 3. The equation has only the solutions which are displayed 
in the next table. 


m 

n 

K 

solid 

E 

F 

3 

3 

6 

tetrahedron 

4 

4 

4 

3 

12 

octahedron 

6 

8 

3 

4 

12 

cube 

8 

6 

3 

5 

30 

dodecahedron 

20 

12 

5 

3 

30 

icosahedron 

12 

20 


12.5.3 Lines in the projective plane. Let G \,..., G n be lines in the projective 
plane P. We consider the resulting cells decomposition of P. Let t r be the number 
of points which are incident with r lines. We have the Euler characteristic relation 
/o ~ /t + fi — 1 where f\ is the number of / -cells. Thus / 0 = t 2 + t 3 + • • •. 
From an r-fold intersection point there start 2 r edges. The sum over the vertices 
yields f\ = 2t 2 + 3t 2 + 4 1* + •••. Let p n denote the numbers of n-gons, then 
f 2 = ^2 p s , 2/i = 2Z s Ps- We insert these relations into the Euler characteristic 
relation and obtain 

Er>2 (3 - r)tr + Ei> 2 ( 3 - s )Ps = 3 /o ~ h + 3 f 2 - 2 fx = 3 . 

We now assume that not all lines are incident with a single point; then we do not 
have 2-gons. From 2 f\ >3 f 2 and then f\ < 3(/o — 1) we conclude 

tl >3 + Er>4 — 3 )t r . 
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Thus there always exist at least three double points. 


O 


(12.5.4) Proposition. Let X be a Hausdorjf space and p: X —>• Y a local homeo- 
morphism onto a connected space. Then p is a covering with finitely many leaves 
if and only if p is proper. 

Proof. (1) Suppose p is proper. For n e N let Y n = {v e Y \ n < p~ x (>')!}■ We 
show that Y n is open and closed. Since Y is connected, either Y„ — 0 or Y n = Y. 
The inclusion Y n D Y n +\ shows that there is a largest n such that Y n — Y and 
Y n+ \ = 0. Hence the fibres have the cardinality n. 

Let p~ 1 (y) — {x\,... ,x m }. Since I is a Hausdorff space and p a local 
homeomorphism, there exist open pairwise disjoint sets (/, 9 x, which are mapped 
homeomorphically under p onto the same open set V By. Hence each fibre 
p~ l (z), z e V has at least cardinality n. If y e Y n , then m > n and hence z e Y n , 
i.e., V C Y n . This shows that Y„ is open. 

Let p~ 1 (v) — {a'i ,... x t }, t < n, i.e., y $ Y„. Let again the Uj 3 Xj be open 
with homeomorphic image V e Y. Since p is closed, being a proper map, the set 
C = {X \ ( U\ U • • • U U t )) is closed in Y. This set does not contain y. Hence 
Y \ C = W is an open neighbourhood of y and 

p~\W) = p~ l (Y) \ p~ x pfX \ (t/i U • • • U U t f) C Ui U-U(/ t . 


This shows |/> -1 (z)| < t for each z e IF, and the complement of Y n is seen to be 
open. 

We now know that all fibres of p have the same cardinality, and since p is a 
local homeomorphism it must be a covering. 

(2) Suppose conversely that p is an /?-fold covering. We have to show that p is 
closed. A projection pr: B x F —> B with a finite discrete set F as fibre is closed. 
Now we use (1.5.4). □ 

A continuous map p\ X -3- Y between surfaces is called a ramified covering if 
for each x e X there exist centered charts ( U. (p. U r ) about x and ( V. x[t, V') about 
y — p{x ) with p ( U ) C V such that 

f(p ~ l : (p(U) = U' —> C, zi->:" 

with n e N. We call n — 1 the ramification index of p at x. In the case that n = I 
we say that p is unramified at x and for n > 1 we call x a ramification point. 

(12.5.5) Proposition. Let p: X -x Y be a ramified covering between compact 
connected surfaces. Let V be the image under p of the ramification points. Then 
p: X \ p ' (p) —> Y \ V is a covering with finitely many leaves. 
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Proof. For each y e Y the set (y) C X is closed and hence compact. The 
pre-images p~ l (y) in a ramified covering are always discrete, hence finite. The 
set V is also discrete and hence finite. The map p is, as a continuous map between 
compact Hausdorff spaces, closed. Thus we have shown that the map in question 
is proper. Now we use (12.5.4). □ 

(12.5.6) Proposition (Riemann-Hurwitz). Let p: X —»• Y be a ramified covering 

between compact connected surfaces. Let P\ . P r e X be the ramification 

points with ramification index v{Pj). Let n be the cardinality of the general fibre. 
Then for the Euler characteristics the relation 

X{X) = nx{Y)-Y! j = l v(P J ) 

holds. 

Proof. Let Qi ,..., Q s be the images of the ramification points. Choose pairwise 

disjoint neighbourhoods D\ . D s C Y where Dj is homeomorphic to a disk. 

Then 

p:X 0 = X^ Uy=i P~ l (D°) -+ Y - U,=i D] = Y 0 

is an n-fold covering (see (12.5.4)). We use the relation /(A'o) = ny(Yo) (or/t-fold 
coverings. If C is a finite set in a surface X, then x(X \ C) = /(X) — |C|. Thus 
we see 

X(X) ~ E/=i \P~ 1 (Qj )I = n(x(Y)-s). 

Moreover 

ns-J2j =1 \p~HQj)\ = E/ = t v ( p i ). 

since for p~ 1 {Qj) = {P(, ■ ■ ■, p i(j)) the relation Yl"=i( v ( p t) + 1) = n holds. 

□ 

An interesting application of the Riemann-Hurwitz formula concerns actions 
of finite groups on surfaces. Let F be a compact connected orientable surface and 
G x F —> F an effective orientation preserving action. We assume that this action 
has the following properties: 

(1) The isotropy group G x of each point x e F is cyclic. 

(2) There exist about each point x a centered chart tp : U —> R 2 such that U 
is G x -invariant and tp transforms the G x -action on U into a representation 
on [R 2 , i.e., a suitable generator of G x acts on R 2 as rotation about an angle 
2n/\G x \. 

In this case the orbit map p : F —> F/G is a ramified covering, F/ G is orientable, 
and the ramification points are the points with non-trivial isotropy group. One can 
show that each orientation preserving action has the properties (1) and (2). Examples 
are actions of a finite group G C SO(3) on S 2 by matrix multiplication and of a 
finite group G C GL 2 (Z) on the torus T = R 2 /Z 2 by matrix multiplication. 
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The ramified coverings which arise as orbit maps from an action are of a more 
special type. If x e F is a ramification point, then so is each point in p^ 1 px, and 
these points have the same ramification index, since points in the same orbit have 
conjugate isotropy groups. Let C \,..., C r be the orbits with non-trivial isotropy 
group and let tij denote the order of the isotropy group of x e Cj; hence | Q | m — 

| G |. The Riemann-Hurwitz formula yields in this case: 

12.5.7 Riemann-Hurwitz formula for group actions. 

X (F) = \G\( X (F/G) - E 7 r = i(1 - l/nj)). 

In the case of a free action r — 0 and there is no sum. O 

12.5.8 Actions on spheres. Let F = S 2 and |G| >2. Since /(S' 2 ) = 2 we see 
that x(F/G) < 0 is not compatible with 12.5.7, hence /( F/G ) — 2 and the orbit 
space is again a sphere. We also see that r < 3 and r = 0,1 are not possible. For 
r = 2 we have 2/|G| = \/n\ + l/» 2 , 2 = |Ci + |C 2 - Hence there are two fixed 
points (example: rotation about an axis). For r — 3 one verifies that 

2 111 

1 + 7777 —-1 I 

IGI m n 2 n 3 

has the solutions (for n 1 > n 2 > n^) displayed in the next table. 


m 

«2 

n 3 

|G| 

|G |/2 

2 

2 

\G\ 

3 

3 

2 

12 

4 

3 

2 

24 

5 

3 

2 

60 


Examples are the standard actions of subgroups of SO(3), namely D 2n (dihedral), 
A 4 (tetrahedral), S 4 (octahedral), /1 5 (icosahedral). Up to homeomorphism there 
are no other actions. O 


12.5.9 Action on the torus. Let F = T = S 1 x S 1 be the torus, /(F) = 0. The 
Riemann-Hurwitz formula shows that for r > 1 we must have / ( F/ G ) = 2. The 
cases r > 5 and r = 1,2 are impossible. For r = 4 we must have n\ = n 2 — 
n 3 = « 4 = 2 and G = //2. For r — 3 the solutions of 12.5.7 are displayed in a 
table. 


«i 

«2 

«3 

3 

3 

3 

2 

3 

6 

2 

4 

4 
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Consider the matrices in SLtIZ) 



The cyclic groups generated by A, A 2 , A 3 realize cases 2 and 1 of the table and the 
case r = 4 above. The matrix B realizes case 3 of the table. O 

Problems 

1. Let G act effectively on a closed orientable surface F of genus 2 preserving the orientation. 
Then |G| divides 48 or 10. There exist groups of orders 48 and 10 which act on a surface 
of genus 2. The group of order 48 has a central subgroup C of order 2 and G/C is the 
octahedral group S 4 acting on the sphere F/C. Study the solutions of 12.5.7 and determine 
the groups which can act on F. Use covering space theory and work towards a topological 
classification of the actions. 

2. The nicest models of surfaces are of course Riemann surfaces. Here we assume known 
the construction of a compact Riemann surface from a polynomial equation in two variables. 
The equation y 2 = / (x) with 2g + 2 branch points defines a surface of genus g. Such curves 
are called hyper-elliptic (g > 2). It is known that all surfaces of genus 2 are hyper-elliptic. 
A hyper-elliptic surface always has the hyper-elliptic involution I(x, y) = (x, —y). Here 
are some examples. Let us write e(a) = exp(2 jzia). 

(1) y 2 = x(x 2 — l)(x 2 — 4) has a Z/4-action generated by A(x, y) = (—x, e(l/4)y). 
Note A 2 = I. 

(2) y 2 = (x 3 — l)/(x 3 — 8 ) has a Z/3-action generated by B(x, y) = (e(l/3).x, y). 
Since B commutes with I , we obtain an action of Z/ 6 . 

(3) y 2 = (x 3 — l)/(x 3 + 1) has a Z/ 6 -action generated by C (x, y) = (e(l/ 6 )x, 1 /y). 
Since C commutes with /, we obtain an action of Z /6 © Z/2. It has an action of Z/4 
generated by D(x,v) = (l/x,e(l/4)y). Note D 2 = I. The actions C and D do not 
commute, in fact CD = DC 5 . Thus we obtain an action of a group F which is an extension 

1 -»• Z/2 —► F —► D i2 1 

where Z/2 is generated by I and D 12 denotes the dihedral group of order 12. 

(4) y 2 = x(x 4 — 1) has the following automorphisms (see also [121, p. 94]) 

G(x, y) = (e(l/4)x, e(l/ 8 )y), G 8 = id, G 4 = /, 

H(x,y) = (l/x,e(l/4)y/x 3 ), H 4 = id, H 2 = /, 

K(x,y ) = (—(x — z')/(x + /), 2\/2.e(\ / 8 )y/(x + /)), K 3 = I. 

The elements G, H, K generate a group of order 48. If we quotient out the central hyper- 
elliptic involution we obtain the octahedral group of order 24 acting on the sphere. Thus 
there also exists an action of a group of order 24 such that the quotient by the hyper-elliptic 
involution is the tetrahedral group (and not the dihedral group D 12 , as in (3)). 

(5) y 2 = x 5 —lhas an action of Z/5 generated by J(x,y) = (e(l/5)x, y). It commutes 
with / and gives an action of Z/10. 
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3. By an analysis of 12.5.7 one can show that, for an effective action of G on a closed 
orientable surface of genus g > 2, the inequality |G| < 84(g — 1) holds. There exists a 
group of order 168 which acts on a surface of genus 3 [63, p. 242]. 


Chapter 13 

Partitions of Unity in Homotopy Theory 


Partitions of unity and numerable coverings of a space are useful tools in order to 
obtain global results from local data. (A related concept is that of a paracompact 
space.) We present some notions about partitions of unity in the context of point-set 
topology. Then we use them to show that, roughly, local homotopy equivalences 
are global ones and a map is a fibration if it is locally a fibration (see the precise 
statements in ( 13.3.1 ) and (13.4.1)). We apply the results to prove a theorem of Dold 
about fibrewise homotopy equivalences (see (13.3.4)). Conceptually, partitions of 
unity are used to relate the homotopy colimit of a covering to the colimit of the 
covering; see (13.2.4) for a result of this type. There are many other results of this 
type in the literature. This chapter only can serve as an introduction to this topic. 


13.1 Partitions of Unity 

Let t: X —> R be continuous. The closure of f _1 (R ^ 0) is the support supp(t) 
of /. A family T = (tj : X —> R | j e /) of continuous functions is said to be 
locally finite if the family of supports (supply) | j e ./) is locally finite. We call 
T point finite if {/ e J [ tj(x) f 0} is a finite set for each x £ X. We call a 
locally finite T a partition of unity if the tj assume only non-negative values and 
if for each x £ X we have tj(x ) = 1. A covering U — (Uj \ j £ J ) is 

numerable if there exists a partition of unity T such that supp(fy) C Uj holds for 
each j £ J ; the family T is then called a numeration of Vl or a partition of unity 
subordinate to U. 

(13.1.1) Theorem. A locally finite open covering of a normal space is numerable. 

Proof. Let U — (Uj \ j e /) be a locally finite open covering of the normal space 
X and V = (Vj \ j € /) a shrinking of U and W — (Wj j e ./ ) a shrinking 
of V. By the theorem of Urysohn, there exist continuous functions zy : X —> [0.1] 
which assume the value 1 on Wj and the value 0 on the complement of Vj. The 
function r = Ylj&j x j '■ X —> [0,1] is well-defined and continuous, since by local 
finiteness of V, in a suitable neighbourhood of a point only a finite number of xj 
are non-zero. We set f) (x) = tj(x) ■ x(x)~ l . The functions (/) | j e J) are a 
numeration of U. □ 

(13.1.2) Lemma. Let the covering V — (\f \ k e K) be a refinement of the 
covering U = (Uj j £ J). If V is numerable, then also U is numerable. 
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Proof. Let (/* \ k e K) be a numeration of V. For each k e K choose 
a(k) e J with 14 C U a (k )■ This defines a map a : K -x J. We set g/(x) = 
a (k)=j fk ( x )l ^is is the zero function if the sum is empty. Then gj is con¬ 
tinuous; the support of gj is contained in the union of the supports of the ft with 
a (k) — j and is therefore contained in Uj. Moreover, the sum of the gj is 1. The 
family (gj \ j e /) is locally finite: If W is an open neighbourhood of x which 
meets only a finite number of supports supp(/&), k e E C K, E finite, then W 
meets only the supports of the gj with j e a(E). □ 

(13.1.3) Theorem. Each open covering of a paracompact space is numerable. 

Proof. Let U = (Uj \ j € J ) be an open covering of the paracompact space X 
and let V = (14 | k € K) be a locally finite refinement. Since X is normal, there 
exists a numeration (/& | k € K) of L. Now apply the previous lemma. □ 

(13.1.4) Lemma. Let (fj : X -x [0, oo[ | j e J) be a family of continuous func¬ 
tions such that U = (/ _1 ]0, oo[ | ye/) is a locally finite covering of X. Then U 
is numerable and has, in particular, a shrinking. 

Proof. Since U is locally finite, /: x i-> ma x(fj(x) \ j e /) is continuous and 
nowhere zero. Wc set gj (x ) = fj(x)f(x)~ 1 . Then 

tj \ X —[0,1], x \-x max(2 gj(x) — 1,0) 

is continuous. Since tj (x) > 0 if and only if gj (x) > 1/2, we have the inclusions 
supply) C gj x [\/ 4,oo[c / _1 ]0,oo[. For x e X and i e J with f(x) = 
max( / 7 (x)) we have /, (x) = 1. Hence the supports of the tj form a locally finite 
covering of X, and the functions x i-^ L(x)/t (x), t(x) — tj(x) are a 

numeration of U. □ 

(13.1.5) Theorem. Let U = (Uj | j e J) be a covering of the space X. The 
following assertions are equivalent: 

( 1 ) U is numerable. 

(2) There exists a family (s a : X —> [0, oo[ | a € A, n e N) = S of continuous 
functions s a ^ n with the properties: 

(a) S, i.e., ( 54 ,*,] 0, 00 [), refines U. 

(b) For each n the family (^“^O, oo[ | a e A) is locally finite. 

(c) For each x e X there exists ( a,n ) such that s a n (x) > 0. 

Proof. (1) => (2) is clear. 

(2) (1). (s a n ) is, by assumption, a countable union of locally finite fami¬ 

lies. From these data we construct a locally finite family. By replacing s a . n with 
s a ,n/( T + Sa,n) we can assume that s aM has an image contained in [0,1]. Let 

q r (x) = ^ s a j(x), r> 1 

aeA, i<r 
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and q r (x) = 0 lor r = 0. (The sum is finite for each x e X.) Then q r and 


Pa,r(x) = max(0, s a , r (x) - rq r {x)) 


are continuous. Let ref; then there exists s a ± with s a ±(x) ^ 0; we choose such 
a function with minimal k ; then qk(x) — 0, p a .k(x) — s a ^(x). Therefore the sets 
p~\ ]0,1] also cover X. Choose N e N such that N > k and s a ,k (x) > jr . Then 
q n (x) > jt , and therefore N qx (V) > 1 for all v in a suitable neighbourhood of x. 
In this neighbourhood, all p a . r with r > N vanish. Hence 

CPajj 0 -1] | a e A, n e N) 

is a locally finite covering of X which refines V.. We finish the proof by an appli¬ 
cation of the previous lemma. □ 

(13.1.6) Theorem. Let (Uj \ j € J) be a numerable covering of B x [0,1]. Then 
there exists a numerable covering (Vk \ k e K) of B and a family (e(k) \ k e K) 
of positive real numbers such that, for ti,t 2 e [0,1], t\ < t 2 and \t\ — tf\ < €(k), 
there exist a j e / with 14 x [t \, tf\ C Uj . 

Proof Let (tj \ j e /) be a numeration of (Uj). For each r-tuple k = (f . j r ) e 

J r , define a continuous map 

r 

Vk- B -*■ I, x^n min ( f Ji 5 ) I 5 e [ptt> 7+tD ■ 

1 = 1 

Let K = (J^j J r ■ We show that the Vk — 1] an d e (^) = -yj. for k = 

(/,,..., j r ) satisfy the requirements of the theorem. Namely if |u — / 2 I < jj, 
there exists i with [t\,t 2 ] C [f^y. y^y] and hence 1 4 x [u, t 2 ] C Uj t . 

We show that (Vk) is a covering. Let x € B be given. Each point (x,t) 
has an open neighbourhood of the form U(x,t) x V(x, t) which is contained in a 
suitable set W(i) — ]0, 1] and meets only a finite number of the W( j). Suppose 

V(x, /]),..., V(x , l n ) cover the interval I — [0,1]; let ^y be a Lebesgue number 
of this covering. We set U — U(x, tf) fl • • • fl U(x, t„). Each set U x [yyy, y^y] is 

then contained in a suitable W(jf). Hence x is contained in 14, k — (j\ __ j r ). 

There are only a finite number of j e / for which W( j) fl (U x I) 0. Since 
vk(x) f 0 implies the relation W (/,) fl {x} x I ^ 0, the family (1 4 | k e J r ) is 
locally finite for r fixed. The existence of a numeration for (14 | k e K) follows 
now from theorem (13.1.5). □ 

A family of continuous maps (tj : X —> [0,1] [ j e /) is called a generalized 
partition of unity if for each x e X the family (tj (x) j e J) is summable with 
sum 1. 
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(13.1.7) Lemma. Let (tj j j e J ) be a generalized partition of unity. Then 
(l~ ]0,1] | j e J) is a numerable covering. 

Proof. Summability of (tj (a)) means: For each e > 0 there exists a finite set 
E C J such that for all finite sets F D E the inequality 11 — YljeF (i ( fl )l > 1 — 8 
holds. In that case V — {x \ ff j g E tj(x) > 1 — e} is an open neighbourhood 
of a. If k <£ E, x e V and tk(x) > e, then f*(x) + ff j g E tj(x ) > 1. This is 
impossible. Hence for each a e X there exists an open neighbourhood Via) such 
that only a finite number of functions tj have a value greater than e on V(a). Let 
s j,n(x) = max(ly(x) — n -1 ,0) for j e J and n e N. By what we have just shown, 
the Sj t „ are locally finite for fixed n. The claim now follows from (13.1.5). □ 

It is a useful fact that arbitrary partitions of unity can be reduced to countable 
ones. The method of proof is inspired by the barycentric subdivision of a simplicial 
complex. Let 11 = (Uj \ j e /) be a covering of the space Z with subordinate 
partition of unity T = (tj \ j e J). For each finite set E C J we set <?£ (z) = 
max(0, min (6 £ // (z) — ma Xj£ E ^s h (-)) • The function q e is continuous, since T is 
locally finite. From this definition one verifies: 

(13.1.8) Lemma. If qsix) ^ 0 ^ qF(x), then either E C F or F C E. The 

family (\E\qE \ E C J finite) is a locally finite partition of unity. □ 

(13.1.9) Corollary. LetU(E) = qf. 1 ] 0,1]. Then U(E)nU(F) ± 0and\E\ = |F| 

implies E — F. We set U n = Li|£| = „ U(E) and define r n : U n —> [0,1] by 
T n \U(E) = \E\qs- Then (z n \ n € N) is a numeration of(U n \ n e N). □ 

Suppose the functions tj are non-zero. Let N be the nerve of the covering 
(r^T 1 ]0, I] 1/ e ./). Then the nerve of the covering (qf x ] 0,1] | E C / finite) is 
the barycentric subdivision of N. 

13.2 The Homotopy Colimit of a Covering 

Let K = (V, S) be a simplicial complex. We consider it as a category: The objects 
are the simplices, the morphisms are the inclusions of simplices. A contravariant 
functor X: K —> TOP is called a simplicial K-diagram (in TOP). It associates to 
each simplex s a space X s and to each inclusion t C s a continuous map r s t \ X s 
X t . We also have a covariant functor A: K —> TOP which A(,s) = { t v v \ 
t v e /. ]T t v = 1], and for an inclusion t C s we have the canonical inclusion 
i s t \ A (?) —»• A(,s). The geometric realization |X| of a A" - -diagram X is the quotient 
ofU, X s x A(,v) with respect to the relation 

X s x A(^) 3 (x,i s t (a) ~ (r s t (x),ci)) e X t x A(t). 

Restriction to the n -skeleton K n yields a functor X n : K" TOP. In |X| we have 
the subspace | X |" which is the image of the X s x A (s) with dim s < n. Since | X n \ 
is a quotient of the sum of these products we obtain a continuous map \X n \ -3- \X |". 
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(13.2.1) Proposition. The space X is the colimit of the subspaces \X\ n . The 
canonical map \X n \ — \X\ n is a homeomorphism. There exists a canonical 
pushout diagram 

LI, ; dim,=„^x3A(5)^U|X”- 1 | 

A(5)-5U|jr-|. 

The attaching map <p" is defined as follows: dA(s) is the union of the i s t A(t), where 
the t C s have one element less than s. The map cp n is defined on X s x i s t A(s) by 
r s t x (if) -1 composed with the canonical map into \X n-1 \. □ 

Let U = {Uj | / e /} be a covering of a space X. For each finite non-empty 
E C J we write U e — f]/e Uj- We define a subspace C'(U) of X x [~[ /6/ Ij, 
Ij =7, as the set of families y = (x; tj) such that: 

(1) Only a finite number of the tj are non-zero. 

(2) E;*y = I- 

(3) If J(y) = {j eJ | tj # 0} then x e U J(y) . 

We have coordinate maps pr = pr c : CiU) —> X , (x ; tj ) i-> x and t,-: C(XL ) —> I , 
(x; tj) tj. They are restrictions of the product projections and therefore continu¬ 
ous. The tj form a point-finite partition of unity on C(XL). We view C ( XL ) via pr c 
as a space over X. 

We define a second space B(Xl) with the same underlying set but with a new 
topology. Recall the nerve N (XI) of the covering XL. We have the simplicial N(XL )- 
diagram which associated to a simplex E of the nerve the space Ue and to an 
inclusion F C E of simplices the inclusion rj ): Ue Uf. The space B(XL) is 
the geometric realization of this AlTO-diagram. Thus B(XL) is the quotient space 
ofLL Ue x A(7?) by the relation 

Ue x A (E) 3 (x,dp (a)) ~ (ip(x),a) e Uf x A(7 7 ). 

The sum is taken over the finite non-empty subsets E of J. Let A (E)° be the 
interior of A(E) and dA(E) its boundary. Then each element of B(XL) has a 
unique representative of the form (x; t ) e Up x A(E)° for a unique E. We can 
interpret this element as an element of C(XL), and in this manner we obtain a 
bijection of sets p: B(XL) -3- C(XL). This map is continuous, since the canonical 
maps Ue x A(E) -3- C(XT) are continuous. The space B(XL) has a projection 
pr = pr B onto X and p is a map over X. 

(13.2.2) Proposition. The map p is a homotopy equivalence over X. 

Proof We construct a map n : C(XL) —> B(XI). For this purpose we choose a lo¬ 
cally finite partition of unity (r ; ) subordinate to the open covering L -1 10,1] of C (XT). 

J J 
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Then we define 

7z\ y = ( x;tj) h* (x; r 7 (y)) = z. 

The map is well-defined and continuous: Let j e /(z), i.e., 0 ^ ? 7 (z) = Xj(y) 
hence/(z) C /(v)andx e /(z); this shows that z e B(U). Let IF C C(t()bean 
open set such that J(W) — {j \ xj\W ^ 0} is finite. Let y = (x; tj) e IF. Then 
/(IF) C ./(>'), therefore tt factors on IF through a map IF — Ujpw) x A(/(1F)), 
and this shows the continuity. 

A homotopy pn ~ idc(U) is defined by 

(y, t ) = ((x; tj), t ) h* (x; ttj + (1 - t)y). 

This assignment is clearly well-defined and continuous. A homotopy np — id is 
defined by the same formula (y\t) i-> (x;ttj(y) + (1 — t)xjp(y)). In order to 
verify the continuity, we let again IF be as above, but now considered as a subset 
of B{U). We consider the composition with Xe x A (E) — > B(U). The formula 
for the homotopy on the pre-image of IF has an image inl^ x A(£). □ 

Let B(U) n be the subspace of B(U) which is the image of the Ue x A (E) with 
// <n+ I. We state (13.2.1) for the special case at hand. 

(13.2.3) Proposition. B(U) is the colimit of the sequence of subspaces B(U) n . The 
canonical map ]_J dim £<„ Ue x A (E) —> B(U) n is a quotient map. The inclusion 
B n i C B n is obtained via a pushout diagram 

Ud,m£=n Ue x 3A (E) B(U)"- 1 

UtonE=nU E xME)-^B(U)”. 

The map k n is defined on Xe x 3 A (E) as follows: Let F C E be a proper subset. 
Then k n is defined on Xe x A (F) by Xe x A (F) C Xe x A (F) B n ~ l . □ 

(13.2.4) Proposition. Let U be numerable. Then the projections CiU) —> X and 
B(TL) —> X are shrinkable. 

Proof. Let (ij \ j e /) a numeration of \L. Then x i-> (x; r 7 (x)) is a section 
5 of pr c and ((x; tj), t ) (x; ttj + (1 — t)xj (x)) is a homotopy from s pr c to 

the identity over X. Thus pr c is shrinkable, and (13.2.2) shows that also px B is 
shrinkable. □ 

For some applications we need a barycentric subdivision of B(VL). Recall that 
we have the barycentric subdivision N'(VL) of the nerve of U. An /(-simplex of 
NfU) is an ordered set x = ( E 0 c £i c ... c £ n ) such that Ue„ 0. We 
write q(x) — E n . We have the /V/Lti-diagram which associates to x the space 
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X ? ( T ) and to a C t the inclusion X q ( r ) C X q ^ a ). Let B'(U ) denote the geometric 
realization of this /\"(T/)-diagram. Since the simplices are ordered, we can replace 
A(r) by the standard simplex A[n] spanned by [n] = {0,1. n }. 

(13.2.5) Remark. In the case of the barycentric subdivision the pushout diagram 
in (13.2.3) reads as follows: 


Lit eAn Xq(r) x ^A ' 1 


kn 


Jn 


LireT,, Xg( T ) x A" 


K n 


* B'{U) n ~ l 

Jn 

■> B'(VL) n . 


The sum is over the set A n = {(op- ■.., a n ) \ op ^ ^ a n , o„ C J hnite}, and 

q(a 0 ,...,of n ) = a n . O 


13.3 Homotopy Equivalences 

The main result (13.3.1) of this section asserts that being a homotopy equivalence 
is in a certain sense a local property. 

(13.3.1) Theorem. Let p\ X B and q\ Y -> B be spaces over B and f : X —>• T 
a map over B. Let X = (Xj | j e ./) be a covering of X and V = (Yj | j e ./) 
a covering of Y. Let f(Xj) C Yj and assume that for each finite E C J the 
map e • Xe —> Ye induced by f is a homotopy equivalence over B. Then the 
induced map B(f): B(X) —> B(V) is a homotopy equivalence over B. Thus if 
the coverings X and V are numerable, then f is a homotopy equivalence over B. 

Proof From (5.3.4) and (13.2.3) we prove inductively that the induced maps 
B(X) n —> B{V) n are h-equivalences. Now we use (5.2.9), in order to show that 
Bf is an h-equivalence. In the case of numerable coverings we also use (13.2.4). 

□ 

(13.3.2) Remark. In the situation of (13.3.1) we can conclude that / is a homotopy 
equivalence, if the projections px '■ B(X) —»• X and py are homotopy equivalences. 

O 

(13.3.3) Theorem. Let p\ X —>• B and q\ Y —>■ B be spaces over B and 
f : X Y a map over B. Let (Uj | j <E ./) be a numerable covering of B. 
Let fj \ p~ ] (Uj) q~ x (Uj) be the map induced by f overUj. Suppose each fj 
is afibrewise homotopy equivalence. Then f is afibrewise homotopy equivalence. 

Proof. The hypothesis implies that / is a fibrewise homotopy equivalence over 
each set V C Vj. We can therefore apply (13.3.1). □ 
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We say that a covering (Uj \ j e J) of B is null homotopic if every inclusion 
Uj C B is null homotopic. 

(13.3.4) Theorem. Let f : X —> Y be a map over B from p\ X —*■ B to q : Y B. 
Assume that p and q are fibrations. Suppose B has a numerable null homotopic 
covering (Vj \ j e J) and that each path component of B contains a point b 
such that f is a homotopy equivalence over b. The f is a fibrewise homotopy 
equivalence. 

Proof. Let Vj C B be homotopic to the constant map Vj —*■ {b(j)\. We can 
assume that fb(j') '■ Xb(j) —■* ^h(j) is an h-equivalence. By the homotopy theorem 
for fibrations we obtain a homotopy commutative diagram of maps over Vj 


P~Wj ) 

(i) 




( 2 ) 


id x/i ( ; | 

Vj X X Hj) - Vj x Y hU) 


with fibrewise homotopy equivalences (1) and (2). Hence fj is a fibrewise equiva¬ 
lence and we can apply (13.3.3) □ 

Problems 

1. For each j e J we let C(U)j = pr — *((//) and similarly for B. Then the partial 
projection maps prL ; C(\L)j —>■ Uj andpr?: B(U)j —>■ Uj are shrinkable. 

2. If the coverings in (13.3.1) are open, then /* : [Z, X] — > [Z, F] is for each paracompact 

Z a bijection. The canonical projection p: B(X) —> X induces for a paracompact space Z 
a bijection p* : [Z, 5(X)] [Z, X], 


13.4 Fibrations 


(13.4.1) Theorem. Let V = (Vj | j e J) be a covering of B and p : E B 
a continuous map. Assume that the map pj : /? -1 ( If ) — > Bj induced by p is for 
each j e / afibration. If the covering V is numerable, then p is afibration. If the 
covering V is open, then p has the HLP for paracompact spaces. 

Proof. We have to solve a homotopy lifting problem (left diagram) 


X^^E 


Y -> E 




X x I 


X x / 
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We form the pullback of p along h (right diagram). The initial condition a yields 
a section .v 0 of q over X x 0. A lifting of h with this initial condition amounts to 
a section s of q which extends ,s' 0 . We pull back the numerable covering of B to a 
numerable covering of X x I. There exists a numerable covering U — (Uk \ k e K) 
of X such that q is a fibration over the sets if x / (Problem 1). We begin by 
constructing a lifting t: B(U) x I —> E of pr B which extends the lifting to over 
B(U) x 0 determined by .sp. The lifting is constructed inductively from partial 
liftings t n over B(U) n x 7. The induction step is again based on the pushout 
diagram (13.2.3), now multiplied by 7. The extension of the lifting t„ amounts to 
solving a lifting problem of the type 

I] U E x (8A (E) x 7 U A(E) x 0)-—* Y 

^ " q 

II U E x ME) x 7-> Xxl 

and this is possible (by (5.5.3)), because Ue x A(E) x 7 is mapped into a subset 
over which q is a fibration. If the covering U is numerable we compose it with a 
section of pr 5 and obtain the desired extension of .v 0 . □ 

(13.4.2) Theorem. Let p \ Y —>■ X be a continuous map. Let V = (Yj \ j e .7) 
be a family of subsets ofY and X = (Xj \ ye/) a numerable covering of X. 
Assume that p(Yj) C Xj and that for finite E C J the map pr '■ Ye —»■ Xe 
induced by p is shrinkable. Then p has a section. (Note that V is not assumed to 
be a covering ofY.) 

Proof. We work with the barycentric subdivision B'(X). We show the existence of a 
maps: B'(X) —> Y such that ps = pr B . The proof does not use the numerability of 
the covering. We construct inductively maps s n : B'(X) n Y with the appropriate 
properties and an additional property which makes the induction work. 

The map B° = [J^ Xg —»• Y is given as follows: We choose sections Xe — 
Ye of pe and compose them with the inclusion Ye C Y. 

Suppose s” -1 is given. We want to extend 

s n ~ l k n : U(* ff (*) x 9A[n]) -► E 

over U(A#( t ) x A[/?]). If r = ( Eq, ..., E„ ) we impose the additional hypothesis 
that the image of X q ( T ) x 3A[«] under s n ~ 1 k„ is contained in Ye () • The construction 
of s° agrees with this requirement. Under this additional hypothesis we have a 
commutative diagram 

X qi r) X 3A[«] sn ~ lk " > Ye 0 


X, 


q(r) 


-> X En 


c 
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From (5.5.3) we see that s n ~ 1 k n can be extended over ]J X q ( r ) x A[n]. With an 
extension we construct s n via the pushout (13.2.5). We show that s n satisfies the 
additional hypothesis. Given t = (E 0 ,..., E, l+ \) we describe 

kn+i: X q(v) x 3 A[h + 1] -+ 5(10". 

Let di : A[«] —> A[n], be the standard map onto the i-th face of A[n + 1] with 
inverse homeomorphism e t . Let 3/: X q ( T ) —*■ X q ( E[ T) be the inclusion where 
Six = (Eq, ..., Ei— i, Ej+i ,..., E n + 1 ). The restriction of k n +i to the subset 
X q ( r ) x A[n + I],- is K n (dj x e,). By construction of s n the image of s n K n (9, x e,) 
is contained in Xe 0 (for i > 0) or X E t (for i = 0). But X e ] C Xe 0 , hence s' 1 has 
the desired property. 

If X is numerable, then pr has a section t and st is a section of p. □ 

(13.4.3) Theorem. Let p : X —^ B be a continuous map and X = (Xj \ j e J) 
a numerable covering of X. Assume that for each finite E C J the restriction 
PE • Xe —> B is afibration (an h-fibration, shrinkable). Then p is afibration (an 
h-fibration, shrinkable ). 

Proof Recall that for a fibration p : X —> B the canonical map r : X 1 W( p) 
is shrinkable (see (5.6.5)), and that p is a fibration if this map has a section (see 
(5.5.1)). If the pe are fibrations, then the > e : X ! F —> W(pe ) are shrinkable. The 
W(pj ) form a numerable covering of W(p). Theorem (13.4.2) shows that r has a 
section, hence p is a fibration. 

Assume that the pe are shrinkable, i.e., homotopy equivalences over B. We 
apply (13.3.1) and see that p is shrinkable. 

Assume that the pe are h-fibrations. The map p is an h-fibration if and only if 
the canonical map b : W(p) —> X is a homotopy equivalence over B (this can be 
taken as a definition of an h-fibration). The W(pj) form a numerable covering of 
W(p) and the h e '■ W(pe) —*■ Xe are homotopy equivalences over B, since p e 
are h-fibrations. Thus we are in a position where (13.3.1) can be applied. □ 

The hypothesis of (13.4.3) is satisfied if the X e are either empty or contractible. 

Problems 

1. If q : M —> N x [a, b] is a fibration over N x [a, c] and N x [c, b\. then q is a fibration. 

2. Let X = (Xj | j e J) be a numerable covering of A. If the spaces Xe have the 
homotopy type of a CW-complex, then X has the homotopy type of a CW-complex. 

3. Let p: E —> B be an h-fibration. Suppose B and each fibre p~ l (b) have the homotopy 
type of a CW-complex. Then E has the homotopy type of a CW-complex. 


Chapter 14 

Bundles 


Bundles (also called fibre bundles) are one of the main objects and tools in topology 
and geometry. They are locally trivial maps with some additional structure. A 
basic example in geometry is the tangent bundle of a smooth manifold and its 
associated principal bundle. They codify the global information that is contained 
in the transitions functions (coordinate changes). 

The classification of bundles is reduced to a homotopy problem. This is achieved 
via universal bundles and classifying spaces. We construct for each topological 
group G the universal G -principal bundle EG —> BG over the so-called classifying 
space BG. The isomorphism classes of numerable bundles over X are then in 
bijection with the homotopy set [X, BG]. 

The classification of vector bundles is equivalent to the classification of their 
associated principal bundles. A similar equivalence holds between n-fold covering 
spaces and principal bundles for the symmetric group S n . This leads to a different 
setting for the classification of coverings. 

From the set of (complex) vector bundles over a space X and their linear algebra 
one constructs the Grothendieck ring K{X). The famous Bott periodicity theorem 
in one of its formulations is used to make the functor K(X) part of a cohomology 
theory, the so-called topological X-theory. Unfortunately lack of space prevents us 
from developing this very important aspect. 

Classifying spaces and universal bundles have other uses, and the reader may 
search in the literature for information. 

The cohomology ring H*(BG) of the classifying space BG of a discrete group 
G is also called the cohomology of the group. There is a purely algebraic theory 
which deals with such objects. 

If X is a G-space, one can form the associated bundle EG xq X —> BG. This 
bundle over BG can be interpreted as an invariant of the transformation group X. 
The cohomology of EG xq X is a module over the cohomology ring H*(BG ) 
(Borel-cohomology). The module structure contains some information about the 
transformation group X , e.g., about its fixed point set (see [7], [43]). 


14.1 Principal Bundles 

Let G be a topological group. In the general theory we use multiplicative notation 
and denote the unit element of G by e. Let r: E x G — E, (x,g) i-> xg be a 
continuous right action of G on E, and p : E —»■ B a continuous map. The pair 
(p. r) is called a (right) G-principal bundle if the following axioms hold: 
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(1) Forx e E and g e G we have p(xg ) = p(x). 

(2) For each b e B there exists an open neighbourhood U of b in B and a G- 
homeomorphism (p: p~ x {U) —> U xG which is a trivialization of p over U 
with typical fibre G. Flere G acts on U x G by ((«, h),g) no* (u. hg). 

If we talk about a G -principal bundle/?: E —> B, we understand a given action of G 
on E. From the axioms we see that G acts freely on E. The map p factors through 
the orbit map q\ E —> E/G and induces a continuous bijection h : E/G —> B. 
Since q and p are open maps, hence quotient maps, h is a homeomorphism. Thus 
G-principal bundles can be identified with suitable free right G-spaces. In contrast 
to an arbitrary locally trivial map with typical fibre G, the local trivializations in a 
principal bundle have to be compatible with the group action. In a similar manner 
we define left principal bundles. 

A G-principal bundle with a discrete group G is called a G-principal covering. 
The continuity of the action r is in this case equivalent to the continuity of all 
right translations r g \ E —> E, x i-> xg. This is due to the fact that E x G is 
homeomorphic to the topological sum LI „<=<*; E x { g J, if G is discrete. 

Let E x G —> E be a free action and set C(E ) = {(x, xg) \ x € E, g e G}. 
We call l = t£ \ C(E) —>* G, (x, xg) g the translation map of the action. 

(14.1.1) Lemma. Let p: E —> E/ G be locally trivial. Then the translation map 
is continuous. 

Proof. Let W — p~ l {U) C E be a G-stable open set which admits a trivialization 
i/r: U x G —>• W. The pre-image of ( W x W) D C(E) under xfr x xjr is {{u, g, u , h) \ 
u e U , g, h e G}, and t o (\jr x \jr) is the continuous map (u, g, u, h) m* g~ 1 h. 

□ 

A free G-action on E is called weakly proper if the translation map is continu¬ 
ous. It is called proper if, in addition, C{E) is closed in E x E. 

(14.1.2) Proposition. A free action of G on E is weakly proper if and only if 
9': E x G —>• C(E), (x, g) m* (x, xg) is a homeomorphism. 

Proof. The map \jr. C{E) -x E x G. (x , y) \-x (x,tE(x, y)) is a set-theoretical 
inverse of 9' . It is continuous if and only if Ie is continuous. □ 

Let E carry a free right G-action and F a left G-action. We have a commutative 
diagram 

P r i 

E x F - >E 

l p 

E xq F — —s* E/G 

with orbit maps P and p and q — pr, /G. 
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(14.1.3) Proposition. A free right G action on E is weakly proper if and only if for 
each left G-space F the diagram is a topological pullback. 

Proof. We compare the diagram with the canonical pullback 

Z- b - - >E 

l a l p 

E x G F ——> E/G 

with X — {(( x,f),y ) e (E x G F) x E \ p(x) = p(y)} and a = pr,, b = 
pr 2 . There exists a unique map A: E x F ^ X such that bX = pr,, aX — P, 
i.e., X(x, f) = ((x, f),x). The diagram in question is a pullback if and only 
if A is a homeomorphism. Suppose this is the case for the left G -space G. The 
homeomorphism E x G G —x E, (x, g) (->• xg transforms q into p, X into C(E) 
and A into (x, g) i-> (xg, x). The latter is, in different notation, 6'. Hence O’ is a 
homeomorphism if the diagram is a pullback for F = G. 

Conversely, let the action be weakly proper. The map 

A: X = {((x, /), y) | p(x) = p(y)} -x ExF, ((x, /), y) ^ ( y,t(x , y)” 1 /) 

is continuous. One verifies that jl induces a map fi: X —xExF. The equalities 

liX(x,f) = n((x,f),x) = (x,r l (x,x)f) = (x,f) 

show that pt is an inverse of A. □ 

(14.1.4) Proposition. Let G act freely and weakly properly on E. The sections 
of q\ E xq F —x E/G correspond bijectively to the maps f: E —x F with the 
property f(xg) = g~ l f(x); here we assign to f the section s /: .m (x, f(x)). 

Proof. It should be clear that Sf is a continuous section. Conversely, let .s: B -x 
E xq F be a continuous section. We use the pullback diagram displayed before 
(14.1.3). It yields an induced section a of pr, which is determined by the conditions 
pr x oct = id and Poo = s o p. Let / = pr 2 oct : E —x F. Then pr x o(xg) = 
xg — pr, (o(x)g), since a is a section and pr, a G-map. (The right action on 
ExF is (e, /, g) (eg, g -1 /).) The equalities Po(xg) = sp(xg) = sp(x) — 
Po(x) = P(o(x)g) hold, since ct is an induced section and P the orbit map. Since 
cr(xg) and cr(x)g have the same image under P and pr,, these elements are equal; 
we now apply the G-map pr 2 and obtain finally /(xg) — g -1 /(x). □ 

(14.1.5) Proposition. Let the free G-action on E be weakly proper. Then the orbit 
map p: E —x E/G = B is isomorphic to pr: B x G —a B, if and only if p has a 
section. 
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Proof. Let s be a section of p. Then fi x G -> £, (i,g) i-> s(b)g and E —> 
B x G, x i-x- ( p(x ). t(spx.x)) are inverse G-homeomorphisms, compatible with 
the projections to B. Conversely, pr has a section and hence also the isomorphic 
map p. □ 

(14.1.6) Proposition. Let X and Y be free G-spaces and : X —> Y a G-map. If 
<p = d>/ G is a homeomorphism and Y weakly proper, then O is a homeomorphism. 

Proof X is weakly proper, since the translation map of X is obtained from the 
translation map of Y by composition with OxO. We have to find an inverse 
O: Y —> X. By (14.1.4), it corresponds to a section of ny'. (Y x X)/G Y / G. 
We have the section s: x i-> (x. 0(v)) of ttx : (X xY)/G —>■ X/G. Let i// be the 
inverse of < p. With the interchange map r: (X x Y)/G —>■ (V x X)/G we form 
a — rojojr. One verifies that a is a section of tty- □ 

Let a commutative diagram below with principal G -bundles p and q be given, 
and let F be a G-map. Then F or ( F. f) is called a bundle map. 

Y-^S 

1 ' , I" 

C - >B 

If / is a homeomorphism, then F is a homeomorphism (see (14.1.6)). If / is the 
identity, then F is called a bundle isomorphism. 

Given a principal bundle p: X —»• B and a map /: C -x B, we have a pullback 
diagram as above with Y — {(c, x) | /(c) = p{x)} C C x X. The maps q and 
F are the restrictions of the projections onto the factors. The G-action on Y is 
( c,x)g = (c,xg ). If p is trivial over V, then q is trivial over (V). Therefore 
q is a principal bundle, called the bundle induced from p by / . Also F is a bundle 
map. From the universal property of a pullback we see, that the bundle map diagram 
above is a pullback. 

(14.1.7) Proposition. Let U be a right G -space. The following are equivalent: 

(1) There exists a G-map f: U —> G. 

(2) There exists a subset A C U such that m: A x G —> U, (a.g) i-^ ag is a 
homeomorphism. 

(3) The orbit map p : U -x U/ G is G -homeomorphic over U/ G to the projection 
pr: U/G x G -► U/G. 

(4) U is a free G -space, p: U —>■ U / G has a section, and tjj is continuous. 

Proof. (1) (2). Let A = f~ l {e) and v: U —>■ A,x \-x x ■ f(x)~ 1 (x). Then 

(v, f): U —> A x G is an inverse of m. 
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(2) =>■ (3). The G-homeomorphism m induces a homcomorphism m/G of the 
orbit spaces. We have the homeomorphism e: A —> (A x G)/G,a (a, e). With 
these data m o (s x id) o m/G — pr. 

(3) (4). If <p: U/G x G —> U is a G-homeomorphism over U/G, then 
the G-action is free and x i-> < p(x, e) is a section of p. The translation map of 
U/G x G is continuous and hence, via <p, also tjj- 

(4) =>■ (1). Let s: U/G —> G be a section. Then U —> G, u tu(sp(u),u ) 

is a G-map. □ 

A right G-space U is called trivial if there exists a continuous G-map 
f: U G into the G-space G with right translation action. A right G-space 
is called locally trivial if it has an open covering by trivial G-subspaces. 

(14.1.8) Proposition. The total space E of a G -principal bundle is locally trivial. 
If E is locally trivial, then E —>■ E/ G is a G -principal bundle. □ 

14.1.9 Hopf fibrations. Consider S 2n 1 C C" as a free S 1 -space with action 
induced from scalar multiplication. Let Uj be the subset of points z = (z/j with 
zj f 0. The map z zj |z 7 -1~ 1 shows that Uj is a trivial .S' 1 -space. The orbit 

space of this action is CP” -1 . The S 1 -principal bundle p: S 2 ” -1 —> CP" -1 , 
i.e., the orbit map, is called a Hopf fibration. There is a similar Z/2-principal 
bundle S" -1 —> RP" -1 onto the real projective space and an ,S 3 -principal bundle 
,S4"— 1 —^ HP" -1 onto the quaternionic projective space. O 


(14.1.10) Proposition. Let f : X —> Y be a G-map and pv '■ Y —>• Y/G a G- 
principal bundle. Then the diagram 


X - 

[ px 

X/G 


AY 


PY 


f/G 


> Y/G 


is a pullback. 

Proof. Let U C Y be a G-set with a G-map h: U — > G. Then ho f: f~ l {U) —> 
U —> G is a G-map. Hence px is a G-principal bundle. The diagram is therefore 
a bundle map and hence a pullback. □ 

We say, a map /: X —> Y has local sections if each y e Y has an open 
neighbourhood V and a section 5: V -x X of f over V; the latter means fs(v ) = v 
for all v e V. 

(14.1.11) Proposition. Let G be a topologiccd group and H a subgroup. The 
quotient map q: G —»• G/H is an H -principal bun dle if and only if q has a section 
over some neighbourhood of the unit coset. 
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Proof. A locally trivial map has local sections. Conversely, let s: U —> G be a 
section of q over U. The map to is continuous. For each k e G we have the II - 
equivariant map kq~ l {U) —>■ H, kg s(q(g))~ 1 g. We thus can apply (14.1.8) 
and (14.1.7). □ 

Actions with the properties of the next proposition were called earlier properly 
discontinuous. 

(14.1.12) Proposition. Let E x G —»• E, ( x , g) i-> xg be a free right action of the 
discrete group G. The following assertions are equivalen t: 

(1) The orbit map p : E E / G is a G-principal covering. 

(2) Each x e E has a neighbourhood U, such that U IT Ug = 0 for each g ^ e. 

(3) The set t~ 1 (e) is open in C. 

(4) The map t is continuous. 

Proof. (1) => (4) holds by (14.1.1). 

(4) =>■ (3). The set {<? j c G is open, since G is discrete. 

(3) => (2). We have t(x,x) — e. Since t~ 1 (e) is open, there exists an open 
neighbourhood U of x in E such that (U x U) IT C C t~ 1 (e). Let U IT Ug 0, 
say v = ug for u,v e U. Then (n, v) = ( u.ug) e (U x U) fl C, hence 
t(u,ug) = g = e. 

(2) =>■ (1). Let U be open. Then U x G —> UG, (u , g) m- ug is a G-homeo- 
morphism, hence UG an open trivial G -subspace. □ 

(14.1.13) Example. Let G be a closed discrete subgroup of the topological group 

E. Then the action G x E —> E, (g, x) i-> gx is free and has property (4) of the 
previous proposition. Examples are Z C K or Z C C. O 

(14.1.14) Example. The map g: R —> S 1 , t i->- exp(2 nit) has kernel Z. There¬ 

fore there exists a bijective map /: IR/Z — > S 1 such that fp — g. Since g is an 
open map, g is a quotient map and therefore / a homeomorphism. By the previ¬ 
ous example, g is therefore a covering. Similarly exp: C —► C* is seen to be a 
covering. O 

(14.1.15) Example. Let G be a Lie group and H a closed subgroup. Then the quo¬ 

tient map p: G —> G/H is an //-principal bundle. In the chapter on differentiable 
manifolds we show that G/H carries the structure of a smooth manifold such that 
p is a submersion. A submersion has always smooth local sections. O 

We construct locally trivial bundles from principal bundles. Let p.E^-B 
be a right G-principal bundle and F a left G-space. The projection E x F E 
induces, via passage to orbit spaces, q : £x(;F->/J. The map q is locally trivial 
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with typical fibre F. A bundle chart (p: p~ x {U) —U x G of p yields a bundle 
chart 


q~ l (U) = p~ l (U) x G F yXgld > (!/xG)x c F ^UxF 


for q. We call q the associated fibre bundle with typical fibre F, and G is said to 
be the structure group of this fibre bundle. The structure group contains additional 
information: The local trivializations have the property that the transition functions 
are given by homeomorphisms of the fibre which arise from an action of an element 
of the group G. 

Let p\ Y B be a right G -principal bundle. It may happen that there exists 
a right //-principal bundle q\ X —> Y for a subgroup H C G and a G-homeo- 
morphism p: X x // G —Y over B. In that case {q. p) is called a reduction 
of the structure of p. One can consider more generally a similar problem for 
homomorphisms a: H —> G. 

(14.1.16) Example. Let E —B be a G -principal bundle and H C G a subgroup. 
Then E x G G/H —> E/H, ( x,gH ) xgH is a homeomorphism. Therefore 
E/H —>■ E/G, xEl xG is isomorphic to the associated bundle E x G G/H —> 
E/G. From a subgroup K C H C G we obtain in this manner G/K —> G/H as 
a bundle with structure group H and fibre H/ A, if G —> G/H has local sections. 

If A is a G-space and H < G, then G/H acts on X/H by (. xH, gH) \-> xgH. 
The quotient map X/H —> X/G induces a homeomorphism (X/H)/(G/H) = 
X/G. In particular, E/H —> E/G becomes in this manner a G/H -principal 
bundle. O 


One can “topologise” various algebraic notions in analogy to the passage from 
groups to topological groups. An important notion in this respect is that of a small 
category. 

A (small) topological category C consists of an object space Ob(C) and a 
morphism space Mor(C) such that the structure data 


5 : Mor(C) —> Ob(C) 
r : Mor(C) —> Ob(C) 
i: Ob(C) —Mor(C) 
c: Mor 2 (C) —>■ Mor(C) 


(source), 

(range), 

(identity), 

(composition) 


are continuous. Here 


Mor 2 (C) = {(ft, a) e Mor(C) x Mor(C) | s(f) = r(a)} 

carries the subspace topology of Mor(C ) xMor(C). For these data the usual axioms 
of a category hold. In a groupoid each morphism has an inverse. In a topological 
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groupoid we require in addition that passage to the inverse is a continuous map 
Mor(C) —> Mor(C). 

A topological group can be considered as a topological groupoid with object 
space a point. Principal bundles yield a parameterized version. 

(14.1.17) Example. Let E be a free right G -space with a weakly proper action. 
Let p.E —> B be a map which factors over the orbit map q : E —> E/G and 
induces a homeomorphism E/G = B. We construct a topological groupoid with 
object space B. The product pxp:£x £-> B x. B factors over the orbit map 
Q : E x E —> (E x E)/G, {a, b) i-» [a, b] of the diagonal action and induces 

(s,r): (E x E)/G -+ B x B. 

We define (E x E)/G as the morphism space of our category and s, r as source, 
range. The diagonal of E induces i : B = E/G — > (E x E)/G , and this is defined 
to be the identity. We define the composition by 

[a, b ] o [x, y] = [x,b • t(y, a)~ ] 

with the translation map t = t£ of E. One verifies that composition is associative 
and continuous. (The space Mor 2 is a quotient space of E x C(E) x E.) The 
morphism [ b,a] is inverse to [a, b], hence the inverse is continuous and we have 
obtained a topological groupoid. O 

Problems 

1. A free action of a finite group G on a Hausdorff space E is proper. 

2. The action IR 2 \ 0 x IR* —> IR 2 \ 0, ((x, y ), t) i->- (t.r, Z 1 v) is a non-trivial [R*-principal 
bundle. Determine the orbits and the orbit space. 

3. Let £ be a space with a free right G-action. Then the translation map tE is continuous if 
and only if the pullback of p along p is a trivial G-space. 

4. The continuous maps E y-c F\ E xf3 over E/G correspond via (x,u) h>- 
(x,u(x,u)) to the continuous maps a: E x F\ —>■ F 2 with the equivariance condition 
ga(x, u) = a(xg~ l gu). 

If E is connected and F\ , £2 discrete, then a does not depend on x e £ and has the 
form ft o pr with a uniquely determined equivariant map /J: F\ —>■ £ 2 . 

5. The groupoid (14.1.17) has further properties. There exists at least one morphism be¬ 
tween any two objects. The map (s, r ) : (£ x £)/G — > B x B is open. 

6. Reconsider in the light of (14.1.17) the topological groupoid that was used in the deter¬ 
mination of the fundamental groupoid of S 1 . 

14.2 Vector Bundles 

Vector bundles are, roughly speaking, continuous families of vector spaces. Sup¬ 
pose given a continuous map p: X —>■ B and the structure of an n -dimensional 
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[R-vector space on each fibre A/, = p~ l (b). A bundle chart or a trivializ.ation over 
the open basic set U C B lor these data is a homeomorphism (p : p~ l {U) —> U x R" 
over U which is fibrewise linear. A set of bundle charts is a bundle atlas , if their 
basic domains cover B. The data p\ X — B together with the vector space struc¬ 
tures on the fibres are an n-dimensional real vector bundle over the space B if a 
bundle atlas exists. Thus a vector bundle is in particular a locally trivial map. In a 
similar manner one defines complex vector bundles or quaternionic vector bundles. 
A vector bundle E(^) — B is called numerable , if there exists a numerable 
covering U of B such that f is trivial over the members U e U. (This notion is 
also used for other types of locally trivial bundles.) A bundle has finite type, if it 
has a finite bundle atlas. 

Let (U. (p) and ( V. xjs ) he bundle charts for p. Then the transition map is 
x//(p ~ l : (U n V) x [R M —> (U n V) x IR”, (x, v ) i-> (x, g x (v)) 

withg x e GL„([R). The assignment g : U fl V —> GL„ (R), x g x is continuous. 

A bundle atlas is said to be orienting , if the g x have positive determinant. If 
an orienting atlas exists, then the bundle is orientable. An orientation of a vector 
bundle p.E^B consists of a vector space orientation of each fibre p~ l {b) with 
the property: For each x e B there exists a bundle chart ( JJ,<p ) about x such that 
(p transports for each b € U the given orientation on p~ l (b) into the standard 
orientation of IR". A chart with this property is called positive with respect to the 
given orientation. The positive charts form an orienting atlas, and for each orienting 
atlas there exists a unique orientation such that its charts are positive with respect 
to the orientation. A complex vector space has a canonical orientation. If one uses 
this orientation in each fibre, then the bundle, considered as a real bundle, is an 
oriented bundle. 

Let f: E (£) —B and t): E(p) —> C be real vector bundles. A bundle mor¬ 
phism £ —>• t] over (p : B —>• C is a commutative diagram 


E(l) E(rj) 



with a map <t> which is fibrewise linear. If <t> is bijective on fibres, then we call the 
bundle morphism a bundle map. Thus we have categories of vector bundles with 
bundle morphisms or bundle maps as morphisms. The trivial n-dimensional bundle 
is the product bundle pr: B x [R" —>• B. More generally, we call a bundle trivial if 
it is isomorphic to the product bundle. 

(14.2.1) Proposition. A bundle map over the identity is a bundle isomorphism. 
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Proof. We have to show that the inverse of <1> is continuous. Via bundle charts this 
can be reduced to a bundle map between trivial bundles 

(/ X P -> (/ x R", (u, v) H* (u,g u (v)). 

In that case (u,v) (u, gf l (v)) is a continuous inverse, since u i-> gf 1 is 

continuous. □ 

(14.2.2) Proposition. If the previous diagram is a pullback in TOP and q a vector 
bundle, then there exists a unique structure of a vector bundle on £ such that the 
diagram is a bundle map. 

Proof. Since T> is bijective on fibres, we define the vector space structures in such 
a way that $ becomes fibrewise linear. It remains to show the existence of bundle 
charts. 

If q is the product bundle, then f can be taken as product bundle. If q has 
a bundle chart over V, then £ has a bundle chart over (p~ ] (V), by transitivity of 
pullbacks. □ 

We call £ in (14.2.2) the bundle induced from q along q and write occasionally 
£ = q* q in this situation. The previous considerations show that a bundle map is 
a pullback. (Compare the analogous situation for principal bundles.) 

A bundle morphism over id {B) has for each beB a rank, the rank of the linear 
map between the fibres over b. It is then clear what we mean by a bundle morphism 
of constant rank. 

AsubsetU' C E of an n -dimensional real bundle p : E —*■ B is a k -dimensional 
subbundle of p, if there exists an atlas of bundle charts (called adapted charts) 
(p: p~ l {U) —> U x R" such that q>(E' fl p~ l (U)) = U x (R fc xO). The restriction 
p : E' B is then a vector bundle. 

A vector bundle is to be considered as a continuous family of vector spaces. We 
can apply constructions and notions from linear algebra to these vector spaces. We 
begin with kernels, cokernels, and images. 

(14.2.3) Proposition. Let or. —»• £2 be a bundle morphism over B of constant 
rank and ab the induced linear map on the fibres over b. Then the following hold: 

(1) Kera = (J beB Ker(a*) C £(£ 1 ) is a subbundle of^\. 

(2) Im(Q!) = (J beB Im (ab) C E(tj 2 ) is a subbundle 0 /^ 2 - 

(3) Suppose Coker(o!) = (J beB E(ff)b/ Im(a!i) carries the quotient topology 
from E (£ 2 )- Then, with the canonical projection onto B, Coker(a) is a vector 
bundle. 

Proof. The problem in all three cases is the existence of bundle charts. This is a 
local problem. Therefore it suffices to consider morphisms 

a: B x R m -► B x R", (b, v) (b, a b (v)) 
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between trivial bundles. 

We write K x = Ker(o' x ) and L x = lm{a x ). We fix b e B and choose 
complements R m = K © K' and R” = L © L' for K = Kf, and L — Lf,. 
Let q: R m —>■ K and p: R” —>■ L be the projections with Kerri/) = K' and 
Ker (p) = L'. Then 

Yx : R m © L' -> R" © K, (v,w) h* (a x (v) + w,g(v)) 

is an isomorphism for x = b , hence also an isomorphism for x in a neighbourhood of 
b. Thus let us assume without essential restriction that y x is always an isomorphism. 
Since a x has constant rank k, we conclude that K x fl K' = 0 and L x fl L' = 0. 
This fact is used to verify that 

B x R m ->• B x (L x K), ( x, v ) !->• (x, pa x (v), q(v)) 

B x ( K' x L') -tfixR”, (x, v, w) i->- (x, a x (v ) + w) 

are fibrewise linear homeomorphisms. The first one maps U t g /? ! x ! x K x onto 
B x (0 x K) and the second one B x ( K' x 0) onto UveB ix} x L x . Moreover, 
the second induces a bijection of B x (0 x L') with Uve,B W x K”/L x . Thus we 
have verified (l)-(3) in the local situation. □ 


14.2.4 Tangent bundle of the sphere. Let 

TS n = {(x, v) | (x,u) = 0} C 5" x R” +1 


with the projection p: TS n —> S' 1 onto the first factor. The fibre p~ ] (x) is the 
orthogonal complement of x in R” +1 . These data define the tangent bundle of the 
sphere. One can apply (14.2.3) to the family a x : R” +1 ->• R n+1 , v h-> (x, v)x of 
orthogonal projections. 

Recall the stereographic projections <p± : -S’" \{± e n +1 j —> R". The differential 
of p- o (p~ l : R” \ 0 —>■ R" 's 0 at x is the linear map 




l|x|| 2 f~2(x,f)x 

ll^ll 4 


For ||x || = 1 we obtain the reflection ^ i-> — 2(x, %}x at the hyperplane 

orthogonal to x. Let U± = p~ ] (S n \ {e n + 1 }). The differential of <p± yields a 
homeomorphism which is fibrewise linear and the diagram 


D<p± 

U± -^ R" x R" 


S«-{±c„ +1 } 


<p± 


p r i 


4>R”. 
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If we identify in R" x f + P x R" the point (x, u) e (R” \ 0) x R” in the 
first summand with ( ^ ) then we obtain a vector bundle over S — 

(R” \ 0 + R” 's 0)/x ~ x||x||~ 2 which is isomorphic to p\ TS n —> S n . We can 
simplify the situation by identifying in D n x R" + D n x R" the point (x, u) e 
.S’” -1 x R” in the first summand with (x, v — 2(x, v )x) in the second summand. 

In the tangent bundle we have the subspace of tangent vectors of length 1. In 
our case this is the space {( u , v) £ S n x S n \ (u, v) = 1}, the Stiefel manifold 
I / 2 (R” + 1 ). We can obtain it from D n x .S” -1 + D n x .S” -1 by the identifica¬ 
tion (x, i>) ~ (x, v — 2(x, v) v). For even n we obtain from (10.7.8) the integral 
homology of this Stiefel manifold. 

For “smallest” structure groups of the tangent bundle of S n see [36]. The vector 
field problem [3] is a special case of this problem. O 

Important vector bundles in geometry are the tangent bundles of differentiable 
manifolds and the normal bundles of immersed manifolds. 

14.2.5 Tautological bundles. Let V be an n -dimensional real vector space and 
Gk(V) the Grassmann manifold of the &-dimensional subspaces of V. We set 

E k (V) = {(x, v) | x e G k (V), v e x} C G k (V) x V. 

We have the projections yk(V) = yk '■ E k (V) —> G k (V), (x, u) i-> x, and the 
fibre over the element x e G k (V) is the subspace x. For this reason we call this 
bundle the tautological bundle. It remains to verify that y k is locally trivial. For 
this purpose we recall the 0(/:)-principaI bundle p : .Sjt (R”) —> G k { R”) from the 
Stiefel manifold to the Grassmann manifold. The map 

S k ( R”)x 0(fe) R fe ^^(K"), 

((vt. ■ • • - v k ), (Ai,..., A*)) ((ui,.... V*), £ A jVj) 

is a fibrewise linear homeomorphism; it describes the tautological bundle as an 
associated fibre bundle. 

Here is a different argument. Suppose x is spanned by (r^__ v k ) e .S’^(R”); 

then p x : R" —> R", u i-> £/ = i ( v, vj )vj is the orthogonal projection onto x. It 
depends continuously on (m,..., v k ) and induces a continuous map G k (R”) 
Hom(R”, R"), x i—> p x , and 

G k ( R") x R» ^ G fe (R”) x R», (x, v) (x,p x (v)) 

is a bundle morphism of constant rank with image E k ( R”). Now one can use 
(14.2.3). 

There exist analogous complex tautological bundles over the complex Grass- 
mannians. O 
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14.2.6 Line bundles over CP". Let H : C" +1 \ 0 —> CP" be the defining 
C*-principal bundle. Let C(k) be the one-dimensional complex C*-representation 
C* x C —C, (A, z) A k z. We obtain the associated complex line bundle 

H(k) = (C" +1 ^ 0) x c * C(-£) -> CP". 

Thus H(k) is the quotient of (C" +1 nO)xC under the equivalence relation (z, u) ~ 
(. Xz,X k u) for A e C*. We also have the S 1 -principal bundle S 2n+1 C" 
(the Hopf bundle). The inclusion ,S' 2 " +1 x C —> (C" +1 sO)xC induces a 
homeomorphism 

5 2 " +1 x s i C(-Jfc) (C" +1 v 0) x c * C (-k). 

The inverse homeomorphism is induced by ( z,u ) (||z|| _1 z, ||z|| _fe w). The 

unit sphere bundle is .S’ 2,1+1 x s i S 1 (—k). The assignment z (z, 1) induces a 
homeomorphism 

S 2n+1 /C\k\ -+ s 2n+1 x sl S\-k ). 

Here C m C S 1 is the subgroup of order m (roots of unity). 

The bundles H(k ) over CP" exist for 1 < n < oo. We call the bundle //(I) 
the canonical complex line bundle. For n — oo it will serve as a universal one¬ 
dimensional vector bundle. 

The tautological bundle over CP" = Gi(C" +1 ) is H(— 1), since 
(C" +1 ^0) x c * C(l) Pi(C" +1 ), (x,u) ([x],ux) 

is an isomorphism. 

The sections of H{k ) correspond to the functions /: C" +1 \ 0 —> C with the 
property /(Az) = A k f{z), they are homogenous functions of degree k. This is the 
reason to define H{k) with C (—k). O 

Let q\ E —> B be a right G -principal bundle and V an n -dimensional repre¬ 
sentation of G. Then the associated bundle p: E xq V B is an n -dimensional 
vector bundle. A bundle chart cp : q~ l (U) —> U x G for q induces a bundle chart 
q~ x (U) xc V —>• U x V for p, and the vector space structure on the fibres of p is 
uniquely determined by the requirement that the bundle charts are fibrewise linear. 

We now show that vector bundles are always associated to principal bundles. Let 
p\ X B be an n -dimensional real vector bundle. Let = Iso(R", A/,) be the 
space of linear isomorphisms. ThegroupG = GL„(R) = Iso(R", R") = Aut(R") 
acts freely and transitively on Eb from the right by composition of linear maps. We 
have the set map 

q : P(|) = E = U beB E b -+B, E b {b} 

with fibrewise GL„(R)-action just explained. If <p: p~ l {U) —>• U x R", <p b : X b —> 
R" is a bundle chart of p, we define 

<p: q~ l {U) = \J b eu E b ->• U x Iso(R", R"), a e E b i-> (, b, < p b o a) 
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to be a bundle chart for q. The transition function for two such charts has the form 

(U fl V) x Aut(R") —> (U fl V) X Aut(R"), (b, y) \-> (, b , y). 

This map is continuous, because b fkTf 1 is continuous. Therefore there 
exists a unique topology on E in which the sets q~ l (U) are open and the charts 
(p homeomorphisms. The fibrewise GL„ ([R)-action on E now becomes continuous 
and ip is equivariant. This shows q : E —>• B to be a GL„([R)-principal bundle. 
The evaluation Iso(R", A/,) x R" —>• X/,, (/, u) f(u) induces an isomorphism 
£(t) x GLj( ( R ) R” ^ X(£) of vector bundles. 

(14.2.7) Theorem. The assignment which associated to a GL„ (R )-principal bundle 
E —> B the vector bundle E x GLw ( R ) R" —>• B is an equivalence of the category of 
GL„(R )-principal bundles with the category of n-dimensional real vector bundles; 
the morphisms are in both cases the bundle maps. 

Proof The construction above shows that each vector bundle is, up to isomorphism, 
in the image of this functor. The construction also associates to each bundle map 
(F. f) : £ — t] between vector bundles a bundle map between principal bundles 
which is given on fibres by 

E(fh = Iso(R", X($) b ) -* Iso(R n ,X(r,) Ab) ) = E(rj) m , 

and these isomorphisms are compatible with the original bundle maps, i.e., they 
constitute a natural isomorphism. Therefore the functor is surjective on morphism 
sets between two given objects. The injectivity is a consequence of the fact that a G- 
map E(f )b E(rj)/a,) is determined by the associated linear map E(f);, x G R" —> 
E(q)f ( b) xg K" (where G = GL„(R)). □ 

Problems 

1. Determine an 0(«)-principal bundle such that the associated vector bundle is the tangent 
bundle of 5". 

2. Consider in C' , + 1 the set of points (zo . +n) which satisfy the equations 

-0 T z i T • • • T z“ = 0, |-o|“ + 1-11 2 + • • • + \-n \~ = 2. 

Show that this space is homeomorphic to the Stiefel manifold Show that K 2 (R 3 ) 

is the projective space RP 3 . Thus we have embedded this space into S 5 . 

3. An li -dimensional real vector bundle is trivial if and only if it has n continuous sections 
which are everywhere linearly independent. 

4. The bundle H(k) over CP 1 is obtained from two trivial bundles pr { : C x C —> C by 
gluing over C* x C with the transition maps (z, co) i-> (z —1 , z~ k a>). 

5. The complex tangent bundle of CP 1 is H( 2). 

6. A bundle morphism J : £ —»• £ of a real vector bundle which satisfies J 2 (x) = — x for 
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each x € /s(f) is called a complex structure on /. If we define in each fibre the multiplica¬ 
tion by i G C as the map /, then £ becomes a complex vector bundle. One has to verify the 
local triviality as a complex bundle. 

7. An oriented real vector bundle is associated to a GL„(R)+-principal bundle. It is con¬ 
structed as above using the orientation preserving isomorphisms Iso_|-(R'\ 1 (ft)). There 

exists an equivalence of categories analogous to (14.2.7). 

A reduction of the structure group from GL„ (R) to GL„ (R) + corresponds to the choice of 
an orientation of the vector bundle. The reductions of a GL„ (R)-bundle E —*■ B correspond 
to the sections of £'/GL„(R)_)_ —>■ 5; the latter is a twofold covering, the orientation 
covering. 

8. The simplest non-trivial vector bundle is a line bundle over S 1 . Its total space X can 
be viewed as the (open) Mobius band [140, Werke II, p. 484], A formal definition is 
X = S 1 x <3 R, where G = {±1} acts on S 1 and R by (A ,z) i-> A z. It is also associated 
to the G-principal bundle q\ S 1 —>■ S 1 , z i->- z 2 (where S 1 C C). Suppose the bundle 
were trivial. Then there would exist a nowhere vanishing section s: S' 1 — > E, hence a map 
a: S 1 —> R \ {0} satisfying a(—z) = —er(z). The latter contradicts the intermediate value 
theorem of calculus. 

In the same manner one constructs for each n > la non-trivial line bundle S" x q R 1 — 
R P n = S n /G. 

9. Let /: X —> G/H be a G-map and A = f~ 1 ( eH ). Then A is a left //-space and we 
have a bijective G-map F : G x// A —> X , (g, x) i->- gx. The map F is a homeomorphism if 
G —> G/H has local sections. If p is a vector bundle and G acts by bundle automorphisms, 
then A is an //-representation. 


14.3 The Homotopy Theorem 

A locally trivial bundle is called numerable if it is trivial over the members of 
a numerable covering of the base space. We show that homotopic maps induce 
isomorphic bundles. We begin with the universal situation of a homotopy. 

(14.3.1) Theorem. Let p : E —>■ B x I be a numerable, locally trivial bundle with 
typical fibre F. Then there exists a bundle map R: E —> E overt". Bxl —> Bxl, 
( b,t ) i-> (h. 1) which is the identity on E\B x 1 and the morphism (R.r) is a 
pullback. 

Proof. (1) By (13.1.6), (3.1.4), and (13.1.8) we choose a numerable countable 
covering (Uj \ j e N) of B such that p is trivial over Uj x I. We then choose 
a numeration (tj) of (Uj). Let t(x) = max(t 7 (x)) and set Uj(x ) = tj(x)/t(x). 
Then the support of Uj is contained in Uj and ma x{uj (x) \ j e N} = 1 holds. Let 

rj : B x I —>• B x I , (x, t) i->- (x, ma x(uj(x), /)). 

We define over tj a bundle map Rj : E —>■ E : It is the identity in the complement 
of p~ l (UjXl), and over UjX I a trivialization Uj x I xG —> E\UjX I transforms 
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it into 


( x,t,g ) i-> (x.ma \{uj(x)j),g). 


Then Rj is the identity on E\B x 1. From the construction we see that ( Rj.rj ) is 
a pullback. The desired bundle map R is the composition of the Rj according to 
the ordering of INI. This is sensible, since for each x e E only a finite number of 
Rj (x) are different from x. The condition ma x{iij (x) | j e J} = 1 shows that R 


□ 


is a map over r. 


If we apply the previous proof to principal bundles (to vector bundles), then 
(R, r) is a bundle map in the corresponding category of bundles. 

Let p\ E B x I be as in (14.3.1) and denote by p t : E t —> B x t = B 
its restriction to B x t. We obtain from (14.3.1) a pullback (R, r): p —*■ p\. The 
map r induces from p the product bundle p\ x id: E\X I —> B x I. We conclude 
that there exists an isomorphism E = If x / of bundles which is the identity 
E\ — E\ x 1 over 5x1. 

(14.3.2) Theorem. Under the assumptions o/(14.3.1) the bundles E o and E\ are 
isomorphic. 

Proof. We have bundle maps Eo = E\B x 0 C E = E\ x I E\. □ 

14.3.3 Homotopy Theorem. Let q: E —>■ C be a numerable G -principal bundle 
and h : B x I —> C a homotopy. Then the bundles induced from p along ho and 
h i are isomorphic. A similar statement holds for vector bundles. 

Proof. This follows from the previous theorem, since h*q — ( h*q)j . □ 

14.3.4 Homotopy lifting. Let 



> Y 




B 


be a bundle map between numerable G -principal bundles. Let h: B x I —C 
be a homotopy with h 0 = <p. Then there exists a homotopy of bundle maps 
H : X x I —>• Y with Ho — O and q o H — h o (p x id). 

Proof. There exists a diagram 
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with two pullback squares and hi o = <p and In = <T. There exists an isomorphism 
a : X x I —>■ Z ol p x id with Q such that ai 0 = i. The desired homotopy is 
H — li o a. □ 

(14.3.5) Theorem. Let q X —> C he a numerable locally trivial map. Then q is a 
fibration. 

Proof. Given a homotopy h : Bx/->C and an initial condition a: B —> X. We 
pull back the bundle along h. The initial condition gives a section of the pullback 
bundle over 5x0. We have seen that the bundle over a product B x I is isomorphic 
to a product bundle, and in a product the section has an obvious extension to B x I. 
We have remarked earlier that the extendibility of the section is equivalent to finding 
a lifting of the homotopy with given initial condition. □ 

14.4 Universal Bundles. Classifying Spaces 

We denote by IB (5, G) the set of isomorphism classes of numerable G-principal 
bundles over B. (This is a set!) A continuous map /: B —>• C induces via 
pullback a well-defined map 33(f) = f* : 33(C , G) —,8(5. G). We thus obtain 
a homotopy invariant functor 33{— , G). 

Let pq : EG —> BG be a numerable G-principal bundle and [5. BG] the set of 
homotopy classes 5 —> BG. Since homotopic maps induce isomorphic bundles, 
we obtain a well-defined map 

i b :[B,BG]^S(B,G), [f]»[f*p G ]. 

The i b constitute a natural transformation. 

We call the total space EG universal if each numerable free G -space E has up 
to G -homotopy a unique G-map E EG. (Thus EG is a terminal object in the 
appropriate homotopy category.) The corresponding bundle pc, '■ EG —> BG is also 
called universal. 

Let f: E(f) —> 5 be a numerable G-principal bundle. Then there exists a 
G-map E(f) —> EG and an induced map <f>: 5 — > BG\ and G-homotopic 
maps induce homotopic maps between the base spaces. We assign to f the class 
[<t>] e [ B.BG]. Isomorphic bundles yield the same homotopy class. Thus we 
obtain a well-defined map/eg : 33(B,G) —> \ 5, BG]. and the Kg constitute a natural 
transformation. The compositions i b kb and kblb are the identity. 

If p': E'G —> B'G is another universal bundle, then there exist bundle maps 
f: EG —> E'G, y: E'G —> EG. The compositions fly and yft are homotopic to 
the identity as bundle maps. In particular, the spaces BG and B'G are homotopy 
equivalent. The space BG is called a classifying space of the group G. A map 
k : 5 —^ BG which induces from EG —> BG a given bundle q\ E ^ B is called a 
classifying map of the bundle q. Hence: 
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(14.4.1) Theorem (Classification Theorem). We assign to each isomorphism class 

of numerable G -principal bundles the homotopy class of a classifying map and ob¬ 
tain a well-defined bijection 3i(G. B) = [B,BG\. The inverse assigns to k: B —>■ 
BG the bundle induced by k from the universal bundle. □ 

(14.4.2) Theorem. There exist universal G-principal bundles. 

The proof of the theorem will be given in three steps. 

(1) Construction of the space EG (14.4.3). 

(2) Proof that any two G-maps E —»• EG are G-homotopic (see (14.4.4)). 

(3) Proof that each numerable G-space E admits a G-map (see (14.4.5)). 

14.4.3 The Milnor space. We present a construction of the universal bundle which 
is due to Milnor [131]. It uses the notion of a join of a family of spaces. Let 
(Xj | / e J ) be a family of spaces Xj. The join 

X = *jejXj 

is defined as follows. The elements of X are represented by families 

(tjxj | j e J). tj c [0,1], xj e Xj. Jf jej tj = 1 

in which only a finite number of tj are different from zero. The families (tjXj) and 
( UjVj ) represent the same element of X if and only if 

(1) tj = Uj for each ye/, 

(2) Xj = Vj whenever tj 0. 

The notation tj xy is short-hand for the pair (, tj,xj ). This is suggestive, since we 
can replace Oxy by Ovy for arbitrary xy and yy in Xj. We therefore have coordinate 
maps 

tj: X ^ [0,1], ( tjXi) i—> tj, pj : r~']0,1] ->• Xj, (yx ; ) h* xj . 

The Milnor topology on X shall be the coarsest topology for which all tj and pj are 
continuous. This topology is characterized by the following universal property: A 
map /: Y —> X from any space Y is continuous if and only if the maps tj f: Y —*■ 
[0,1] and pj f : f~ l tj l ] 0,1] —> Xj are continuous. For a finite number of spaces 
we use the notation X i * • • • * X n for their join. 

If the spaces Xj are right G-spaces, then (( tjXj ), g) ( tjXjg ) defines a con¬ 
tinuous action of G on X. Continuity is verified with the universal property of the 
join topology. The Milnor space is 

EG = G ★ G ★ G ★ • • • , 

a join of a countably infinite number of copies of G. We write BG = EG/ G for 
the orbit space and p: EG —> BG for the orbit map. 
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It remains to show that EG — > BG is numerable. The coordinate functions f 
are G -invariant and induce therefore functions x y on BG. The xj are a point-finite 
partition of unity subordinate to the open covering by the Vj/G. Vj = f~ 1 ]0,1], The 
bundle is trivial over Vj/G , since we have, by construction, G-maps pj : Vj —>■ G. 

O 


(14.4.4) Proposition. Let E be a G-space. Any two G-maps fig: E —> EG are 
G-homotopic. 

Proof. We consider the coordinate form of f(x) and g(x), 

(t t (x)fi (x), t 2 (x)f 2 (x),...) and (it, (x)g t (x ), u 2 (x)g 2 (x ),...), 

and show that / and g are G -homotopic to maps with coordinate form 

(t, (x)f, (x), 0, t 2 (x)f 2 (x), 0,...) and (0,u 1 (x)g 1 (x),0,u 2 (x)g 2 (x),...) 

where 0 denotes an element of the form 0 • y. In order to achieve this, for / say, 
we construct a homotopy in an infinite number of steps. The first step has in the 
homotopy parameter t the form 


(t, f, ,tt 2 f 2 , (1 — t)t 2 f 2 . tt 2 fi, (1 — 1 ) 13/3 -)■ 

It removes the first zero in the final result just stated. We now iterate this process 
appropriately. We obtain the desired homotopy by using the first step on the interval 
[0, i], the second step on the interval [|, |], and so on. The total homotopy is 
continuous, since in each coordinate place only a finite number of homotopies are 
relevant. 

Having arrived at the two forms above, they are now connected by the homotopy 
((1 — t)t\f\,tu\g\. (1 — t)t 2 f 2 . tu 2 g 2 , ...) in the parameter t. □ 

(14.4.5) Proposition. Let E be a G-space. Let (U n \ n e N) be an open covering 
by G-trivial sets. Suppose there exists a point-finite partition of unity (v n \ n e N) 
by G-invariant functions subordinate to the covering ((/„). Then there exists a 
G-map p\ E —> EG. 

A numerable free G-space E admits a G-map E EG. 

Proof. By definition of a G -trivial space, there exist G-maps pj : Uj —> G. The 
desired map p is now given by p(z) — (m (z)p 1 (z), v 2 (z)p 2 (z),... ). It is contin¬ 
uous, by the universal property of the Milnor topology. 

In order to apply the last result to the general case, we reduce arbitrary partitions 
of unity to countable ones (see (13.1.8)). □ 

(14.4.6) Proposition. The space EG is contractible. 
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Proof. We have already seen that there exists a homotopy of the identity to the 
map (tjgj) !->• (hgi,0, t 2 g 2 , hg?,, ■ ■ ■)■ The latter map has the null homotopy 
((l-t)t l g l ,te,(l-t)t 2 g 2 ,---)- □ 

(14.4.7) Example. The locally trivial map p: EG —> BG is a fibration with con¬ 

tractible total space by (14.3.5). We also have the path fibration P —*■ BG with 
contractible total space and fibre QBG. We can turn a homotopy equivalence 
EG P into a fibrewise map, and this map is then a fibrewise homotopy equiva¬ 
lence. Hence we have a homotopy equivalence QBG ~ G. The exact homotopy 
sequence then yields an isomorphism 3: n n (BG) = jt„-i(G). O 

(14.4.8) Example. For a discrete group, BG is an Eilenberg-Mac Lane space of 

type K(G, 1). The space BS 1 is an Eilenberg-Mac Lane space K( Z, 2). Models 
for 5Z/2 and BS 1 are [R P°° and C P°°, respectively. O 

A continuous homomorphism or. K —>■ L induces the map 

E(a): EK —> EL, {tiki) i->- ( ti<x(ki)) 

which is compatible with the projections to the classifying spaces. We obtain an 
induced map B(a): BK —»• BE. In this manner B becomes a functor from the 
category of topological groups into TOP. 

(14.4.9) Proposition. An inner automorphism or. K — K, k i-»- uku~ l induces a 
map B{a) which is homotopic to the identity. 

Proof. The map (tiki) m- ( ttukj ) is a K- map and therefore K -homotopic to the 
identity. The assignment (tiki) i-> ( tjukjU -1 ) induces the same map between the 
orbit spaces. □ 

(14.4.10) Proposition. Let X be a free numerable G-space. Then the join E = 
X ★ X ★ • • • is a universal G -space. 

Proof. As in the proof of 14.4.3 we see that any two G-maps into E are G- 
homotopic. Since X is numerable, so is E. □ 

(14.4.11) Corollary. Let H be a subgroup of G. Assume that G is numerable as 

H-space. Then EG is, considered as H-space, universal. □ 

The next theorem characterizes universal bundles so that we need not rely on a 
special construction. 

(14.4.12) Theorem. A numerable G-principal bundle q: E —>• B is universal if 
and only if E is contractible (as a space without group action). 
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Proof. We know already that Milnor’s space EG is contractible. If p is universal, 
the G -space E is G-homotopy equivalent to EG and hence contractible. 

Conversely, assume that E is contractible. Then the associated fibre bundle 
E X(j EG —> B has a contractible fibre EG and is therefore shrinkable (use (13.3.3)). 
Hence it has a section and any two sections are homotopic as sections. A section 
corresponds to a bundle map a: Zs —»• EG (see (14.1.4). For the same reason there 
exists a bundle map ft : EG —»• E. By 14.4.3, aft is homotopic to the identity as a 
bundle map. In order to see that ft a is homotopic id ( E), we use that sections are 
homotopic. □ 

We compare classifying spaces of different groups and discuss the functorial 
properties of classifying spaces. Let a: K —>■ L be a continuous homomorphism 
between topological groups. We denote by a L the //-space 

(k,l) m>- a(k) • l. 

The associated bundle E(K) x^ a L -a B(K) inherits a right L-action and is an 
L-principal bundle. It has a classifying map B(a ): B(K) -a B(L). FortheMilnor 
bundle the homotopy class is the same as the one already defined. If ft : L —> M is 
a further homomorphism, then the relation B(ft)B(a) — B(fta) is easily verified. 

Let i: H C G be the inclusion of a subgroup. We restrict the G -action to H 
and obtain a free and contractible H- space res# EG. If G —> G/H is a numerable 
//-principal bundle, then res h EG is numerable as //-space; hence we have in 
this case in res hEG —*■ (res hEG)/H as model for EH BH. We then obtain, 
because of EG xq H = EG/H, a map 

Bi: BH = ( EG)/H -* (EG)/G = BG , 

which is a fibre bundle with fibre G/H. If G/H is contractible, then Bi is a 
numerable fibration with contractible fibre, hence a homotopy equivalence. This 
situation occurs for the inclusions O (n) —»• GL„(R) and U (n) -a GL„(C), and in 
general for the inclusion K C G of a maximal compact subgroup K of a connected 
Lie group G [84, p. 180]. 

(14.4.13) Proposition. The inclusions of subgroups induce homotopy equivalences 
BO(n) B GL„([R) and BG(n) 5GL„(C). □ 

Let H be a normal subgroup of G. Then E(G/H) x E(G) is a numerable 
free G-space; hence ( E(G/H ) x EG)/G is a model for BG. (In general, for each 
G-space X which is contractible, the product X x EG is another model for EG.) 
With this model and the orbit map of the projection E(G/H) x EG —* E(G/H) 
we obtain a map p : BG —*■ B(G/H) which is a fibre bundle with structure group 
G/H and fibre BH. In this case BH — EG/H with induced G/H- action. The map 
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p and the inclusion i : BH —> BG of a fibre are induced maps of the type Bp for 
the cases i: H C G and p: G —> G/H. Therefore we have a fibre bundle 

Bi Bp 

BH — >BG-^> B(G/H). 

Principal bundles for a discrete group G are covering spaces; this holds in 
particular for the universal bundle EG —»• BG. Since EG is simply connected, it is 
also the universal covering of BG. Thus two notions of “universal” meet. What is 
the relation between these concepts? 

Let B be a pathwise connected space with universal covering p: E —> B, a 
right jz -principal covering for n = n\(B). Let (p: n —> G be a homomorphism. 
We have as before the right G -principal covering Ex nip G. If <p and if/ are conjugate 
homomorphisms, i.e., if g(p(a)g~' = i// (a) for a g e G, then 

E x n V G -* E Xj,. ^G, (x,h) (x,gh) 

is an isomorphism of G-principal coverings. The assignment <p i-> Ex ni() G isamap 
a: IIomfTr, G) c —> ‘B(G. B) from the set of conjugacy classes of homomorphisms 
(index c) to the set of isomorphism classes of G-principal bundles over B. 

(14.4.14) Proposition. The map a is a bijection. □ 

(14.4.15) Example. Let G be discrete and abelian. Then conjugate homomor¬ 
phisms are equal. If all coverings of B are numerable (say B paracompact), then 
B(B.G) = [ B.BG ]. A bijection 

or Hom(7r, G) ^ [B.BG] = H l (B:G) 

is obtained from (14.4.14). For the last equality note that BG is an Eilenberg-Mac 
Lane space and represents the first cohomology. O 

(14.4.16) Example. The fibration U(/;)/U(» — 1) —> B\](n — 1) —> B\J(n) and 

U(n)/U(n — 1) = .S' 2 ” -1 show that the map i (n ): B\]{n — 1) —> B U(//) induced 
by the inclusion U(n — 1) C U(«) is (In — l)-connected. The induced map 
i («)*: [ X , B(n — 1)] —> [Z, B\J(n)\ is therefore bijective (surjective) for a CW- 
complex X of dimension dim X <2n — \ (dim X < 2n — 1). So if dim X < 2 n — 2, 
then a k -dimensional complex vector bundle § over X is isomorphic to r)@(k — n )s 
for a unique isomorphism class r] of an n -dimensional bundle r/. O 

Problems 

1. Work out a proof of (14.4.14). 

2. The canonical diagram 

K 


■» QBK 

Q. B(a) 
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is homotopy commutative. See (14.4.7). 

3. The abelianized group n\ (B) is isomorphic to the homology group H\ (P; Z). Therefore 
we can write (14.4.15) in the form a: Hom(//i(P), G) = H 1 (B:G). The classifying map 
/: B —► BG of a G-principal bundle q: X —> B induces homomorphisms /* : jt\ ( X ) —> 
tti(B) and /* : H\{B) —> H\(BG). If G is abelian and discrete, then G = n\(BG ) = 
H\ (BG). We thus obtain a map 

P: [B, BG] —»• Hom(//i (B), G). 

Under the hypotheses of (14.4.15), ft is inverse to a. 

4. We give an example of a non-numerable bundle. The equation xz + v 2 = 1 yields a 
hyperboloid Q in IR 3 . The action of the additive group Ron E 3 

c ■ (x, y, z) = (x, y + cx, z — Icy — c 2 x), 

is free on Q, and Q becomes an IR-principal bundle. Numerable IR-principal bundles are triv¬ 
ial, since IR is contractible. The bundle Q is non-trivial. The orbit space is the non-Hausdorff 
line with two origins. If the bundle were trivial it would have a section, and this would imply 
that the orbit space is separated. 

5. The join S m * S n is homeomorphic to s m + n +1 ; (t\z\, t 2 ? 2 ) i-> (\ft\Z \, is 

a homeomorphism. The join of k copies S' 1 is homeomorphic to S 2k ~ 1 . A suitable 
homeomorphism respects the -action, if we let S 1 act on S 2k ~ 1 by scalar multipli¬ 
cation (A, v) i->- An. The Milnor construction thus yields in this case the Hopf bundle 
S 2k ~ t CP* -1 . 

6. A suitable isomorphism ji n (BG) = n n —i(G) has the following interpretation. Let 
p\ E —» S n be a G-principal bundle. Write S ’ 1 = D+ U D-, S"~ 1 = D+ IT D— as usual. 
Then p\D+ and p\D— are trivial. Choose trivializations t± : p~ l (D±) —> D± x G. They 
differ over S n ~ 1 by an automorphism 

S ' 1-1 xG-> 5" -1 x G, (. x,g) (. x,a x (g )) 

of principal bundles. Hence a x (g) = a x (e)g, and x i-> a x (e) represents an element in 
n n —i(G) which corresponds under the isomorphism in question to the classifying map of 
P- 

7. The canonical map S°° —>■ CP^isanS 1 -principal bundle with contractible total space. 
Hence CP 00 is a model for BS 1 . This space is also an Eilenberg-Mac Lane space of type 
K( Z,2). In a similar manner one has P(Z/2) = RP°° = K(J./2,\). 

8. Suppose the Xj are Hausdorff spaces. Then their join is a Hausdorff space. 

9. The map (Xi * X 2 ) * X 3 —> X\ * X 2 * X 3 which sends (u\(tix\, t 2 X 2 ), U 2 X 3 ) to 
(u\t\X\,u\t 2 X 2 ,U 2 X 2 ,) is a homeomorphism. Discuss in general the associativity of the 
join. 

10. The join of a family (Xj \ j e /) is a subspace of the product Wj^j CXj of cones, 
when the cone CX = I x A/0 x X is given the Milnor topology with coordinate functions 
t : (x, t) t and t~ ^O, 1] —> X, (x, t) i-> x (and not the quotient topology as previously 
used in homotopy theory). 

11. As a set, Xq * ■ ■ ■ * X n is a quotient of Xq x • • • x X n x A[«]. If the Xj are compact 
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Hausdorff spaces, then the join carries the quotient topology. In general the two topologies 
yield h-equivalent spaces. 

12. A theorem of type (14.2.7) can be proved in certain other situations. Let p.E^-B 
be a right 5(/!)-principal bundle for the symmetric group S(n) and F(n) = {1,...,«} the 
standard left S(n)-set. Then/),,: E x$(n) F(n) —> B is an //-fold covering. The assignment 
p p n is part of an equivalence between the category of 5(«)-principal bundles and n-fold 
coverings. Isomorphism classes of n-fold numerable coverings of B are therefore classified 
by [B,BS(«)]. 

13. Use the previous problem in order to classify n -fold coverings of S 1 V S 1 via the bijection 
totS 1 v S 1 ,BS(n)]. 

14.5 Algebra of Vector Bundles 

Let £: E(f) —> B and ry. E(rj) C be vector bundles over the same field. The 
product £ x iy. E( f) x E(rj) —>■ B x C is a vector bundle. Let B = C; we pull 
back the product bundle along the diagonal cl: B^BxB,b\-^-(b,b) and obtain 
cl*(l; x r/) = £©?/, the Whitney sum of f and rj. The fibre of £ © rj over b is the 
direct sum of the fibres A bundle r] is called an inverse of £, if £ © r) is 

isomorphic to a trivial bundle. 

A Riemannian metric on a real vector bundle f is a continuous map 
5 : £(£©£) —*■ 1R which is on each fibre an inner product s(x) on E(^) x . If £ 
has a Riemannian metric and if a : //—>•£ is a fibrewise injective bundle morphism 
over B, then Coker(o:) is isomorphic to the fibrewise orthogonal complement £ 
of Im(o!) (this is a subbundle). We have therefore an isomorphism £ = t] © £. 
Similarly for complex bundles and hermitian metrics. 

(14.5.1) Proposition. A numerable vector bundle has a Riemannian metric. 

Proof. Let Kbea covering of B with numeration (r/y | U e U). A trivial bundle 
certainly has a Riemannian metric; so let sy be a metric on f | U. Then ffu tijS\j 
is a Riemannian metric on £. The sum is short-hand notation for the inner product 
j(j (x )srj (x) on the fibre over x, and we agree that “zero times undefined = 
zero”. □ 

(14.5.2) Proposition. A bundle E(f) —> B has an inverse if and only if it is 
numerable of finite type. 

Proof. Let <»,: £ _1 ([/ ; ) —>■ Uj x R" be bundle charts and (t, ) a numeration of 
(Uj), O' e J,J finite). Then 

a : E(%) ^ B x ® ye7 R”, m (f (x); t y 0 (x)) pr 2 cpj (x) | j e J) 

is a fibrewise injective bundle morphism into a trivial bundle. The orthogonal 
complement of the image of a is an inverse of 0 
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Let £ be a A;-dimensional bundle with inverse //. From an isomorphism of £ © q 

P r 

to a trivial bundle we obtain a map /: E(^) C £(£ © rj) = B x R” -> R" which 
is injective on each fibre. Given a map with this property we get a bundle map 
£ —> Yk( R") into the tautological bundle by mapping x e £& to (/(f&), /(x)) e 
£jfc(R”) C G^([R”)xR”. (Verify that i-> /(f&) is continuous.) This map is called 
the Gauss map of £. The bundle y* is numerable of finite type, as a bundle over 
a compact Hausdorff space, hence the induced bundle £ has the same properties. 

□ 

Standard constructions of linear algebra can be applied fibrewise to vector bun¬ 
dles. Examples are: 

V* dual space of V dual bundle of £ 

V © W direct sum £ © r) Whitney sum 

V <g) W tensor product £ <g> rj tensor product 

A' V i -th exterior power A' £ i -th exterior power 

Hom(L, W) homomorphisms Hom(£, >]) homomorphism bundle 

Canonical isomorphisms between algebraic constructions yield canonical isomor¬ 
phisms for the corresponding vector bundles. Examples are: 

(f © V) ® K = (f ® 0 ® (t? ® 0 

Hom(£, T]) = <g> rj 

A fc (f ® V) = 0i+y=fc(A^ <E> A^). 

In the last isomorphism A°£ is the trivial one-dimensional bundle and A 1 £ = 

In order to prove such statements, one has to use that the constructions of linear 
algebra are in an appropriate sense continuous. It suffices to consider an example, 
say the tensor product. Let £: £(£) —> B and?]: E(rj) —> B be real vector bundles. 
The total space of | ® r] has the underlying set 

U beB^b ® Vb) = E(% ® J7), 

the disjoint union of the tensor products of the fibres. Let £ _ 1 (t/) -> l/x T 
be a bundle chart of £ and i//: —> U x R" a chart of rj. Then a bundle chart 

for £ <g> 77 over [/ should be 

y: Ufeet/fe ® rib) Uj x (R m <g> R"), 

the fibre ^ (g) rjf, is mapped by the tensor product of the linear maps <p over b and 
i/r over b. At this point it is now important to observe that the transition maps 
of such charts are homeomorphisms. Therefore there exists a unique topology on 
E(l;®r]) such that the sources of the y are open and the y are homeomorphisms. In 
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this manner we have obtained the data of the bundle £ ® rj. In dealing with tensor 
products one has to distinguish < 8 >ir for real bundles and ®c for complex bundles. 

If we start with bundles £: E(§) —B and q. E (q) —>■ C we obtain in a similar 
manner a bundle £® rj over B x C with fibres ^ ® q c ■ It is called the exterior tensor 
product. Let B — C and let d: B x B he the diagonal; then <:/*(£©)?) = Let 

p: B x C —> B and q: B x C —> C be the projections; then = p*% ® q*r\. 

(14.5.3) Example. Let p . E —»• 5 be an S' 1 -principal bundle and £: P(£) = 

E x 5 i C —>■ 5 the associated complex line bundle. Then p is the unit-sphere 
bundle of £. Let C m C S 1 be the cyclic subgroup of order in. The m- fold tensor 
product ^ ® • • • ® § is £ x 5 i C(m), where S 1 acts on C by (A, z) h>- A m z. 

The unit-sphere bundle of is E / C m —> B. If we use the model S°° —> BS 1 
for the universal S ^principal bundle, we obtain the canonical map BC m —> BS 1 
as the sphere bundle of the m-fold tensor product of the universal line bundle. O 

(14.5.4) Example. Let p: E —> B be a right G -principal bundle. Let V. W be 

complex G -representations. Let py : E X(i V —B he the associated complex 
vector bundle. Then there are canonical isomorphisms py © pw = Pv@w and 
Pv®Pw = Pv®w ■ For the bundles //(A) over CP" the relations //(A)®c //(/) = 
H(k + /) hold. O 

14.5.5 Complex vector bundles over 5 2 = CP 1 . We have the line bundles //(A) 
over CP 1 for A e Z. The total space is H(k ) = (C 2 \ 0) x^* C with equivalence 
relation ((zo,zi),w) ((Azo, Azi), A*n). Set rj — H( 1); then rf 1 = H(n). Let 
£ be an arbitrary line bundle over CP 1 . We have the charts <po: C —> Uq = 
{[zo,zi] | z 0 0} and : C —> U\{[zq,zi] \ z\ ^ 0}. We pull back £ along 
(pj and obtain a trivial bundle. Let : C x C —> i-\Uj be a trivialization. Then 
C* x C —> C* x C has the form (z, u) m- ( z~ 1 ,a z ■ u ) for some map 
a : C* —> C*. The map a is homotopic to a map z k>- z~ k . We use a homotopy in 
order to construct a bundle over CP 1 x [0,1] which is over CP 1 x 0 given by the 
gluing (z, u) m- (z -1 , a z u) and over CP 1 x 1 by the gluing (z, u) (->• (z _1 , z~ k u). 
The latter gives H(k). By the homotopy theorem we see that £ is isomorphic 
to H(k). Let .8 denote the set of isomorphism classes of complex line bundles 
over CP 1 with tensor product as composition law (see Problem 4). We have just 
seen that k: Z —>■ 8 , k m- H(k ) is a surjective homomorphism. We know that 
8 = [CP 1 , CP°°] = 7 i 2 (C / J00 ) = Z. Therefore k has a trivial kernel, because 
otherwise 8 would be a finite cyclic group. Altogether we have seen that the H(k) 
represent the isomorphism classes of complex line bundles. 

Now we use (14.4.16) and see that a A-dimensional bundle (A > 1) is isomorphic 
to H(n) © (A — l)e for a unique n e Z. Bundles over CP 1 have a cancellation 
property: An isomorphism f © £ = r/ffi^ implies £ = 17 ; this is again a consequence 
of (14.4.16). 
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For the bundles H(k) over CP 1 the relations 11 (k) © H(l) = II (k + /) © s 
hold. In order to prove this relation, we construct an isomorphism of r] © /©' to 
the trivial bundle. We write the bundle in the form S 3 x s 1 (C(— l)ffiC(l)). A 
fibrewise map to C 2 is given by 

((z 0 ,Zl), (tto.Mi)) I—> (z 0 M 0 -Zim.ZiMo + ZoMl). 

Observe that the matrix with rows (zo, — zi), (zi, zo) is unitary. For u o the image is 
the tautological bundle H(— 1), for u \ the orthogonal complement H( 1). We show 
by induction i] k + (k — l)e = k q. This relation is clear for k = 1 and follows for 
k = 2 from q © q~ l = 2s. Multiply rj k + (k — l)e = ki] by q, add ks and cancel 
(k — I)//; the desired relation lor k + 1 drops out. Suppose k.l e N. Then 

rj k © rf © (k — 1 + / — l)e = (k + l)q = r] k+l © (k + / — l)e, 

and cancellation of (k — 1 + / — 1)£ gives rj k © rf = q k+I © s. We multiply this 
relation by q~ k , r]~', or r]~ (k+l> in order to verify the remaining cases. O 

Problems 

1. Let f and r] be vector bundles over B. An orientation of £ and rj induces an orientation 
of £ © r), fibrewise the sum orientation of the vector spaces. If two of the bundles r}. and 
£ © r] are orientable, then the third is orientable. 

2. In a bundle with Riemannian metric the fibrewise orthogonal complement of a subbundle 
is a subbundle. 

3. Let p: E —> B be an n -dimensional bundle with Riemannian metric. Then there exists a 
bundle atlas such that the transition maps have an image in the orthogonal group O(n). The 
structure group is therefore reducible to O(n). If the bundle is orientable, then the structure 
group is reducible to SO(n). 

4. Let £ and i] be complex line bundles over B. Then £ (g>c r] is again a line bundle. The 

bundle £ £ * is trivial; the assignments <g> £? —> C, (x, X) i-> X(x) are an isomorphism 

to the trivial bundle. The isomorphism classes of complex line bundles are an abelian group 
with composition law the tensor product. 

5. Let A be a normal space and Fcla closed subset. A section s: Y E \ Y over Y of 
a numerable vector bundle £: E —> X has an extension to a section over X. 

6. Let p: E —> X and q : F —> X be vector bundles. The bundle morphisms E —> F 
correspond to the sections of Hom(£', F) —> X. 

1. Let p: E X and q : F —> X be numerable bundles over the normal space X. If 
/: E\Y —> F\Y is an isomorphism over the closed set Y , then there exists an open neigh¬ 
bourhood U of Y and an isomorphism /: E\U —> F\U which extends / over Y. 

8. The map C P a x C P h CP a+b . ([*;], [yj]) ^ [z k \ with x t = T, i+ j= t MYj in¬ 
duces from H( 1) the exterior tensor product In the case a = b = oo the map 

is associative and defines the structure of an H- space. It induces on [5, CR 00 ] the group 
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structure on the set of line bundles given by the tensor product. 

9. Determine two-dimensional real bundles over R P 2 [44, p. 434]. 


14.6 Grothendieck Rings of Vector Bundles 


Denote by V(X) the set of isomorphism classes of complex vector bundles over X. 
The Whitney sum and the tensor product induce on V(X) two associative and 
commutative composition laws (addition +, multiplication •), and the distributive 
law holds. Addition has a zero element, the O-dimensional bundle; multiplication 
has a unit element, the 1-dimensional trivial bundle. 

A commutative monoid M is a set together with an associative and commuta¬ 
tive composition law + with zero element. A universal group for M is a homo¬ 
morphism k : M — > K(M) into an abelian group K(M) such that each monoid- 
homomorphism cp: M —A into an abelian group A has a unique factorization 
4> o k = (p with a homomorphism <t>: K(M) —> A. A monoid-homomorphism 
/: M —> N induces a homomorphism K(f): K(M) K(N). Let iVcMbe 
a submonoid. We define an equivalence relation on M by 

x ~ y O there exist a,b e N such that x + a = y + b. 


Let p: M —»• M/N, x i—s- [x] denote the quotient map onto the set of equivalence 
classes. We obtain by [x] + [y] = [x + y] a well-defined composition law on M/N 
which is a monoid structure. 

In the product monoid M x M we have the diagonal submonoid D(M) = 
{(m,m)}. We set K(M) = (M x M)/D{M) andx(x) = [x, 0]. Then K(M) is an 
abelian group and k a universal homomorphism. Since [x, 0] + [0, x] = [x, x] = 0, 
we see [0, x] = — k(x). The elements of K(M) are formal differences x — y, x, y e 
M, K(x) — K(y) — [x, y], and x — y = x' — y' if and only if x + y' + z = x' + y + z 
holds as equality in M for some z e M. 

We apply these concepts to M = V(X) and write K(X) = K(V(Xj). The 
tensor product induces a bi-additive map V(X) x V(X) —*■ V(X). It induces a 
bi-additive map in the A"-groups: 


(14.6.1) Proposition. Let A, B, C be abelian monoids and m\ A x B C be 
a bi-additive map. The there exists a unique bi-additive map K(m ) such that the 
diagram 


Ax B 


VC 


kaxkb 


ICC 


K{A) x K(B) K(m) > K(C) 


is commutative. 


□ 
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The bi-additive map induced by the tensor product is written as multiplication, 
and K(X) becomes in this way a commutative ring. This ring is often called the 
Grothendieck ring of complex vector bundles. In general, the universal groups 
K(M) are called Grothendieck groups. 

We can apply the same construction to real vector bundles and obtain the 
Grothendieck ring KO(X). Other notations for these objects arc K0(X ) = K^(X) 
and K(X) = ^U(X) = K C {X). 

Pullback of bundles along /: X —> Y induces a ring homomorphism K (/) = 
/*: K(Y) —*■ K(X) and similarly for KO. Homotopic maps induce the same 
homomorphism. 

(14.6.2) Example. K(S 2 ) is free abelian as an additive group with basis 1 and rj. 

The multiplicative structure is determined by r] 2 = 2?? — 1. This is a consequence 
of 14.5.5. O 

The inclusions U(n) —»• U (n + \), A m- (q j) are used to define U = 
colim U(w), a topological group with the colimit topology. The inclusion of groups 
U(n) —*■ U induces BU(n) —> B U. If we compose a classifying map X —> B\J(n) 
with this map, we call the result X — B U the stable classifying map. Bundles £ 
and q © as arc called stably equivalent, and they have the same stable classifying 
map (up to homotopy). 

(14.6.3) Proposition. Let X be a path connected compact Hausdorjf space. Then 
there exists a natural bijection K(X ) = [X, TL x /iU]. Here TL carries the discrete 
topology. 

Proof. Let [f] — [rj\ e K(X). A bundle rj over a compact Hausdorff space has 
an inverse bundle q~ (see (14.5.2)). Hence [£ © rj~] — [rj © rj~] e K(X) is the 
same element. Therefore each element in K(X) can be written in the form [£]—«. 
Suppose [£] — n — [> 7 ] — m. Then § © me © £ = t] © ne © t, for some £. We 
add an inverse of £ and arrive at a relation of the form £ © as = rj © be, i.e., 
f and rj are stably equivalent. The homotopy class of a stable classifying map 

: X —> B U is therefore uniquely determined by the element [£] — n. We define 
k : K(X) —> [X,Zx 5U] by sending [£] — n to : X —> (dim £ — n) x B U. 

Conversely, let f: X Z x B U be given. Since X is path connected, the 
image is contained in some k x B U. The compactness of X is used to verify that 
/ admits a factorization X —*■ B\J(n) —*■ B U. We obtain a well-defined inverse 
map [X, Z x 5U] —> K(X), if we assign to /: X —> B\J(n) —> B U the element 

[fn*Yn\-[n-k]. □ 

For more general spaces the Grothendieck ring K(X) can differ substantially 
from the homotopy group [X, TL x /iU], e.g., for X = C P°°. The latter is a kind 
of completion of the Grothendieck ring. 
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The (exterior) tensor product of bundles yields a ring homomorphism 
K(X) ®z K(Y) -> K(X x Y). 

A fundamental result is the periodicity theorem of Bott. One of its formulations is: 
For compact spaces X the tensor product yields isomorphisms 

K(X) <g> K(S 2 ) g* K(X x S 2 ), KO(X) <g> KO(S*) s KO(X x S 8 ). 

Starting from this isomorphism one constructs the cohomology theories which are 
called ^-theories. For an introduction see [15], [9], [10], [12], [11], [13], [14], 
[102]. For the Bott periodicity see also [6], [106], [19]. 


Chapter 15 

Manifolds 


This chapter contains an introduction to some concepts and results of differential 
topology. For more details see [30], [44], [107]. We restrict attention to those 
parts which are used in the proof of the so-called Pontrjagin-Thom theorem in the 
chapter on bordism theory. We do not summarize the results here, since the table 
of contents should give enough information. 


15.1 Differentiable Manifolds 

A topological space X is n-dimensional locally Euclidean if each x e X has an 
open neighbourhood U which is homeomorphic to an open subset V of R”. A 
homeomorphism h: U —> V is a chart or local coordinate system of X about x 
with chart domain U . The inverse h ~ l : V —> U is a localparametrization of X 
about x. If h(x) — 0, we say that h and h~ l are centered at x. A set of charts is an 
atlas for X if their domains cover X . If X is n -dimensional locally Euclidean, we 
call n the dimension of X and write dim X = n. The dimension is well-defined, 
by invariance of dimension. 

An n-dimensional manifold or just n-manifold is an 77 -dimensional locally 
Euclidean Hausdorff space with countable basis for its topology. Hence manifolds 
are locally compact. A surface is a 2-manifold. A 0-manifold is a discrete space 
with at most a countably infinite number of points. The notation M n is used to 
indicate that n = dim M. 

Suppose ( U\,h\, Vi) and {U2J12, V2) are charts of an /7-manifold. Then we 
have the associated coordinate change or transition function 

/?2^ 1' ■ h\{U\ n 1/2) —> //2(F1 n E/2)■> 

a homeomorphism between open subsets of Euclidean spaces. 

Recall: A map /: U —>• V between open subsets of Euclidean spaces (U C 
R” , K C IR m ) is a C k -map if it is k -times continuously differentiable in the ordinary 
sense of analysis (1 < k < 00 ). A continuous map is also called a C°-map. A 
C k - map /: U -x V has a differential Df(x): IR" — > R m at x e U. 

If the coordinate changes h 2 h ^ 1 and 1 are C k -maps, we call the charts 
(I/i, h\, Vi) and (U2,112, Vf) C k -related(\ < k < 00 ). An atlas is a C k -atlas if any 
two of its charts are C k -related. We call C 00 -maps smooth or just differentiable ; 
similarly, we talk about a smooth or differentiable atlas. 
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(15.1.1) Proposition. Let Abe a smooth atlas for M. The totality of charts which 
are smoothly related to all charts of A is a smooth atlas D(A). If A and IB are 
smooth atlases, then A U ,8 is a smooth atlas if and only if D( A) = D(fB). The 
atlas D(A) is the uniquely determined maximal smooth atlas which contains A. □ 

A differential structure on the n -manifold M is a maximal smooth atlas S) 
for M. The pair (M, ID) is called a smooth manifold. A maximal atlas serves just 
the purpose of this definition. Usually we work with a smaller atlas which then 
generates a unique differential structure. Usually we omit the differential structure 
from the notation; the charts of D are then called the charts of the differentiable 
manifold M. 

Let M and N be smooth manifolds. A map /: M —x N is smooth at x e M if 
/ is continuous at x and if for charts ( U , h. U') about x and (V, k, V') about / (x) 
the composition kfh -1 is differentiable at h(x). We call kfh -1 the expression 
of f in local coordinates. The map / is smooth if it is differentiable at each 
point. The composition of smooth maps is smooth. Thus we have the category of 
smooth manifolds and smooth maps. A diffeomorphism is a smooth map which 
has a smooth inverse. Manifolds M and N are diffeomotphic if there exists a 
diffeomorphism /: M —x N. 

Smooth manifolds M and N have a product in the category of smooth manifolds. 
The charts of the form (U x V. f x g. U' x V') for charts (U. /, U') of M and 
(V, g, V') of N define a smooth structure on MxN. The projections onto the factors 
are smooth. The canonical isomorphisms R m x R" = R m+ " are diffeomorphisms. 

A subset N of an n -manifold M is a k-dimensional submanifold of M if the 
following holds: For each x e N there exists a chart h \ U -x U' of M about x 
such that h(U n N) = U' fl (R* x 0). A chart with this property is called adapted 
to N. The difference n — k is the codimension of N in M. (The subspace [R fe x 0 
of 1R" may be replaced by any A:-dimensional linear or affine subspace if this is 
convenient.) If we identify R* x 0 = \R k , then (U fl N, h, U' fl R fe ) is a chart of N. 
If M is smooth, we call N a smooth submanifold of M if there exists about each 
point an adapted chart from the differential structure of M. The totality of charts 
(U fl N, h, U' fl R fe ) which arise from adapted smooth charts of M is then a smooth 
atlas for N. In this way, a differentiable submanifold becomes a smooth manifold, 
and the inclusion N C M is a smooth map. A smooth map /: N —x M is a 
smooth embedding if f(N ) cMisa smooth submanifold and /: N —> f(N) a 
diffeomorphism. 

The spheres are manifolds which need an atlas with at least two charts. We have 
the atlas with two charts (Un,(Pn) and ( Us,<Ps ) coming from the stereographic 
projection (see (2.3.2)). The coordinate transformation is (ps ° — ll.v|| -2 V. 

The differential of the coordinate transformation at x is £ hx (||x|| 2 £ — 2(x, £ )x ) • 
||x|r 4 . For ||jc[| = 1 we obtain the reflection £ hx- £ — 2(x, £ )x in a hyperplane. 

We now want to construct charts for the projective space R P n . The subset 
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Ui = {[xq, ... ,x n ] \ Xj ^ 0} is open. The assignment 

(pi : Ui -* R", [x 0 ,... ,x„] i-> x~ x {xo ,... ,Xi-i,x i+ i ,.. . ,x„) 

is a homeomorphism. These charts are smoothly related. 

Charts for C P n can be defined by the same formulas. Note that CP" has 
dimension 2 n as a smooth manifold. (It is n-dimensional when viewed as a so- 
called complex manifold.) 

(15.1.2) Proposition. Let M be an n-manifold and U — (Uj j e J) an open 
covering of M. Then there exist charts (Vk,h k , B k | k E N) of M with the 
following properties: 

(1) Each Vk is contained in some member ofU. 

(2) B k = U 3 { 0) = {A' e R" | [|a[| < 3}. 

(3) The family (V k \ k e N) is a locally finite covering of M. 

In particular, each open cover has a locally finite refinement, i.e., manifolds are 
paracompact. If M is smooth, there exists a smooth partition of unity (o k \ k e N) 
subordinate to ( V k ). There also exists a smooth partition of unity (olj | j e J ) 
such that the support of a j is contained in Uj and at most a countable number of 
the dj are non-zero. 

Proof The space M is a locally compact Hausdorff space with a countable basis. 
Therefore there exists an exhaustion 

MoCMiCM 2 C-CM = U“ i M i 

by open sets M,- such that M, is compact and contained in Mj + \. Hence Kj — 
Mi +1 \ Mi is compact. For each i we can find a finite number of charts (V v .h v , B v ), 
If, = U 3 (0), such that V v C Uj for some j and such that the hf 1 U\(0) cover Kj 
and such that V v C M,-+ 2 ^ M,-_i (M-\ — 0). Then the V v form a locally finite, 
countable covering of M, now denoted ( Ifi . hk- B k \ k e N). 

The function A: R —> [R, A (?) = 0 for t <0, A (t) — exp(—1 /t) for t > 0, is 
a C°°-function. For s > 0, the function <p E (t) — A(t)(X(t) + A(e — t))~ l is C°° 
and satisfies 0 < tp E < 1, tp s (t) = 0 t < 0, tp £ (t) — 1 4^ t > s. Finally, 
R“ -> R, x i-> <Ps(I|a|| — r) is a C°°-map which satisfies 0 < f(x) < 1 , 
i/^(a) = l'6xe U r ( 0), f(x) = 0 <s> || jc || > r + e. 

We use these functions \fr for r — 1 and e = 1 and define xf by xp o hi on V) 
and as zero on the complement. Then the o k — s~ l fk with s = YLjfx x ! ; j yield a 
smooth, locally finite partition of unity subordinate to (V k k e N). 

The last statement follows from (13.1.2). □ 

Let Co and Ci be closed disjoint subsets of the smooth manifold M. Then there 
exists a smooth function ip: M —>■ [ 0,1] such that tp(Cj) C {/'}; apply the previous 
proposition to the covering by the Uj = M \ Cj. 
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Let A be a closed subset of the smooth manifold M and U an open neigh¬ 
bourhood of A in M. Let / : U —>■ [0. 1] be smooth. Then there exists a smooth 
function F: M — > [0,1] such that F\A — f\A. For the proof choose a partition of 
unity (<po. <P\) subordinate to ( U , M \ A). Then set F(x) = tpo(x )/ (x) for x e U 
and F{x) = 0 otherwise. 

(15.1.3) Proposition. Let M be a submanifold of N. A smooth function f : M —» [R 
has a smooth extension F : N —> R. 

Proof. From the dehnition of a submanifold we obtain for each p e M an open 
neighbourhood U of p in N and a smooth retraction r:U — > U IT M. Hence 
we can find an open covering (Uj j e ./) of M in N and smooth extensions 
fj\ Uj —» [R of f\Uj fl M. Let (a t j e /) be a subordinate smooth partition of 
unity and set F(x) = ffjej a j ( x )where a summand is defined to be zero 
if fj (a) is not defined. □ 

(15.1.4) Proposition. Let M be a smooth manifold. There exists a smooth proper 
function f: M —> R. 

Proof. A function between Hausdorff spaces is proper if the pre-image of a compact 
set is compact. We choose a countable partition of unity (r* k e N) such that the 
functions rfc have compact support. Then we set / = k ■ : M —> 1R. If 

X i U "=1 supp(ry), then 1 = £/>i x j( x ) = Hj>„ T j ( x ) and therefore f(x) = 
J2j >n j tj (x) > n. Hence/ _1 [— 77 , 77 ] is contained in (J” =1 supp(ry) and therefore 
compact. □ 

In working with submanifolds we often use, without further notice, the following 
facts. Let M be a smooth manifold and A C M. Then A is a submanifold if and only 
if each a e A has an open neighbourhood U such that A fl U is a submanifold of U. 
(Being a submanifold is a local property.) Let /: Ni —>■ N 2 be a diffeomorphism. 
Then Mi C N\ is a submanifold if and only if /(Mi) = M 2 C /V 2 is a submanifold. 
(Being a submanifold is invariant under diffeomorphisms.) 

Important objects in mathematics are the group objects in the smooth category. 
A Lie group consists of a smooth manifold G and a group structure on G such 
that the group multiplication and the passage to the inverse are smooth maps. The 
fundamental examples are the classical matrix groups. A basic result in this context 
says that a closed subgroup of a Lie group is a submanifold and with the induced 
structure a Lie group [84], [29]. 

Problems 

1. The gluing procedure (1.3.7) can be adapted to the smooth category. The maps gj are 
assumed to be diffeomorphisms, and the result will be a locally Euclidean space. Again one 
has to take care that the result will become a Hausdorff space. 
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2. Let E be an n -dimensional real vector space 0 < r < n. We define charts for the 
Grassmann manifold G r (E) of r -dimensional subspaces of E. Let K he a subspace of 
codimension r in E. Consider the set of complements in K 

U(K) = {F e G r (E) \ F (B K = E}. 

The sets are the chart domains. Let P(K) = {p e Hom(£', E) \ p 2 = />, p(E) = K} 
be the set of projections with image K. Then P(K) — > U{K), p i-> Ker (p) is a bijection. 
The set P(K) is an affine space for the vector space Horn (E/K, K). Let j : K C E and let 
q: E —>■ E/K) be the quotient map. Then 

Hom(is/ K, K) x P(K) -> P(K), (<p, p) \-> p + j<pq 

is a transitive free action. We choose a base point po e P(K) in this affine space and obtain 
a bijection 


U(K) P(K) -*■ Horn (E/K, K), Ker(/>) p p — po- 

The bijections are the charts for a smooth structure. 

3. {{x, y, z) e R 3 | z 2 x 3 + 3 zx 2 + 3x — zy 2 — 2y = 1} is a smooth submanifold of IR 3 
diffeomorphic to IR 2 . If one considers the set of solutions (.r, y, z) e C 2 , then one obtains 
a smooth complex submanifold of C 3 which is contractible but not homeomorphic to C 2 
(see [47]). 


15.2 Tangent Spaces and Differentials 

We associate to each point p of a smooth m-manifold M an /«-dimensional real 
vector space T p (M), the tangent space of M at the point p, and to each smooth 
map /: M —>■ N a linear map T p f : T P (M) — > Tf( p )(N), the differential of / at 
p, such that the functor properties hold (chain rule ) 

T P ( gf ) = T f(p) g o T p f T p (id) = id . 

The elements of T p ( M) are the tangent vectors of M at p. 

Since there exist many different constructions of tangent spaces, we define them 
by a universal property. 

A tangent space of the m -dimensional smooth manifold M at p consists of an 
in -dimensional vector space T P (M) together with an isomorphism iy: T P M — 
[R m for each chart k = ( U. (p , U') about p such that for any two such charts k 
and / = (L, i jr, V') the isomorphism /r 1 iy is the differential of the coordinate 
change i jf<p~ x at <p(p). If ( T' p M,i ' k ) is another tangent space, then i p = if 1 o 
i ' k : T p M T p M is independent of the choice of k. Thus a tangent space is 
determined, up to unique isomorphism, by the universal property. If we fix a chart 
k, an arbitrary m-dimcnsional vector space T p M, and an isomorphism i^ : T p M 
[R m , then there exists a unique tangent space with underlying vector space T p M and 
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isomorphism 4; this follows from the chain rule of calculus. Often we talk about 
the tangent space T p M and understand a suitable isomorphism 4: T p M —R'” as 
structure datum. 

Let /: M m N n be a smooth map. Choose charts k = ( U. (p, U ') about 
p e M and / = (V, i//, V') about /( p) e N. There exists a unique linear map 
T p f which makes the diagram 


T P M 


Tpf 


‘k 




■> T f(p) N 

% 

n 


> R" 


commutative; the morphism at the bottom is the differential of j/f(p~ l at <p(p). 
Again by the chain rule, T p f is independent of the choice of k and /. Differentials, 
defined in this manner, satisfy the chain rule. This definition is also compatible with 
the universal maps i p for different choices of tangent spaces T p f oi p — if( p) oT p f. 

In abstract terms: Make a choice of T p (M) for each pair p € M. Then the T p M 
and the T p f constitute a functor from the category of pointed smooth manifolds 
and pointed smooth maps to the category of real vector spaces. Different choices 
of tangent spaces yield isomorphic functors. 

The purpose of tangent spaces is to allow the definition of differentials. The ac¬ 
tual vector spaces are adapted to the situation at hand and can serve other geometric 
purposes (e.g., they can consist of geometric tangent vectors). 

We call a smooth map / an immersion if each differential T x f is injective and 
a submersion if each differential T x f is surjective. The point x e M is a regular 
point of / if T x f is surjective. A point y e A is a regular value of / if each 
x e f~ 1 (y ) is a regular point, and otherwise a singular value. If / _1 (j) — *4 
then y is also called a regular value. 

(15.2.1) Rank Theorem. Let f : M —> N be a smooth map from an m-manifold 
into an n-manifold. 

(1) If T a f is bijective, then there exist open neighbourhoods U of a and V of 
f(a), such that f induces a diffeomorphism f'.U^V. 

(2) IfT a f is injective, then there exist open neighbourhoods U of a, V of f(a), 
W of 0 e [R" -m and a diffeomorphism F : U xW —> V such that F(x, 0) = /(x) 
for x e U. 

( 3) IfT a f is surjective, then there exist open neighbourhoods U of a, V of f(a), 
W of 0 e IR m ~” and a diffeomorphism F : U — > VxW such that pr v F(x) = /(x) 
for x e U with the projection pr v : V x W —>■ V. 

(4) Suppose T x f has rank r for all x € M. Then for each a <5 M there 

exist open neighbourhoods U of a, V off(a) and diffeomorphisms tp: U —> U', 
i fr. V —> V' onto open sets U' C R m , V C R" such that f(U ) C V and 
f f tp~ x (x! x rn ) = (xi ,..., x r , 0, 0) for all (x\ . x m ) e U'. 
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Proof. The assertions are of a local nature. Therefore we can, via local charts, 
reduce to the case that M and N are open subsets of Euclidean spaces. Then these 
assertions are known from calculus. □ 

(15.2.2) Proposition. Let y be a regular value of the smooth map f: M —> N. 
Then P = f~ l (y) is a smooth submanifold of M. For each x E P, we can identify 
T X P with the kernel ofT x f. 

Proof. Let x e P. The rank theorem (15.2.1) says that / is in suitable local coor¬ 
dinates about x and /(x) a surjective linear map; hence P is locally a submanifold. 

The differential of a constant map is zero. Hence T x P is contained in the kernel 
of T x f. For reasons of dimension, the spaces coincide. □ 

(15.2.3) Example. The differentials of the projections onto the factors yield an 

isomorphism ^^(MxJV) = T x (M)xT y (N) which we use as an identification. 
With these identifications, T( X; y)(f x g) = T x f x T y g for smooth maps / and 
g. Let h: M x N —>■ P be a smooth map. Then T( x y )h. being a linear map, is 
determined by the restrictions to T X M and to T y N. hence can be computed from 
the differentials of the partial maps h\\ a i-> h(a,y) and I 12 '. b h(x,b) via 
T( x , y )h(u,v) = T x h\{u) + T y h 2 (v). O 

(15.2.4) Proposition. Suppose f: M —> N is an immersion which induces a 
homeomorphism M —> f{M). Then f is a smooth embedding. 

Proof. We first show that /(M) is a smooth submanifold of N of the same dimen¬ 
sion as M. It suffices to verify this locally. 

Choose U, V , W and F according to (15.2.1). Since U is open and M —>■ f (M) 
a homeomorphism, the set / (U) is open in /( M ). Therefore /( U ) = /(M) fl P, 
with some open set P C N. The set R = V fl P is an open neighbourhood of b 
in N , and R fl /( M) = /( U ) holds by construction. It suffices to show that f(fJ) 
is a submanifold of R. We set Q — F~ l R. and have a diffeomorphism F: Q —>■ R 
which maps (7x0 bijectively onto /((/). Since U x 0 is a submanifold of (7 x W, 
we see that /((/) is a submanifold. 

By assumption, /; M —> f{M) has a continuous inverse. This inverse is 
smooth, since /: M f{M) has an injective differential, hence bijective for 
dimensional reasons, and is therefore a local diffeomorphism. □ 

(15.2.5) Proposition. Let f : A7 ^ N be a surjective submersion and g: N P 
a set map between smooth manifolds. If gf is smooth, then g is smooth. 

Proof. Let /(x) = y. By the rank theorem, there exist chart domains U about 
x and V about y such that f(U) = V and f: U V has, in suitable local 

coordinates, the form (xi. x m ) i-> (xi __ x„). Hence there exists a smooth 

map s: V —> U such that fs (z) = r for all r e V. Then g(z) = gfs(z), and gfs 
is smooth. (The map s is called a local section of / about v.) □ 
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It is an important fact of analysis that most values are regular. A set A C N in the 
n-manifold N is said to have (Lebesgue) measure zero if for each chart (U. h, V) 
of N the subset h(U IT A) has measure zero in IR”. A subset of R” has measure 
zero if it can be covered by a countable number of cubes with arbitrarily small total 
volume. We use the fact that a diffeomorphism (in fact a C 1 -map) sends sets of 
measure zero to sets of measure zero. An open (non-empty) subset of R” does not 
have measure zero. The next theorem is a basic result for differential topology; in 
order to save space we refer for its proof to the literature [136], [30], [177]. 

(15.2.6) Theorem (Sard). The set of singular values of a smooth map has measure 
zero, and the set of regular values is dense. □ 

Problems 

1. An injective immersion of a compact manifold is a smooth embedding. 

2. Let / : M —> N be a smooth map which induces a homeomorphism M —> f (M). If the 
differential of / has constant rank, then / is a smooth embedding. By the rank theorem, / 
has to be an immersion, since / is injective. 

3. Let M be a smooth w-manifold and N C M . The following assertions are equivalent: 
(1) N is a A; -dimensional smooth submanifold ofM. (2) For each a e N there exist an open 
neighbourhood U of a in M and a smooth map /:£/—> R'”~ fc such that the differential 
Df(u) has rank m — k for all u e U and such that N D U = /“ 1 (0). (Submanifolds are 
locally solution sets of “regular” equations.) 

4. / : R" + 1 —> R, {xq, .. . ,x n ) i-> x 2 = ||x|| 2 has, away from the origin, a non¬ 
zero differential. The sphere S n (c) = / -1 (c 2 ) = {x e R" + 1 | c = ||x||} of radius 
c > 0 is therefore a smooth submanifold of R" +1 . From Proposition (15.2.2) we obtain 
T x S n (c) = {u 6 R' , + 1 \x T u}. 

5. Let M(m.n) be the vector space of real (m. «)-matrices and M(m,n;k) for 0 < k < 
rnin(m, n) the subset of matrices of rank k. Then M(m,n: k) is a smooth submanifold of 
M(m , n) of dimension k(m + n — k). 

6. The subset SaTR”) = {(xi,..., Xk) \ Xi e R"; xq,..., Xk linearly independent} of the 
A-fold product of R” is called the Stiefel manifold of A-frames in R". It can be identified 
with M(k, n \ k) and carries this structure of a smooth manifold. 

7. The group O(n) of orthogonal («, «)-matrices is a smooth submanifold of the vector space 
M„(R) of real (n ,«)-matrices. Let 5’„(R) be the subspace of symmetric matrices. The map 
/: M n ( R) —> S n (R), B h>- B* ■ B is smooth, O(n) = f~ l (E), and / has surjective 
differential at each point A e O (n). The derivative at s = 0 of.? h-> (A 1 + sX t )(A + iA) 
is A 1 ■ X + X r ■ A; the differential of / at A is the linear map M„(R) —> 5„(R), X i-> 
A 1 ■ X + X 1 ■ A. It is surjective, since the symmetric matrix S is the image of X = 4^45. 
From (15.2.2) we obtain 

T A 0(n) = {X e M„(R) | A f ■ X + X* ■ A = 0}, 

and in particular for the unit matrix E, TeO(h) = {X e M n (\R) \ A 1 + A = 0}, the space 
of skew-symmetric matrices. A local parametrization of O(m) about E can be obtained from 
the exponential map TeO(u) —>■ O(n), X i-> exp A = A k /k!. Group multiplication 
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and passage to the inverse are smooth maps. 

8. Make a similar analysis of the unitary group U(«). 

9. The Stiefel manifolds have an orthogonal version which generalizes the orthogonal group, 
the Stiefel manifold of orthonormal k-frames. Let Vk (R") be the set of orthonormal k- 

tuples (m. Vk), Vj e R". If we write Vj as row vector, then Vk (R") is a subset of the 

vector space M = M(k,n: R) of real (k, «)-matrices. Let S = S)t(R) again be the vector 
space of symmetric (k, L)-matrices. Then f:M —> S, A k> A • A‘ has the pre-image 
/ -1 (E) = Vk (R"). The differential of / at A is the linear map X k>- XA r + AX r and it is 
surjective. Hence E is a regular value. The dimension of LA(R") is (n — k)k + \k(k — 1). 

10. The defining map R" +1 \0 —>■ RP" is a submersion. Its restriction to S n is a submersion 
and an immersion (a 2-fold regular covering). 

11. The graph of a smooth function /: R" —> R is a smooth submanifold of R" +1 . 

12. Let Y be a smooth submanifold of Z and X C Y. Then X is a smooth submanifold 
of Y if and only if it is a smooth submanifold of Z. If X is a smooth submanifold, then 
there exists about each point x e X a chart ([/, ip, V) of Z such that i p(U PI X) as well as 
<p(U (T Y ) are intersections of V with linear subspaces. (Charts adapted to X C Y C Z. 
Similarly for inclusions of submanifolds X\ C X 2 C ■ ■ • C X r .) 

13. Let A*(R") be the Ar-th exterior power of R". The action of 0(/t) on R" induces an 
action on A fc (R"), a smooth representation. If we assign to a basis x(l),..., x(k) of a 
A:-dimensional subspace the element x(l) A • • • Ax(k) e A fc (R"), we obtain a well-defined, 
injective, 0(n )-equivariant map j: Gk( R") — *■ P (A*R") (Pliicker coordinates). The 
image of j is a smooth submanifold of P(A k R"), i.e., j is an embedding of the Grassmann 
manifold Gk( R”). 

14. The Segre embedding is the smooth embedding 

R P m x RP" -> rp ( ™+1)6+1)-i, ([jc f ], [yj]) ^ [xjyj ]. 

For m = n = 1 the image is the quadric {[so, H, S 2 , 53 ] | sqs?, — ^ 1^2 = 0}. 

15. Let h : R' ? + 1 x R" - * -1 —> |R"+*+ 1 be a symmetric bilinear form such that .v / 0, y / 0 
implies h(x, y) / 0. Letg: S n -*■ S n+k ,x 1 -^- h(x, x)/\h(x, x)|. If g(x) = g(_v), hence 
h(x,x) = t 2 h(y. y) with some / e R, then h(x + ty, x — ty) = 0 and therefore x + ty = 0 
or x — ty = 0. Hence g induces a smooth embedding RP" —> S"+ k . The bilinear form 

h{x 0 . Xn,yo, - Y'n ) = (zo-, Z 2 ;i) with z k = J2i+j=k x iyj yields an embedding 

RP" -+ S 2n [89], [95]. 

16. Remove a point from S 1 x S 1 and show (heuristically) that the result has an immersion 
into R 2 . (Removing a point is the same as removing a big 2-cell!). 


15.3 Smooth Transformation Groups 

Let G be a Lie group and M a smooth manifold. We consider smooth action 
G x M —*■ M of G on M. The left translations l g : M —> M, x m- gx are 
then diffeomorphisms. The map /J: CT —> M, g gx is a smooth G-map with 
image the orbit B = Gx through x. We have an induced bijective G-equivariant 
set map y: G/G x —»• B. The map ft has constant rank; this follows from the 
equivariance. If L g : G —> G and l g : M M denote the left translations by g. 
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then lg/3 = fL g , and since L g and l g are diffeomorphisms, we see that T e f> and 
T g [ J > have the same rank. 

(15.3.1) Proposition. Suppose the orbit B = Gx is a smooth submanifold of M. 
Then: 

(1) f >: G —»■ B is a submersion. 

(2) G x = f>~ ] (x) is a closed Lie subgroup of G. 

(3) There exists a unique smooth structure on G/G x such that the quotient map 

G G/ G x is a submersion. The induced map y: G/G x —> B is a diffeo- 

morphism. 

Proof. If ft would have somewhere a rank less than the dimension of B , the rank 
would always be less than the dimension, by equivariance. This contradicts the 
theorem of Sard. We transport via y the smooth structure from B to G/G x . The 
smooth structure is unique, since G —> G/G x is a submersion. The pre-image G x 
of a regular value is a closed submanifold. □ 

The previous proposition gives us G x as a closed Lie subgroup. We need not 
use the general theorem about closed subgroups being Lie subgroups. 

(15.3.2) Example. The action of SO(«) on S n 1 by matrix multiplication is smooth. 

We obtain a resulting equivariant diffeomorphism S” -1 = SO(/z)/SO(« — 1). In a 
similar manner we obtain equivariant diffeomorphisms S 2 " -1 = U(«)/U(77 —1) = 
SU(n)/SU(n - 1). O 

(15.3.3) Theorem. Let M be a smooth n-manifold. Let C C M x M be the graph 
of an equivalence relation R on M, i.e., C = {(x, y) | x ~ >’}. Then the following 
are equivalent: 

(1) The set of equivalence classes N = M/ R carries the structure of a smooth 
manifold such that the quotient map p\ M —>• N is a submersion. 

(2) C is a closed submanifold of M x M and pr ] : C -x M is a submersion. □ 

(15.3.4) Theorem. Let M be a smooth G -manifold with free, proper action of the 
Lie group G. Then the orbit space M/ G carries a smooth structure and the orbit 
map p: M —»• M/G is a submersion. 

Proof. We verify the hypothesis of the quotient theorem (15.3.3). We have to show 
that C is a closed submanifold. The set C is homeomorphic to the image of the 
map 0: G x M —> M x M, (g, x) (x,gx), since the action is proper. We 
show that 0 is a smooth embedding. It suffices to show that 0 is an immersion 
(see (15.2.4)). The differential 


x T X M x T gx M 
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will be decomposed according to the two factors 

T( g , x )®(u,v) = T g @(l,x)u + T x @(g, ?) v. 

The first component of T g ®(?, x)u is zero, since the first component of the partial 
map is constant. Thus if T( gx )(u, v) = 0, the component of T x ®(g, l)v in T X M 
is zero; but this component is v. It remains to show that T g f: T g G —> T gx M 
is injective for f: G —»• M, g gx. Since the action is free, the map / is 
injective; and / has constant rank, by equivariance. An injective map of constant 
rank has injective differential, by the rank theorem. Thus we have verified the first 
hypothesis of (15.3.3). The second one holds, since pr, o0 = pr 2 shows that prj 
is a submersion. □ 

(15.3.5) Example. The cyclic group G = Z/m C S 1 acts on C" by 

Z/m x C n -+ C", (£, (zi,..., z„)) h* (r 1 zt. ? n z n ) 

where rj e Z. This action is a smooth representation. Suppose the integers /y 
are coprime to m. The induced action on the unit sphere is then a free G -manifold 
S(ri ,..., r n )\ the orbit manifold L(r\ . r n ) is called a (generalized) lens space. 

O 

(15.3.6) Example. Let H be a closed Lie subgroup of the Lie group G. The 
//-action on G by left translation is smooth and proper. The orbit space H\G 
carries a smooth structure such that the quotient map G —>■ H\G is a submersion. 
The G -action on H\G is smooth. One can consider the projective spaces, Stiefel 
manifolds and Grassmann manifolds as homogeneous spaces from this view-point. 

O 


(15.3.7) Theorem. Let M be a smooth G-manifold. Then: 

(1) An orbit C C M is a smooth submanifold if and only if it is a locally closed 
subset. 

(2) If the orbit C is locally closed and x e C, then there exists a unique smooth 
structure on G/G x such that the orbit map G -x G/G x is a submersion. The 
map G/ G x —> C, gG x i—>• gx is a diffeomorphism. The G-action on G/G x 
is smooth. 

(3) If the action is proper, then (1) and (2) hold for each orbit. 

Proof. (1) ft \ G -x C, g gx has constant rank by equivariance. Hence there 
exists an open neighbourhood of e in G such that p ( U ) is a submanifold of M. 
Since C is locally closed in the locally compact space M, the set C is locally 
compact and therefore ft: G -x C is an open map (see (1.8.6)). Hence there exists 
an open set W in M such that C fl W = P(U). Therefore C is a submanifold in a 
neighbourhood of x and, by equivariance, also globally a submanifold. 
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(2) Since C is locally closed, the submanifold C has a smooth structure. The 
map (i has constant rank and is therefore a submersion. We now transport the 
smooth structure from C to G/G x . 

(3) The orbits of a proper action are closed. □ 

15.4 Manifolds with Boundary 

We now extend the notion of a manifold to that of a manifold with boundary. A 
typical example is the 7?-dimensional disk D n = {x e R” | ||jc|| < 1}. Other 
examples are half-spaces. Let A: R” —> R be a non-zero linear form. We use the 
corresponding half-space H( A) = {x e R" | A(x) > 0}. Its boundary 3//(A) is 

the kernel of A. Typical half-spaces are R± = {(x\ ,_ x„ ) e R" | ±xi > 0}. If 

A C R m is any subset, we call /: A —»• R" differentiable if for each a € A there 
exists an open neighbourhood U of a in R'” and a differentiable map F: U —>■ R” 
such that F\U fl A = f\U DA. We only apply this definition to open subsets A 
of half-spaces. In that case, the differential of F at a e A is independent of the 
choice of the extension F and will be denoted Df (a). 

Let n > 1 be an integer. An n-dimensional manifold with boundary or 
d-manifold is a Hausdorff space M with countable basis such that each point has 
an open neighbourhood which is homeomorphic to an open subset in a half-space 
of R”. A homeomorphism h : U —> V, U open in M, V open in //(A) is called a 
chart about x e U with chart domain U. With this notion of chart we can define 
the notions: C^-rclatcd, atlas, differentiable structure. An n-dimensional smooth 
manifold with boundary is therefore an n -dimensional manifold M with boundary 
together with a (maximal) smooth C 00 -atlas on M. 

Let M be a manifold with boundary. Its boundary 3 M is the following subset: 
The point x is contained in 3 M if and only if there exists a chart ( U, h. V) about 
x such that V C H( A) and h(x) e 3//(A). The complement M \ 3 M is called 
the interior In(M) of M. The following lemma shows that specifying a boundary 
point does not depend on the choice of the chart (invariance of the boundary). 

(15.4.1) Lemma. Let <p: V —> W be a dijfeomorphism between open subsets V C 
H(X)andW C H(fi) of half-spaces in R”. Thenxp(VndH (\)) = WndH(fi). □ 

(15.4.2) Proposition. Let M be an n-dimensional smooth manifold with boundary. 

Then either 3 M — 0 or 3 M is an (n — \)-dimensional smooth manifold. The set 
M \ 3 M is a smooth n-dimensional manifold with empty boundary. □ 

The boundary of a manifold can be empty. Sometimes it is convenient to view 
the empty set as an 77-dimensional manifold. If 3 M — 0, we call M a manifold 
without boundary. This coincides then with the notion introduced in the first section. 
In order to stress the absence of a boundary, we call a compact manifold without 
boundary a closed manifold. 
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A map /: M —> N between smooth manifolds with boundary is called smooth 
if it is continuous and C 00 -differentiable in local coordinates. Tangent spaces and 
the differential are defined as for manifolds without boundary. 

Let x e 3 M and k — ( U. h, V) be a chart about x with V open in R" . Then the 
pair ( k , v), v e IR" represents a vector w in the tangent space T X M. We say that 
w is pointing outwards {pointing inwards, tangential) to 3 M if m >0 (v 1 < 0, 
111 = 0, respectively). One verifies that this disjunction is independent of the choice 
of charts. 

(15.4.3) Proposition. The inclusion j : 3 M C M is smooth and the differential 

T x j : T x (dM) —> T X M is injective. Its image consists of the vectors tangential to 
3 M. We consider T x j as an inclusion. □ 

The notion of a submanifold can have different meanings for manifolds with 
boundary. We define therefore submanifolds of type I and type II. 

Let M be a smooth n -manifold with boundary. A subset N C M is called a 
k -dimensional smooth submanifold (of type I) if the following holds: For each 
x e N there exists a chart (U,h, V), V C R" open, of M about x such that 
h(U fi N) — V fl (R* x 0). Such charts of M are adapted to N. The set 
Ffl (R* x 0) C IR* x 0 = R* is open in R*. A diffeomorphism onto a submanifold 
of type I is an embedding of type I. From this definition we draw the following 
conclusions. 

(15.4.4) Proposition. Let N C M he a smooth submanifold of type I. The restric¬ 

tions h: U FI N —> h(U fl N ) of the charts (U, h, V) adapted to N form a smooth 
atlas for N which makes N into a smooth manifold with boundary. The relation 
N fl 3 M = 3 N holds, and 3 N is a submanifold ofdM. □ 

Let M be a smooth n -manifold without boundary. A subset N C M is a A:-di¬ 
mensional smooth submanifold (of type II) if the following holds: For each x e N 
there exists a chart ((/, h. V) of M about x such that h (U (IN) — V fl (R* x 0). 
Such charts are adapted to N. 

The intersection of D n with R* x 0 is a submanifold of type I (A: < n). The 
subset D n is a submanifold of type II of R”. The next two propositions provide a 
general means for the construction of such submanifolds. 

(15.4.5) Proposition. Let M be a smooth n-manifoldwith boundary. Let f : M R 
be smooth with regular value 0. Then / -1 [0, 00 [ is a smooth submanifold of type II 
of M with boundary / -1 (0). 

Proof. We have to show that for each x e f~ l [0, oof there exists a chart which 
is adapted to this set. If /(x) > 0, then x is contained in the open submanifold 
/ -1 ]0, oof; hence the required charts exist. Let therefore /(x) = 0. By the rank 
theorem (15.2.1), / has in suitable local coordinates the form (xi,..., x n ) i-> X\. 
From this fact one easily obtains the adapted charts. □ 
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(15.4.6) Proposition. Let f: M ^ N be smooth and y e f(M) fl (/V \ dN) be 
a regular value of f and f\dM. Then P — f~ 1 (y) is a smooth submanifold of 
type I of M with dP = (/|3M) _1 (y) = 3 M fl P. 

Proof Being a submanifold of type I is a local property and invariant under diffeo- 
morphisms. Therefore it suffices to consider a local situation. Let therefore U be 
open in Wf and /: U —IR" a smooth map which has 0 e R" as regular value for 
/ and f\dU (n > 1 ,m > n). 

We know already that / _1 (0) fl In( U ) is a smooth submanifold of In((7). It 
remains to show that there exist adapted charts about points x e 3(7. Since x is 
a regular point of f\dU, the Jacobi matrix (Dj fj(x) \ 2 < i < m, 1 < j < n) 
has rank n. By interchange of the coordinates X 2 ,...,x m we can assume that the 
matrix 

(Dj fj(x) | m — n + 1 < i < n, 1 < j < n) 

has rank n. (This interchange is a diffeomorphism and therefore harmless.) Under 
this assumption, <p : U —> R'", u (u i,..., u m ~ n , f\ (w),..., f n (u)) has bijec- 

tive differential at x and therefore yields, by part (1) of the rank theorem applied to 
an extension of / to an open set in R m , an adapted chart about x. □ 

If only one of the two manifolds M and N has a non-empty boundary, say 
M, then we define A7 x N as the manifold with boundary which has as charts the 
products of charts for M and N. In that case 3 (M x N) = 3 M x N. If both M 
and N have a boundary, then there appear “comers” along 3 M x 3/V; later we shall 
explain how to define a differentiable structure on the product in this case. 

Problems 

1. The map 

D n (+) = {(x,t) | t > 0, ||x|| 2 + ? 2 < 1} -+]- 1,0] x (/i(0), (x,t) ( -f= - 1.x) 

"V A ||X|| 

is an adapted chart for S n ~ x = 3 D n C D n . 

2. Let B be a 3-manifold. A smooth function / : dB —> R has a smooth extension to B. A 
smooth function g: A —>■ R from a submanifold A of type I or of type II of B has a smooth 
extension to B. 

3. Verify the invariance of the boundary for topological manifolds (use local homology 
groups). 

4. A 3-manifold M is connected if and only if M \ 3 M is connected. 

5. Let M be a 3-manifold. There exists a smooth function /: M —> [0, oo[ such that 
f(dM) = {0} and T x f f 0 for each x e 3 M. 

6 . Let / : M —> R A be an injective immersion of a compact 3-manifold. Then the image is 
a submanifold of type II. 

7. Verify that “pointing inwards" is well-defined, i.e., independent of the choice of charts. 

8 . Unfortunately is not quite trivial to classify smooth 1-dimensional manifolds by just 
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starting from the definitions. The reader may try to show that a connected 1-manifold 
without boundary is diffeomorphic to IR 1 or 5 1 ; and a 3-manifold is diffeomorphic to [0, 1] 
or [0,1[. 


15.5 Orientation 

Let V be an n -dimensional real vector space. We call ordered bases b\,..., b n 
and ci,...,c n of V positively related if the determinant of the transition matrix 
is positive. This relation is an equivalence relation on the set of bases with two 
equivalence classes. An equivalence class is an orientation of V. We specify 
orientations by their representatives. The standard orientation of R” is given by 
the standard basis e\,...,e n , the rows of the unit matrix. Let W be a complex 
vector space with complex basis w\,... ,w n . Then w\, i W\,..., w n , i w n defines 
an orientation of the underlying real vector space which is independent of the 
choice of the basis. This is the orientation induced by the complex structure. 

Let mi, , u m be a basis of U and w\ . w„ a basis of W. In a direct sum 

U © W we define the sum orientation by u\,..., u m , W\, ..., w n . If o(V) is 
an orientation of V, we denote the opposite orientation (the occidentation) by 
—o(V). A linear isomorphism /: U —V between oriented vector spaces is 
called orientation preserving or positive if for the orientation u\,...,u n of U the 
images f(u\),...,f ( u „) yield the given orientation of V. 

Let M be a smooth n -manifold with or without boundary. We call two charts 
positively related if the Jacobi matrix of the coordinate change has always positive 
determinant. An atlas is called orienting if any two of its charts are positively related. 
We call M orientable, if M has an orienting atlas. An orientation of a manifold 
is represented by an orienting atlas; and two such define the same orientation if 
their union contains only positively related charts. If M is oriented by an orienting 
atlas, we call a chart positive with respect to the given orientation if it is positively 
related to all charts of the orienting atlas. These definitions apply to manifolds of 
positive dimension. An orientation of a zero-dimensional manifold M is a function 
e: M -* {±1}. 

Let M be an oriented n-manifold. There is an induced orientation on each of its 
tangent spaces T x M. it is specified by the requirement that a positive chart ( U, h. V) 
induces a positive isomorphism T x h: T X M —> Th( x )V = IR” with respect to the 
standard orientation of IR". We can specify an orientation of M by the corresponding 
orientations of the tangent spaces. 

If M and N are oriented manifolds, the product orientation on M x N is 
specified by declaring the products (U x V. k x l,U' x V') of positive charts 
( U,k,U ') of M and (V.l, V') of N as positive. The canonical isomorphism 
T( X y)(M x N ) = T x M © T y N is then compatible with the sum orientation of 
vector spaces. If A is a point, then the canonical identification M x N = M is 
orientation preserving if and only if e(A) = 1. If M is oriented, then we denote 
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the manifold with the opposite orientation by — M. 

Let M be an oriented manifold with boundary. For x e 3 M we have a direct 
decomposition T X (M) = N x © T x (dM). Let n x e N x be pointing outwards. 
The boundary orientation of T x (dM) is defined by that orientation v \,..., u„_] 
for which n x , ui,..., v n -\ is the given orientation of T X (M). These orientations 
correspond to the boundary orientation of 3 M ; one verifies that the restriction of 
positive charts for M yields an orienting atlas for 3 M. 

In R", the boundary 3R" = Ox R" _1 inherits the orientation defined by 
e 2 ,...,e n . Thus positive charts have to use R”. 

Let C 2 cK 2 carry the standard orientation of R 2 . Consider S 1 as boundary of 
D 2 and give it the boundary orientation. An orienting vector in T x S 1 is then the 
velocity vector of a counter-clockwise rotation. This orientation of S 1 is commonly 
known as the positive orientation. In general if M C R 2 is a two-dimensional 
submanifold with boundary with orientation induced from the standard orientation 
of R 2 , then the boundary orientation of the curve 3 M is the velocity vector of a 
movement such that M lies “to the left”. 

Let M be an oriented manifold with boundary and N an oriented manifold 
without boundary. Then product and boundary orientation are related as follows 

o(d(M x A)) = o(dM x N), o(d(N x M)) = (~lf mN o(N x 3 M). 

The unit interval I — [0,1] is furnished with the standard orientation of R. 
Since the outward pointing vector in 0 yields the negative orientation, we specify 
the orientation of 3/ by e(0) = —1, e(l) = 1. Wehave3(/xM) = OxMUlxM. 
The boundary orientation of 0 x M = M is opposite to the original one and the 
boundary orientation of 1 x M = M is the original one, if I x M carries the 
product orientation. We express these facts by the suggestive formula 3(/xM) = 
1 x M - 0 x M. (These conventions suggest that homotopies should be defined 
with the cylinder Jxl.) 

A diffeomorphism /: M —> N between oriented manifolds respects the ori¬ 
entation if T x f is for each x e M orientation preserving. If M is connected, then 
/ respects or reverses the orientation. 

Problems 

1. Show that a 1-manifold is orientable. 

2. Let /: M —> N be a smooth map and let A be the pre-image of a regular value y e N. 
Suppose M is orientable, then A is orientable. 

We specify an orientation as follows. Let M and N be oriented. We have an exact 

sequence 0 —> T a A —l T a M l T y N —> 0, with inclusion (1) and differential T a f at 

(2). This orients T a A as follows: Let v \,..., v/c be a basis of T a A, w\ . w/ a basis of 

T y N , and u \ __ u / be pre-images in T a M \ then v\ .%, u \ . u / is required to be 

the given orientation of T a M. These orientations induce an orientation of A. This orientation 
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of A is called the pre-image orientation. 

3. Let /: R' ? —>■ IR, (x,-) k> J^x? and S n ~ 1 = /“ 1 (1). Then the pre-image orientation 
coincides with the boundary orientation with respect to S n ~ 1 C D n . 

15.6 Tangent Bundle. Normal Bundle 

The notions and concepts of bundle theory can now be adapted to the smooth 
category. A smooth bundle p\ E —>■ B has a smooth bundle projection p and the 
bundle charts are assumed to be smooth. A smooth subbundle of a smooth vector 
bundle has to be defined by smooth bundle charts. Let or. —»• ^bea smooth 
bundle morphism of constant rank; then Kcr a and Im a are smooth subbundles. 
The proof of (14.2.3) can also be used in this situation. A smooth vector bundle has 
a smooth Riemannian metric; for the existence proof one uses a smooth partition 
of unity and proceeds as in (14.5.1). Let f be a smooth subbundle of the smooth 
vector bundle r/ with Riemannian metric; then the orthogonal complement of £ in 
r] is a smooth subbundle. 

Let M be a smooth n -manifold. Denote by TM the disjoint union of the tangent 
spaces Tp(M), p e M. We write a point of T P (M) C TM in the form ( p, v ) with 
v e Tp(M), for emphasis. We have the projection jzm ■ TM —»• M, (p. v) p. 
Each chart k = (U, h, V ) of M yields a bijection 

<p k .TU = \J peU T P (M) -* U x R", (p, v) (p, i k (v)). 

Here i k is the morphism which is part of the definition of a tangent space. The map 
(p k is a map over U and linear on fibres. The next theorem is a consequence of the 
general gluing procedure. 

(15.6.1) Theorem. There exists a unique structure of a smooth manifold on TM such 

that the (TU , tp k ,U x IR”) are charts of the differential structure. The projection 
tzm ■ TM —> M is then a smooth map, in fact a submersion. The vector space 
structure on the fibres of tzm give ttm the structure of an n-dimensional smooth 
real vector bundle with the (p k as bundles charts. □ 

The vector bundle ttm '■ TM —> M is called the tangent bundle of M. A smooth 
map /: M —> N induces a smooth fibrewise map Tf : TM —> 77V, ( p. v) i-> 
(f(p)'Tpf(v)). 

(15.6.2) Proposition. Let M C be a smooth n-dimensional submanifold. Then 

TM = {(x, v) | x e M, v e T X M} c IR 9 x [R ? 
is a 2/7- dimensioned smooth submanifold. 
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Proof. Write M locally as h 1 (0) with a smooth map h : U —> R 9 n of constant 
rank q — n. Then TM is locally the pre-image of zero under 

U x R 9 -+ x R 9 “", (u,v) h* (h(u), Dh(u)(v)), 

and this map has constant rank 2 (q—n)\ this can be seen by looking at the restrictions 
to U x 0 and u x R 9 . □ 

We can apply (15.6.2) to S n C R' !+l and obtain the model of the tangent bundle 
of S", already used at other occasions. 

Let the Lie group G act smoothly on M. We have an induced action 

G x TM -*■ TM , (b, v) h* (Tl g )v. 

This action is again smooth and the bundle projection is equivariant, i.e., TM —> M 
is a smooth G -vector bundle. 

(15.6.3) Proposition. Let E —>■ M be a smooth G-vector bundle. Suppose the 

action on M is free and proper. Then the orbit map E/ G —> M/ G is a smooth 
vector bundle. We have an induced bundle map £ —£/G. □ 

The differential Tp : TM —> T(M/ G ) of the orbit map p is a bundle morphism 
which factors over the orbit map TM —> (TM)/G and induces a bundle morphism 
q: (TM)/G —> T(M/G) over M/G. The map is fibrewise surjective. If G is 
discrete, then M and M/ G have the same dimension, hence q is an isomorphism. 

(15.6.4) Proposition. For a free, proper, smooth action of the discrete group G on 

M we have a bundle isomorphism (TM)/G = T(M/G) induced by the orbit map 
M -*■ M/ G. □ 

(15.6.5) Example. Wehaveabundleisomorphism TS n ®e = (n + I)e. II’G = Z/2 

acts on TS n via the differential of the antipodal map and trivially on e, then the said 
isomorphism transforms the action into S n x R" +1 — > S n x [R” +1 , (x,v) m- 
(—x, — v). We pass to the orbit spaces and obtain an isomorphism 7’([R P n ) © s = 
(n + 1)?/ with the tautological line bundle )] over [R P n . O 

In the general case the map q: (TM)/G —*■ T(M/G ) has a kernel, a bundle 
K —> M/ G with fibre dimension dim G. See [44, IX.6] for details. 

(15.6.6) Example. The defining map C” + 1 xO —>• (C n+1 ^0)/C* = C P n yields 
a surjective bundle map q : r(C n+1 ^ 0)/C* —> T(CP n ). The source of q is the 
(n + l)-fold Whitney sum (n + 1 )rj where E(q) is the quotient of (C n+1 \ 0)xC 
with respect to (z, x) ~ (Az, Ax) for A e C* and (z, x) e (C" +1 n 0) x C. The 
kernel bundle of q is trivial: We have a canonical section of (n + I )r/ 

€ P n ((C” +1 ^ 0) x C” +1 )/C*, [z] (z.z)/ ~, 
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and the subbundle generated by this section is contained in the kernel of q. Hence 
the complex tangent bundle of CP" satisfies P(CP") © s = (n + 1 )rj. For rj see 
77( 1) in (14.2.6). O 

Let p: E —> M be a smooth vector bundle. Then E is a smooth manifold and 
we can ask for its tangent bundle. 

(15.6.7) Proposition. There exists a canonical exact sequence 

0 p*E -—>■ TE -—>■ p*TM ->■ 0 
of vector bundles over E, written in terms of total spaces. 

Proof. The differential of p is a bundle morphism Tp: TE —»• TM, and it induces 
a bundle morphism ft'. TE —> p*TM which is fibrewise surjective, since p is a 
submersion. We consider the total space of p*E —> E as E © E and the projection 
onto the first summand is the bundle projection. Let (v, w) e E x © E x . We define 
a(v, w) as the derivative of the curve t i-> v + t w at 1=0. The bundle morphism 
a has an image contained in the kernel of ft and is fibrewise injective. Thus, for 
reasons of dimension, the sequence is exact. □ 

(15.6.8) Remark. We restrict the exact sequence given in (15.6.7) to the zero section 
i: M C E. Since pi = id we obtain an exact sequence 

0 E TE\M -—>■ TM -»• 0 

of vector bundles over M. For w e E x , x e M the vector a ( w) e T X E is 
the derivative at t = 0 of the curve t tw e E x . The bundle map ft has the 
right inverse ti: TM -x TE\M. We therefore obtain a canonical isomorphism 
( ct.Ti ): E © TM = TE\M. We have written this in a formal manner. The 
geometric meaning is that T X E splits into the tangent vectors in direction of the 
fibre and the tangent vectors to the submanifold M. Since the tangent space of a 
vector space is canonically identified with the vector space, we can consider a as 
an inclusion. O 

Let /: M —> N be an immersion. Then Tf is fibrewise injective. We pull back 
77V along / and obtain a fibrewise injective bundle morphism i: TM — »• f*TN\M. 
The quotient bundle is called the normal bundle of the immersion. In the case of a 
submanifold M C N the normal bundle v(M. N) of M in TV is the quotient bundle 
of TN\M by TM. If we give 77V a smooth Riemannian metric, then we can take 
the orthogonal complement of TM as a model for the normal bundle. The normal 
bundle of S n C 1R" +1 is the trivial bundle. 

We will show that the total space of the normal bundle of an embedding M C TV 
describes a neighbourhood of M in TV. We introduce some related terminology. 
Let v: E(v) —»• M denote the smooth normal bundle. A tubular map is a smooth 
map t : E(v) /V with the following properties: 
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(1) It is the inclusion M —»■ TV when restricted to the zero section. 

(2) It embeds an open neighbourhood of the zero section onto an open neigh¬ 
bourhood U of M in N. 

(3) The differential of t, restricted to TE(v)\M, is a bundle morphism 

x: TE(v)\M -* TN\M. 

We compose with the inclusion (15.6.8) 

a: E{v) —> E(v) © TM = TE(v)\M 


and the projection 


jr: TN\M -> E(v) = (TN\M)/TM. 

We require that jtt a is the identity. If we use another model of the normal 
bundle given by an isomorphism i : E(yj —> (TN\M)/TM, then we require 
izza = i. 

The purpose of (3) is to exclude bundle automorphisms. 

(15.6.9) Remark (Shrinking). Let t : E(v) —> N be a tubular map for a subman¬ 
ifold M . Then one can find by the process of shrinking another tubular map that 
embeds E(v). There exists a smooth function e: M —> IR such that 

E e 0) = {y e E(v) x | 11,11 < e(x)} C U. 

Let A ^(t) = rjt ■ (r/ 2 + f 2 ) -1 / 2 . Then X v : [0, oo [—> [0, r][ is a diffeomorphism 
with derivative 1 at t = 0. We obtain an embedding 

h:E^E, y A eW ([|,[|) • \\yW~ 1 ■ v. y e E(v) x . 

Then g = fh is a tubular map that embeds E(v). O 

The image U of a tubular map t:E(v)^>N which embeds E(v ) is called a 
tubular neighbourhood of M in N. 

Let M be an m-dimensional smooth submanifold M C IR" of codimension k. 
We take N(M) = {(.x\ u) | x e M, v _L T X M} cMxP as the normal bundle of 
M C R". 

(15.6.10) Proposition. N{M) is a smooth submanifold of M x IR”, and the pro¬ 
jection N(M) -o- M is a smooth vector bundle. 

Proof Let A: IR" —> IR* be a linear map. Its transpose A‘ with respect to the 
standard inner product is defined by ( Av,w) = (v, A ' w). If A is surjective, 
then A‘ is injective, and the relation image (A‘) = (kernel^)- 1 holds; moreover 
A-A‘e GLfc(IR). 
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We define M locally as the solution set: Suppose U C R" is open, cp : U — > R^ 
a submersion, and tp~ l { 0) = U fl M = W. We set N(M) FI ( W x R") = N(W). 
The smooth maps 

<F: W x R" -> W x R fe , (x, v) i-> (x, T x cp(v)), 

A>: IT x \R k -+ W x R", (x, v) h* (x, (7» f (u)) 


satisfy 


N(W) = Im T(W) = Ker $. 


The composition OT is a diffeomorphism: it has the form (in, v) (->- (w, g w (v)) 
with a smooth map W —*■ GL^(R), w g w and therefore (w, v) (in, (v)) 
is a smooth inverse. Hence Tt is a smooth embedding with image A'( W ) and 
Tt -1 1 N{W) is a smooth bundle chart. □ 


(15.6.11) Proposition. The map a : N(M) — »• R”, (x, v) i->- x + v is a tubular- 
map for McR". 

Proof. We show that a has a bijective differential at each point (x,0) e N(M). 
Let N X M — TxM 1 . Since M C R” we consider T X M as a subspace of R”. Then 
T( x fi) N(M) is the subspace T X M x N X M C T( x ,o)(M x R") = f x M x R". The 
differential T^ x ^a is the identity on each of the subspaces T X M and N X M. There¬ 
fore we can consider this differential as the map (u, v) m>- u + v, i.e., essentially 
as the identity. 

It is now a general topological fact (15.6.13) that a embeds an open neighbour¬ 
hood of the zero section. Finally it is not difficult to verify property (3) of a tubular 
map. □ 


(15.6.12) Corollary. If we transport the bundle projection N(M) —* M via the 

embedding a we obtain a smooth retraction r'.U^-M of an open neighbourhood 
U of M C R”. □ 

(15.6.13) Theorem. Let f : X —>• Y be a local homeomorphism. Let A C X and 

f : A —*■ f (A) = B be a homeomorphism. Suppose that each neighbourhood 
of B in Y contains a paracompcict neighbourhood. Then there exists an open 
neighbourhood U of A in X which is mapped homeomorphically under f onto an 
open neighbourhood V of B in Y ( see [30, /x 125]). □ 


For embeddings of compact manifolds and their tubular maps one can apply 
another argument as in the following proposition. 

(15.6.14) Proposition. Let $: X —>• Y be a continuous map of a locally compact 
space into a Hausdorff space. Let be injective on the compact set A C X. Suppose 
that each a e A has a neighbourhood U a in X on which <t> is injective. Then there 
exists a compact neighbourhood V of A in X on which O is an embedding. 
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Proof. The coincidence set K — {(x, y) e X x X | <b(x) = <b(y)} is closed in 
X x X, since Y is a Hausdorff space. Let D(B) be the diagonal of B C X. If $ 
is injective on U a , then ( U a x U a ) fl K = D(U a ). Thus our assumptions imply 
that D(X) is open in K and hence W = X x X \ (K \ D{X)) open in X x X. 
By assumption, Ax A is contained in W. Since A x A is compact and X locally 
compact, there exists a compact neighbourhood V of A such that V x V C W. 
Then <J>|F is injective and, being a map from a compact space into a Hausdorff 
space, an embedding. □ 

(15.6.15) Proposition. A submanifold M C N has a tubular map. 

Proof. We fix an embedding of TV C R". By (15.6.12) there exists an open neigh¬ 
bourhood W of V in R" and a smooth retraction r : W —> V. The standard inner 
product on R” induces a Riemannian metric on 77V. We use as normal bundle for 
M C TV the model 

E = {(x, v) e M x IR" | v e ( T X M )- L n T X N}. 

Again we use the map /: E —> R”, (x, v) (->• x + v and set U = f~ x (W). Then 
U is an open neighbourhood of the zero section of E. The map g — rf : U —>■ N is 
the inclusion when restricted to the zero section. We claim that the differential of g 
at points of the zero section is the identity, if we use the identification T( Xt0 )E — 
T X M © E x = T X N. On the summand T X M the differential T( x o)g is obviously 
the inclusion T X M C T X V. For (x, v) e E x the curve t m- (x,tv) in E has 
(x, v) as derivative at t = 0. Therefore we have to determine the derivative of 
t r(x + t v) at t = 0. The differential of r at (x, 0) is the orthogonal projection 
R" —*■ T X N, if we use the retraction r in (15.6.12). The chain rule tells us that the 
derivative of 7 i—> r(x + tv) at t = 0 is v. We now apply again (15.6.13). One 
verifies property (3) of a tubular map. □ 


15.7 Embeddings 

This section is devoted to the embedding theorem of Whitney: 

(15.7.1) Theorem. A smooth n-manifold has an embedding as a closed submanifold 
of R 2n+1 . 

We begin by showing that a compact n -manifold has an embedding into some 
Euclidean space. Let /: M —> R ; be a smooth map from an n-manifold M. Let 
( Uj . (j)j , {/ 3 (C))), j 6 {1, ...,&} be a finite number of charts of M (see (15.1.2) 
for the definition of U 3 (0)). Choose a smooth function r: R" —> [0, 1] such that 
r(x) = 0 for 11x|| > 2 and r(x) = 1 for ||x|| < 1. Define Oj\ M —> R by 
oj (x) = 0 for x f Uj and by oj (x) = rfj (x) for x e Uj ; then Oj is a smooth 
function on M. With the help of these functions we define 

f:M^R‘x(Rx R") x-.- x (R x R") ^R'xR" 
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3>(x) = (/(x); a\ (x), cti (x)(p\ (x); ...:o k (x),a* (x)<p k (x)), 

(k factors R x R"), where oj (x)<pj (x) should be zero if </>j(x) is not defined. The 
differential of this map has the rank n on Wj — (j)J 1 ( U\ (())), as <t> (Wj) C Vj = 
{(z; a\, X\, ... ; a k , x k ) \ cij ^ 0}, and the composition of 4>| Wj with Vj —R", 
(z; a\, Xi \...) i—> aJ 1 Xj isfj. By construction, is injective on W = (J/ = i W/» 
since 0 (a) = O( b ) implies a, (a) = ff/(/;) for each j , and then <pj{a) — <pj{b ) 
holds for some i. Moreover, O is equal to / composed with R' C R ( x R iV on 
the complement of the (j)j' LTIO). Hence if / is an (injective) immersion on the 
open set U, then O is an (injective) immersion on U U W. In particular, if M is 
compact, we can apply this argument to an arbitrary map / and M = W. Thus we 
have shown: 

(15.7.2) Note. A compact smooth manifold has a smooth embedding into some 

Euclidean space. □ 

We now try to lower the embedding dimension by applying a suitable parallel 
projection. 

Let R ?_1 = R ?_1 x 0 C R ? . For v e R ? \ R ?_1 we consider the projection 
p v : R ? —> R ?_1 with direction v, i.e., for x = Xo + An with Xo e R ?_1 and 
A e R we set p v (x) = xo- In the sequel we only use vectors v e S q ~ 1 . Let 
M C R ? . We remove the diagonal D and consider a: M x M \ D —> S q ~ l , 
(x.y)^N(x-y) = (x-y)/\\x-y\\. 

(15.7.3) Note. <p v = p v \M is injective if and only ifv is not contained in the image 
of a. 

Proof The equality (p v {x) = <p„(y),x ^ y andx = x 0 +An, y = v 0 + pv imply 
x — y = (A — p)v ^ 0, hence v = ±N(x — y). Note a(x, y) = — o(y, x). □ 

Let now M be a smooth n -manifold in P/L We use the bundle of unit vectors 

STM = {(x, v) I v € T X M. ||u|| = 1} C M x S q ~ l 

and its projection to the second factor r = pr 2 \STM : STM —> 5 9_1 . The function 
(x, v) i—> ||u || 2 on TM C R ? x R ? has 1 as regular value with pre-image STM , 
hence STM is a smooth submanifold of the tangent bundle TM. 

(15.7.4) Note. (p v is an immersion if and only if v is not contained in the image 
of t. 

Proof. The map <p v is an immersion if for each x e M the kernel of T x p v has 
trivial intersection with T X M. The differential of p v is again p v . Hence 0 ^ z = 
p v (z ) + Au e T X M is contained in the kernel of T x p v if and only if z = Au and 
hence v is a unit vector in T X M. □ 
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(15.7.5) Theorem. Let M be a smooth compact n-manifold. Let f : M —R 2n + 1 
be a smooth map which is an embedding on a neighbourhood of a compact subset 
A C M. Then there exists for each s > 0 an embedding g: M —> R 2 ” + 1 which 
coincides on A with f and satisfies ||/(x) — g(.x)|| < eforx e M. 

Proof Suppose / embeds the open neighbourhood U of A and let V C U be a 
compact neighbourhood of A. We apply the construction in the beginning of this 
section with chart domains Uj which are contained in M\V and such that the sets 
Wj cover M \ U . Then <t> is an embedding on some neighbourhood of M \ U and 

4>: M -+ R 2 ” +1 © \R n = R ? , m (/(*), 9(x)) 

is an embedding which coincides on V with / (up to composition with the inclusion 
[r 2 «+i 0 ? 9 ). p or 2n < q — 1 the image of a is nowhere dense and for 2 n — 1 < 

q — 1 the image of r is nowhere dense (theorem of Sard). Therefore in each 
neighbourhood of w e there exist vectors v such that o O = A> v is an 
injective immersion, hence an embedding since M is compact. By construction, 
<t>„ coincides on V with /. If necessary, we replace T with s T (with small ,v) 
such that ||/(x) — 0(x)|| < e/2 holds. We can write / as composition of $ 
with projections R ? —>• R 9_1 —>••••—>• [R 2 ” +1 along the unit vectors (0, ..., 1). 
Sufficiently small perturbations of these projections applied to © yield a map g 
such that || /(x) — g(x)|| < e, and, by the theorem of Sard, we find among these 
projections those for which g is an embedding. □ 

The preceding considerations show that we need one dimension less for immer¬ 
sions. 

(15.7.6) Theorem. Let f : M —R 2 " be a smooth map from a compact n -mani¬ 

fold. Then there exists for each s > 0 an immersion h : M —> R 2 ” such that 
II h{x) - f(x )|| < eforx e M. If f: M R 2,!+1 is a smooth embedding, then 
the vectors v € S 2n for which the projection p v o f : M —>• R 2 " is an immersion 
are dense in S 2n . □ 

Let f: M -x R be a smooth proper function from an n -manifold without 
boundary. Let t e R be a regular value and set A = f~ l (t). The manifold A is 
compact. There exists an open neighbourhood U old in M and a smooth retraction 
r : U A. 

(15.7.7) Proposition. There exists an e > 0 and open neighbourhood V C U of A 
such that (r, f ): V —>• Ax ]? — e, t + e[ is a diffeomorphism. 

Proof. The map (r, f): U —> A x R has bijective differential at points of A. Hence 
there exists an open neighbourhood W C U of A such that (r, /) embeds W onto 
an open neighbourhood ofHx{i}inHxR. Since / is proper, each neighbourhood 
W of A contains a set of the form V — ]/—£,/ + e[. The restriction of (r, f) 

to V has the required properties. □ 
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In a similar manner one shows that a proper submersion is locally trivial (theorem 
of Ehresmann). 

We now show that a non-compact n -manifold M has an embedding into R 2 ” +1 as 
a closed subset. For this purpose we choose a proper smooth function /: M —> R + . 
We then choose a sequence (t k k e N) of regular values of / such that t k < t k+ i 
and lim* t k = oo. Let A k = f~ l (t k ) and M k = f~ 1 [t k ,t k +i\- Choose s k > 0 
small enough such that the intervals J k = ]t k — s k ,t k + s k [ are disjoint and such 
that we have diffeomorphisms f~ l (J k ) = A k x J k of the type (15.7.7). We 
then use (15.7.7) in order to find embeddings $> k \ f~ 1 (J k ) —»• R 2n x J k which 
have / as their second component. We then use the method of (15.7.5) to find an 
embedding M k —> R 2 ” x [t k ,t k +i\ which extends the embeddings $> k and Oyt+i 
in a neighbourhood of M k + M k+ i. All these embeddings fit together and yield an 
embedding of M as a closed subset of R 2n+1 . 

A collar of a smooth 3-manifold M is a diffeomorphism k : 3 M x [0,1 [ —> M 
onto an open neighbourhood U of 3 M in M such that x(x, 0) = x. Instead of [0.1 [ 
one can also use R±. 

(15.7.8) Proposition. A smooth d-manifold M has a collar. 

Proof. There exists an open neighbourhood U of 3 M in M and a smooth retraction 
r: U —> 3 M. Choose a smooth function /: M —> R + such that /(3M) = {0} 
and the derivative of / at each point x e 3 M is non-zero. Then (r, / ): U — > 
3 M x R+ has bijective differential along 3 M. Therefore this map embeds an open 
neighbourhood V of 3 M onto an open neighbourhood W of 3 M x 0. Now choose 
a smooth function s: 3 M —> R + such that {x } x [0, e{x)[ C W for each x e 3 M. 
Then compose 3 M x [0,1 [—> 3 M x R + , (x, s ) i-> (x, s(x)s) with the inverse of 
the diffeomorphism V —> W. □ 

(15.7.9) Theorem. A compact smooth n -manifold B with boundary M has a smooth 
embedding of type I into D 2n+1 . 

Proof. Let j : M —> S 2n be an embedding. Choose a collar k: M x [0.1[-> U 
onto the open neighbourhood U of M in B, and let / = (/], 1 2 ) be its inverse. We 
use the collar to extend j to /: B —> l) 2n + ] 

_ ( max(0,1 - 2l 2 {x))j{l\(x)), x e U. 

xfU. 

Then / is a smooth embedding on k\M x [0, |[). As in the proof of (15.7.4) we 
approximate / by a smooth embedding g\ B —> l) 2n + ] which coincides with / 
on k(M x [0, ) and which maps B \ M into the interior of D 2n+] . The image 

of g is then a submanifold of type I of D 2n+1 . □ 
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15.8 Approximation 

Let M and N be smooth manifolds and A C M a closed subset. We assume that 
N C R 7 ’ is a submanifold and we give N the metric induced by this embedding. 

(15.8.1) Theorem. Let f: M —>■ N be continuous and f\A smooth. Let 8 \ M 
]0, oo[ be continuous. Then there exists a smooth map g: M N which coincides 
on A with f and satisfies ||g(x) — f(x) || < 8 {x)forx e M. 

Proof. We start with the special case A = IR. The fact that / is smooth at x e A 
means, by definition, that there exists an open neighbourhood U x of x and a smooth 
function f x : U x —r R which coincides on U x fl A with /. Having chosen f x , we 
shrink U x , such that for y e U x the inequality | f x (y) — /(y)|| < 8 {y) holds. 

Fix now x e M \ A. We choose an open neighbourhood U x of x in M \ A 
such that for y e U x the inequality | f(y) — /(x)|| < 8 (y) holds. We define 
f x : U x -+ R in this case by f x (y) = (x). 

Let (t x | x e M) be a smooth partition of unity subordinate to {U x \ x e M ). 
The function g(y) = ^ZxeM T x(y)fx(y ) now has the required property. 

From the case N = R one immediately obtains a similar result for /V = R /; . 
The general case will now be reduced to the special case N = R p . For this purpose 
we choose an open neighbourhood U ol'/V in K 7 ’ together with a smooth retraction 
r : U —> N. We show in a moment: 

(15.8.2) Lemma. There exists a continuous function s: M — >]0, oo[ with the 
properties: 

(1) U x = C4(x)(/M) C U for each x e M. 

(2) For each x e M the diameter of rfU x ) is smaller than 8 (x). 

Assuming this lemma, we apply (15.8.1) to N = \R P and e instead of <5. This 
provides us with a map gi: M —> IR^ which has an image contained in U. Then 
g = r o gi has the required properties. □ 

Proof. We first consider the situation locally. Letx e M be lixcd. Choosey(x) > 0 
and a neighbourhood W x of x such that <5(x) > 2y (x ) for y e W x . Let 

V x = r- 1 (U y(x)/ 2 (f(x))nN). 

The distance r/(x) = d(f(x), R /; \ V x ) is greater than zero. We shrink W x to a 
neighbourhood Z x such that ||/(x) — f(y )|| < \t]{x) for y e Z x . 

The function /1 Z x satisfies the lemma with the constant function s = s x : y i-> 
\rj(x). In order to see this, let y e Z x and \\z — /(y)|| < \tj(x), i.e., z e U y . 
Then, by the triangle inequality, ||z — /(x)|| < ^rj(x), and hence, by our choice of 
h(x). 


zeV x c U. r(z) e U y(x)/2 (f(x)). 
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If — i, -2 e U y , then the triangle inequality yields ||r(zi) — r(z 2 )\\ < y(x) < ^ 8 (x). 
Therefore the diameter of r(U y ) is smaller than <5(v). 

After this local consideration we choose a partition of unity (r x | x e M ) 
subordinate to (Z x \ x e M). Then we define s: M —>-]0, oof as e(x ) = 
^2aeM \ T a(x)i](a). This function has the required properties. □ 

(15.8.3) Proposition. Let f : M —>■ N be continuous. For each continuous map 
8 : M —> ]0, oo[ there exists a continuous map e: M —> ]0, oof with the following 
property: Each continuous map g: M —>■ N with ||g(x) — /(x)|| < e(x) and 
f\A = g\A is homotopic to f by a homotopy F: M x [0,1] —> N such that 
F(a, t) = f(a)for ( a.t ) e A x [0,1] and ||F(x, t) — /(x)|| < 8 (x)for (x, t) e 
M x [0,1], 

Proof. We chooser: U —*■ N and e: M — >-]0, oof as in (15.8.1) and (15.8.2). For 
(x, t) e M x [0,1] we set H{x, t) — t ■ g(x) + (1 — t) • f(x)e U E ( x ){f(x)). The 
composition F(x,t) = rH(x, t) is then a homotopy with the required properties. 

□ 

(15.8.4) Theorem. (1) Let f : M —*■ N be continuous and f\A smooth. Then f 
is homotopic relative to A to a smooth map. If f is proper and N closed in 
then f is properly homotopic relative to A to a smooth map. 

(2) Let fo, f\ \ M —> N be smooth maps. Let f t : M —»• N be a homotopy 
which is smooth on B = M x [0, e[ UMx ] 1 — e, 1] U A x [0,1], Then there exists a 
smooth homotopy g t from /o to f\ which coincides on A x [0, 1] with f. If ft is a 
proper homotopy and N closed in then g t can be chosen as a proper homotopy. 

Proof. (1) We choose 8 and e according to ( 15.8.3 ) and apply (15.8.1). Then (15.8.3) 
yields a suitable homotopy. If / is proper, <5 bounded, and if ||g(x) — /(x)|| < 8 (x) 
holds, then g is proper. 

(2) We now consider Mx ]0,1 [ instead of M and its intersection with B instead 
of A and proceed as in (1). □ 


15.9 Transversality 

Let /: A —^ M and g: B -x N be smooth maps. We form the pullback diagram 


C 


-4 B 




with C — {( a.b) \ f (a) — g(b)} C A x B. If g: B C M, then we identify C 
with f~ 1 (B). If also /: A C M, then f~ 1 (B) = A n B. The space C can also 
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be obtained as the pre-image of the diagonal of M x M under / x g. The maps / 
and g are said to be transverse in (a.b) e C if 

T a f(T a A) + T h g(T h B) = T y M , 

y = f(a) = g(b). They are called transverse if this condition is satisfied for all 
points of C. If g\ B C M is the inclusion of a submanifold and f (a) — b, then 
we say that / is transverse to B in a if 

T a f{T a M) + T b B = T b M 

holds. If this holds for each a e f~ l (B), then / is called transverse to B. We also 
use this terminology if C is empty, i.e., we also call / and g transverse in this case. 
In the case that dim A + dim B < dim M, the transversality condition cannot hold. 
Therefore / and g are then transverse if and only if C is empty. A submersion / 
is transverse to every g. 

In the special case B — {b} the map / is transverse to B if and only if h is a 
regular value of /. We reduce the general situation to this case. 

We use a little linear algebra: Let a : U —> V be a linear map and W C V a 
linear subspace; then a(U) + W = V if and only if the composition of a with the 
canonical projection p: V —»• V/W is surjective. 

Let B C M be a smooth submanifold. Let b e B and suppose p: Y —> R* is 
a smooth map with regular value 0, defined on an open neighbourhood Y of b in 
M such that B DY = p~ l ( 0). Then: 

(15.9.1) Note. /: A —»■ M is transverse to B in a e A if and only if a is a regular 
value ofpof: f~ x {Y) —> Y —> 

Proof. The space T b B is the kernel of T b p. The composition of T a f : T a A —> 
T b M/T b B with the isomorphism T b M/T b B = Tf,IR^' induced by T b \ T b M 
To \P k is T a (p o /). Now we apply the above remark from linear algebra. □ 

(15.9.2) Proposition. Let f : A —>• M and f \ f)/l be smooth and transverse to the 

submanifold B of M of codimension k. Suppose B and M have empty boundary. 
Then C — f~ 1 (B) is empty or a submanifold of type I of A of codimension k. The 
equality T a C = (T a f)~ 1 (Tf( a )B) holds. □ 

Let, in the situation of the last proposition, v(C, A) and v ( B. M) be the normal 
bundles. Then Tf induces a smooth bundle map v(C, A) —> v(B.M)\ for, by 
definition of transversality, T a f\ T a A/T a C -> Tf( a )/Tf( a )B is surjective and 
then bijective for reasons of dimension. 

From (15.9.1) we see that transversality is an “open condition”: If /: A —> M 
is transverse in a to B, then it is transverse in all points of a suitable neighbourhood 
of a, since a similar statement holds for regular points. 
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(15.9.3) Proposition. Let f : A —>• M and g: B —»■ M be smooth and let y — 
f(a ) = gib). Then f and g are transverse in (a. b) if and only if f x g is transverse 
in (a, h) to the diagonal of M x M. 

Proof. Lett/ = T a f(T a A), V = T b g(T b B), W = T y M. The statement amounts 
to: U + V — W and (U © V) + D(W) = W © W are equivalent relations {D{W) 
diagonal). By a small argument from linear algebra one verifies this equivalence. 

□ 


(15.9.4) Corollary. Suppose f and g are transverse. Then C is a smooth subman¬ 
ifold of A x B. Let c = (a, b) € C. We have a diagram 

T c C^-yT b B 


TG 


Tg 


T a A T V M. 


It is bi-cartesian, i.e., ( Tf, Tg) is surjective and the kernel is T c C. Therefore the 
diagram induces an isomorphism of the cokernels ofTG and Tg land similarly of 
TF and Tf). 

(15.9.5) Corollary. Let a commutative diagram of smooth maps be given, 



Let f be transverse to g and C as above. Then h is transverse to G if and only if 
f h is transverse to g. 

Proof. The uses the isomorphisms of cokernels in (15.9.4). □ 

(15.9.6) Corollary. We apply (15.9.5) to the diagram 


M -> {s} 

is 

f A pr 

W —x S^-^S 

and obtain: f is transverse to i s : x m- (x, s) if and only if s is a regular value of 
pro/. □ 

Let F : M x S —> N be smooth and Z C /V a smooth submanifold. Suppose 
S, Z, and N have no boundary. For 5 e S we set F s : M —> N, x m- F(x, s). We 
consider F as a parametrized family of maps F s . Then: 
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(15.9.7) Theorem. Suppose F : M x S —>• N and dF = F\(dM xS) are transverse 
to Z. Then for almost all s e S the maps F s and 3 F s are both transverse to Z. 

Proof. By (15.9.2), W = F~ 1 (Z) is a submanifold of M x S with boundary 
3 W = W fl 3(M x 5). Let jr: M x 5 —> S be the projection. The theorem of 
Sard yields the claim if we can show: If s e S is a regular value of n : W —*■ S, 
then F s is transverse to Z, and if s e S is a regular value of dn : 3 W S, then 
3 F s is transverse to Z. But this follows from (15.9.6). □ 

(15.9.8) Theorem. Let /: M —*■ N be a smooth map and Z C N a submanifold. 
Suppose Z and N have no boundary. Let C C M be closed. Suppose f is 
transverse to Z in points of C and 3/ transverse to Z in points ofdM fl C. Then 
there exists a smooth map g: M —»• N which is homotopic to f, coincides on C 
with f and is on M and 3 M transverse to Z. 

Proof. We begin with the case C = 0. We use the following facts: N is diffeo- 
morphic to a submanifold of some R*; there exists an open neighbourhood U of 
N in R fc and a submersion r: U -*■ N with r\N — id. Let S = E k C R* be the 
open unit disk and set 

F : M x S ->• N, (x, .s) r(f(x) + e(x)s). 

Here e: M ](), oo[ is a smooth function for which this definition of F makes 
sense. We have F(x, 0) = f(x). We claim: F and 3 F are submersions. For the 
proof we consider for fixed x the map 

S C4(/(x)), m f{x) + s(x)s: 

it is the restriction of an affine automorphism of R^ and hence a submersion. The 
composition with r is then a submersion too. Therefore F and dF are submersions, 
since already the restrictions to the {x} x S are submersions. 

By (15.9.7), for almost all s e S the maps F s and 3 F s are transverse to Z. A 
homotopy from F s to / is M x I —> N, (x, t) i~> F(x , st ). 

Let now C be arbitrary. There exists an open neighbourhood W of C in M such 
that / is transverse to Z on W and 3 f transverse to Z on W fl 3M. We choose a set 
V which satisfies C C V° C V C W° and a smooth function r: M —> [0,1] such 
that M \ W C t -1 (1), V C r - 1 (0). Moreover we set o = t 2 . Then T x o = 0, 
whenever r(x) = 0. We now modify the map F from the first part of the proof 

G: M x S —> N, (x.s) hs- F(x,o(x)s) 

and claim: G is transverse to Z. For the proof we choose (x. .v) e G -1 (Z). 
Suppose, to begin with, that cr(x) ^ 0. Then S -x N, l \-x G(x,t) is, as a 
composition of a diffeomorphism t a(x)t with the submersion t i->- F(x,t), 
also a submersion and therefore G is regular at (x, ,s) and hence transverse to Z. 
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Suppose now that er(x) = 0. We compute T( XS )G at ( v, w) € T X M x T s S = 
T x X x R m . Let 


m: M x S —>■ M x S, (x,s) (x, a(x)s). 


Then 

T( x , s )m{v, w) = (v, o(x)w + T x a(v)s). 

The chain rule, applied to G — F o m, yields 

T( x ,s)G(v,w) = r m(jij) Fo T( x , s) m(v,w) = T {xfi) F(v,0) = T x f(v), 

since cr(x) = 0, T x a — 0 and A(x,0) = /(x). Since cr(x) = 0, by choice of 
W and r, / is transverse to Z in x, hence - since T( x s) G and T x f have the same 
image - also G is transverse to Z in (x, s). A similar argument is applied to 3 G. 
Then one finishes the proof as in the case C = 0. □ 


15.10 Gluing along Boundaries 


We use collars in order to define a smooth structure if we glue manifolds with 
boundaries along pieces of the boundary. Another use of collars is the definition of 
a smooth structure on the product of two manifolds with boundary (smoothing of 
corners). 

15.10.1 Gluing along boundaries. Let Mi and M 2 be 3-manifolds. Let A, C 3 M,- 
be a union of components of 3M; and let <p\ N\ —> A 2 be a diffeomorphism. We 
denote by M — M\ M 2 the space which is obtained from M\ + M 2 by the 
identification of x e N\ with (fix) e A 2 . The image of M, in M is again denoted 
by Mj. Then M,- C M is closed and M; \ /V,- C M open. We define a smooth 
structure on M. For this purpose we choose collars k ,: R_ x A, —> Mj with open 
image Ui C M,. The map 


k : R x Ai —> M, (t, x) i-^ 


A:i(f,x), i < 0, 

k 2 {—t,(p{x)), t> 0, 


is an embedding with image U = U\G V U 2 . We define a smooth structure (depend¬ 
ing on k) by the requirement that Mj \ A, —> M and k are smooth embeddings. 
This is possible since the structures agree on (M ; \ A,) fl U. O 


15.10.2 Products. Let M\ and M 2 be smooth 3-manifolds. We impose a canonical 
smooth structure on M\ x M 2 \ (3Mj x 3M 2 ) by using products of charts for M, as 
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charts. We now choose collars k, : R_x <)Mj —> Mj and consider the composition A, 

7TXid 


[R± x dMi x 3M 2 
A 


Mi x M 2 f 


k\xk 2 


—> R_ x R_ x 3 Mi x 3M 2 
(i) 

(IR_ x 3Mi) x (R_ x 3 M 2 ). 


Here n : R^. —> Rl x Rl, (r, (p) i-x (r, f <p + ^), written in polar coordinates 
(r, <^9), and (1) interchanges the second and third factor. There exists a unique 
smooth structure on Mi x M 2 such that Mi x M 2 \ (3Mi x 3M 2 ) C M \ x M 2 
and A are diffeomorphisms onto open parts of Mi x M 2 . O 


15.10.3 Boundary pieces. Let B and C be smooth n -manifolds with boundary. 
Let M be a smooth (n — l)-manifold with boundary and suppose that 

<Pb : M —> 3 B, (pc '■ M —> 3 C 

are smooth embeddings. We identify in B + C the points with (pc(m) for 

each in e M. The result D carries a smooth structure with the following properties: 

(1) B \ <pb(M) C D is a smooth submanifold. 

(2) C \ cpc{M) C D is a smooth submanifold. 

(3) i: M —> D, m i-> <ps (m) ~ <pc (/«) is a smooth embedding as a submanifold 
of type I. 

(4) The boundary of D is diffeomorphic to the gluing of 3 B \ < ps(M)° with 
3 C \ i pc(M)° via <ps(m) ~ (pc(m), m e 3M. 

The assertions (1) and (2) are understood with respect to the canonical embeddings 
B C D D C. We have to define charts about the points of t(M), since the 
conditions (1) and (2) specify what happens about the remaining points. For points 
of i(M \ 3 M) we use collars of B and C and proceed as in 15.10.1. For i(3M) 
we use the following device. 

Choose collars /cb:1R_x 3.8—>-5 and k : R_ x 3 M —»• M and an embedding 
tb : R x 3M —»• 3/i such that the next diagram commutes, 


R 


x 3 M —^ 3 B 


Here r b can essentially be considered as a tubular map, the normal bundle of <p( <)M ) 
in 3 B is trivial. And k is “half” of this normal bundle. 

Then we form O# = «b ° (id xt#): R_ x R x 3 M -> 5. For C we choose 
in a similar manner Kc and rc, but we require (pc ° k~ = tc where K~(m , f) = 
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K(m , —t). Then we define <3>c from kq and xc ■ The smooth structure in a neigh¬ 
bourhood of i(3M) is now defined by the requirement that a: LxIRx <)M —>■ D 
is a smooth embedding where 



2i jr — n/2, m), 
<Lc(rt 2i/f — 3n/2,m), 


a(r , t jr, m) — 


with the usual polar coordinates (r, in IR_ x R. 


15.10.4 Connected sum. Let M\ and M 2 be //-manifolds. We choose smooth 

embeddings Sf: D n —> M,- into the interiors of the manifolds. In M 1 \ s\(E n ) + 
M 2 ^ ,s 2 ( E n ) we identify .Vi (x) with -S 2 (-V) for x e S n ~ x . The result is a smooth 
manifold (15.10.1). We call it the connected sum M 1 #M 2 of M 1 andM 2 . Suppose 
M 1 , M 2 are oriented connected manifolds, assume that S] preserves the orientation 
and s 2 reverses it. Then M\#M 2 carries an orientation such that the M, \ Si(E n ) 
are oriented submanifolds. One can show by isotopy theory that the oriented dif- 
feomorphism type is in this case independent of the choice of the s ;. O 

15.10.5 Attaching handles. Let M be an n -manifold with boundary. Furthermore, 
let ^: S k ~ 1 x D n ~ k ^ 3 M be an embedding and identify in M + D k x D n ~ k the 
points s(x) and x. The result carries a smooth structure (15.10.3) and is said to be 
obtained by attaching a &-handle to M. 

Attaching a 0-handle is the disjoint sum with D n . Attaching an //-handle means 
that a “hole” with boundary S” -1 is closed by inserting a disk. A fundamental 
result asserts that each (smooth) manifold can be obtained by successive attaching 
ofhandles. A proof uses the so-called Morse theory (see e.g., [ 134], [137]). Ahandle 
decomposition of a manifold replaces a cellular decomposition, the advantage is 
that the handles are themselves //-dimensional manifolds. O 

15.10.6 Elementary surgery. If M' arises from M by attaching a A: -handle, 
then 3 M' is obtained from 3 M by a process called elementary surgery. Let 
//: .S’* -1 x D n ~ k — X be an embedding into an (n — l)-manifold with image 
U. Then X \ U° has a piece of the boundary which is via h diffeomorphic to 
S k ~ 1 x S'" - * -1 . We glue the boundary of D k x S n ~ k ~ l with //; in symbols 


X' = (X ^ U°) U h D k x S" - * -1 


The transition from X to X' is called elementary surgery of index k at X via 
h. The method of surgery is very useful for the construction of manifolds with 
prescribed topological properties. See [191], [162], [108] to get an impression of 


surgery theory. 
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Problems 

1. The subsets of S m+n+1 C R" ,+1 x R" +1 

Di = {(x,j) I Ml 2 > ±,||y|| 2 < i}. D 2 = {(x,y) | M| 2 < l\\y\\ 2 > 

are diffeomorphic to Z>i St S' n x D n+1 , D 2 = D m+l x 5". They are smooth submani¬ 
folds with boundary of £'"+"+!. Hence 5 m+n+1 can be obtained from S' n x D n + l and 
D' n+1 x S" by identifying the common boundary S m x S n with the identity. A diffeomor- 
phism D\ S m x D n+1 is (z, w) (||z||— 1 z, V2w). 

2. Let M be a manifold with non-empty boundary. Identify two copies along the boundary 
with the identity. The result is the double D(M) of M. Show that D{M) for a compact M 
is the boundary of some compact manifold. (Hint: Rotate M about 3 M about 180 degrees.) 

3. Show M#S" = M for each n-manifold M. 

4. Study the classification of closed connected surfaces. The orientable surfaces are S 2 
and connected sums of tori T = S 1 x S 1 . The non-orientable ones are connected sums of 
projective planes P = RP 2 . The relation T#P = P#P#P holds. The connected sum with 
T is classically also called attaching of a handle. 



Chapter 16 

Homology of Manifolds 


The singular homology groups of a cell complex vanish above its dimension. It 
is an obvious question whether the same holds for a manifold. It is certainly 
technically complicated to produce a cell decomposition of a manifold and also 
an artificial structure. Locally the manifold looks like a Euclidean space, so there 
arises no problem locally. The Mayer-Vietoris sequences can be used to paste local 
information, and we use this technique to prove the vanishing theorem. 

The homology groups of an n -manifold M in dimension n also have special 
properties. They can be used to define and construct homological orientations of a 
manifold. A local orientation about x e M is a generator of the local homology 
group H n ( M , M \ x; Z) = Z. In the case of a surface, the two generators corre¬ 
spond to “clockwise” and “counter-clockwise”. If you pick a local orientation, then 
you can transport it along paths, and this defines a functor from the fundamental 
groupoid and hence a twofold covering. If the covering is trivial, then the manifold 
is called orientable, and otherwise (as in the case of a Mobius-band) non-orientable. 

Our first aim in this chapter will be to construct the orientation covering and use 
it to define orientations as compatible families of local orientations. 

In the case of a closed compact connected manifold we can define a global 
homological orientation to be a generator of H n (M; Z); we show that this group 
is either zero or Z. In the setting of a triangulation of a manifold, the generator 
is the sum of the n -dimensional simplices, oriented in a coherent manner. In a 
non-orientable manifold it is impossible to orient the simplices coherently; but in 
that case their sum still gives a generator in H n (M\ Z/2), since Z/2-coefficients 
mean that we can ignore orientations. 

Once we have global orientations, we can define the degree of a map between 
oriented manifolds. This is analogous to the case of spheres already studied. 


16.1 Local Homology Groups 

Let /?*(—) be a homology theory and M an /(-dimensional manifold. Groups of the 
type h k (M . M \ x) are called local homology groups. Let < p: U — »• R” be a chart 
of M centered at x. We excise M \ U and obtain an isomorphism 

li k (M , M ^ x) ^ h k (U, [/ ^ x) h k {\ R", R" ^ 0). 

For singular homology with coefficients in G we see that H n (M. M \ x: G ) = G , 
and the other local homology groups are zero. Let R be a commutative ring. Then 
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H n (M, M x; R) = R is a free R -module of rank 1. A generator, corresponding 
to a unit of R, is called a local R-orientation of M about x. We assemble the 
totality of local homology groups into a covering. 

Let K C L C M. The homomorphism rjt : h k (M, M-L) —> h k {M. M ^K), 
induced by the inclusion, is called restriction. We write r* in the case that K — {x}. 

(16.1.1) Lemma. Each neighbourhood W of x contains an open neighbourhood 
U of x such that the restriction ry is for each y e U an isomorphism. 

Proof Choose a chart <p : V —> IR" with V C W centered at x. Set U = (p~ l (E n ), 
E n = {x e R" | ||A'|| < 1}. We have a commutative diagram 

h k (M , M ^ U) h k (V, V \ U) 

rf ( 3 ) 

h k (M, M v. y) h k ( V. V v. y). 

with morphisms induced by inclusion. The maps (1) and (2) are excisions, and (3) 
is an isomorphism, because V \ U C V \ y is for each y e U an h-equivalence 
(see Problem 1). □ 

We construct a covering at: h k (M , M \ •) —> M. As a set 

h k (M, M ^ .) = LI, 6M A*(M, M ^ x), 

and h k (M , M \ x) is the fibre of <y over x (with discrete topology). Let (7 be an 
open neighbourhood of x such that is an isomorphism for each yet/. We 
define bundle charts 

<Px,u- U x h k (M, M \ x) —> a>~ l (U), (y,a) i-> r^(r^) _1 (a). 

We give h k (M. M \ •) the topology which makes ( p x ,u a homeomorphism onto an 
open subset. We have to show that the transition maps 

(fif'y(Px,U : ( U n V) x h k (M, M ^ x) -+ (U n V) x h k (M, M^y) 

are continuous. Given z e U fl V, choose z e W C U fl V such that r^ is an 
isomorphism for each w e W. Consider now the diagram 

r u r u 

h k (M , M ^ x) h k (M, M ^ U) —^ h k (M, M ^ w) 



h k (M. M ^W) h k (M, M ^ V) 
r w I 


h k (M, M \ y). 
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It shows <p y y(fi x ,u — r y'( f 'u') ' r w (r x) ' ■ Hence the second component of 
(p—y<Px,u is independent of w e W, and this shows the continuity of the tran¬ 
sition map. 

We take advantage of the fact that the fibres are groups. For A C M we 
denote by V(A) the set of continuous (= locally constant) sections over A of 
to: hp(M , M \ •) —> M. If 5 and t are sections, we can define (s + t)(a) = 
s(a ) + t(a). One uses the bundle charts to see that s + t is again continuous. Hence 
r(A) is an abelian group. We denote by T C (A) C F( A ) the subgroup of sections 
with compact support, i.e., of sections which have values zero away from a compact 
set. 

(16.1.2) Proposition. Let z e hp (M, M \ U ). Then y z is a continuous 

section of to. 

Proof. The bundle chart tp x yj transforms the constant section y ( v, r x z ) into 
the section y i-> r^ z. □ 

Problems 

1. S n ~ l C R' ? \ E n and R" \ e —> S n_1 , y i-> (y — e)/\\y — e\\ are h-equivalences 
(e e E n ). The map S n ~ 1 —> S"~ l , y i-> (y — e)/\\y — e\\ is homotopic to the identity. 
These facts imply that R" \ E C R" \ e is an h-equivalence. 

2. Let M bean n -dimensional manifold with boundary 3M. Show that x e dM if and only if 
H n {M, M^x) = 0. From this homological characterization of boundary points one obtains: 
Let /: M —> M be a homeomorphism. Then / (dM) = 3 M and /(M \ dM) = M dM. 

3. Let (p : (C, 0) —> (D, 0) be a homeomorphism between open neighbourhoods of 0 in R". 
Then <p,„: H„ (C, C \ 0; R) —> H n (D, D \ 0; R) is multiplication by ± 1. 

16.2 Homological Orientations 

Let M be an n -manifold and A C M. An R-orientation of M along A is a section 
s e T (A: R) of a>: H n (M , M R) —? M such that s(a) e H n (M. M \ a: R) = 
R is for each a € A a generator of this group. Thus v combines the local orientations 
in a continuous manner. In the case that A = M, we talk about an R-orientation 
of M, and for R — Z we just talk about orientations. If an orientation exists, we 
call M (homologically) orientable. If M is orientable along A and B C A, then 
M is orientable along B. 

(16.2.1) Note. Let Ori(M) C H n (M. M \ •; Z) be the subset of all generators of 
all fibres. Then the restriction Ori(M) —> M of co is a 2-fold covering ofM, called 

the orientation covering of M. □ 

(16.2.2) Proposition. The following are equivalen t: 
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(1) M is orientable. 

(2) M is orientable along compact subsets. 

(3) The orientation covering is trivial. 

(4) The covering co: H n (M, M \ •; Z) —> M is trivial. 

Proof. (1) =>■ (2). Special case. 

(2) (3). The orientation covering is trivial if and only if the covering over 
each component is trivial. Therefore let M be connected. Then a 2-fold covering 
M —> M is trivial if and only if M is not connected, hence the components of M 
are also coverings. 

Suppose Ori(M) —> M is non-trivial. Since Ori(M) is then connected, there 
exists a path in Ori(M) between the two points of a given fibre. The image S of such 
a path is compact and connected, and the covering is non-trivial over S , since we can 
connect two points of a fibre in it. By the assumption (2), the orientation covering 
is trivial over the compact set 5, hence it has a section over S. Contradiction. 

(3) =>■ (4). Let ^ be a section of the orientation covering. Then M x Z —>• 
H n {M.M \ •: Z), (x, k) \-x ks(.x) is a trivialization of or. It is a map over M, 
bijective on fibres, continuous, and a morphism between coverings. 

(4) => (1). If co is trivial, then it has a section with values in the set of generators. 

□ 

(16.2.3) Note. Ori(M) —> M is a twofold principal covering with automorphism 
group C — {\,t | t 2 = 1}. Let t act on G as multiplication by —1. Then the 
associated covering Ori(M) xc G is isomorphic to H n (M , M \ •; G). 

Proof. The map 

Ori(M) xG-> H n (M , M \ •; Z) <£> G = H n {M. M \ •; G), (u, g) u (?) g 

induces the isomorphism. (The isomorphism is the fibrewise isomorphism 
H n {M. M \ x; Z) <gi G = H n (M, M \ x; G) from the universal coefficient for¬ 
mula.) □ 

(16.2.4) Remark. The sections T{A\G) of w over A correspond bijectively to the 

continuous maps A: ()ri(/V /)\A -x G with the property A o t = —A. This is a 
general fact about sections of associated bundles. O 

Problems 

1. Let M be a smooth n -manifold with an orienting atlas. Then there exists a unique 
homological Z-orientation such that the local orientations in p[ n (M, M \ x; Z) are mapped 
via positive charts to a standard generator of H n (IR", R" \ 0; Z). Conversely, if M is Z- 
oriented, then M has an orienting atlas which produces the given Z-orientation. 

2. Every manifold has a unique Z/2-orientation. 
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16.3 Homology in the Dimension of the Manifold 

Let M be an n -manifold and A C M a closed subset. We use in this section singular 
homology with coefficients in the abelian group G and sometimes suppress G in 
the notation. 

(16.3.1) Proposition. For each a e H n (M. M \ A; G) the section 
J A (a): A -»• H n (M, M \ •; G), xi-+r A (ot) 
of m (over A) is continuous and has compact support. 

Proof. Let the chain c e S n (M: G) represent the homology class a. There exists 
a compact set K such that c is a chain in K. Let x e A ^ K. Then the image of c 
under 


Sn(K-.G) Sn(M-.G) S n (M.K:G) S n (M.M ^x\G) 
is zero. Since this image represents r A (a), the support of J A (a ) is contained in 

agk. 

The continuity is a general fact (16.1.2). □ 

From (16.3.1) we obtain a homomorphism 

J A : H n (M,M ^ A:G) ^ T C (A\G), ff^(,m r A (a)). 

(16.3.2) Theorem. Let A C M be closed. 

(1) Then Hj(M , M \ A) — 0 for i > n. 

(2) The homomorphism J A : H n (M , M \ A) —> r c ( A) is an isomorphism. 

Proof. Let D ( A, 1) and D( A , 2) stand for the statement that (1) and (2) holds for the 
subset A, respectively. We use the fact that J A is a natural transformation between 
contravariant functors on the category of closed subsets of M and their inclusions. 
The proof is a kind of induction over the complexity of A. It will be divided into 
several steps. 

(1) D(A, j ), D(B , j), D(A fl B,j) imply D(A U B. j). For the proof we use 
the relative Mayer-Vietoris sequence for (M \ /I Fl B. M \ /l, Af \ B) and an 
analogous sequence for sections. This leads us to consider the diagram 


H n+1 ( M , M \ (A Fl B)) ---> 0 

'L jAUB -l' 

H n (M. M \ (A U B)) - - -> T C (A U B) 

•i tA m tB -i 


J' 7 AHB 'I' 

H„(M, Mx(dn B)) - — -> T C (A n B). 
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The Five Lemma and the hypotheses now show D(A U B, 2). The Mayer-Vietoris 
sequence alone yields D(A U B, 1). 

(2) D(A,j) holds for compact convex subsets A in a chart domain U, i.e., 
(p (A) = B is compact convex for a suitable chart <p: U — > R”. For the proof we 
show that for x e A the restriction is an isomorphism. By an appropriate choice 
of (p we can assume 0 e B C E n . Then we have a commutative diagram 

Hi(D n ,S n - 1 )-^ Hj (R n , R" B) -^4 Hi(U, U ^ A) -^4 H t (M, M \ A) 

= r A 

' x 

Hi (£>”, S" _1 ) -^4 i/,(R", R" v 0) -^4 Hi(U, U ^ x ) -^4 //, (M, M ^ x). 


The maps (3) and (4) are excisions. The maps (1) and (2) are isomorphisms, 
because S n ~ l C R" \ B is an h-equivalence. The isomorphism r A shows, firstly, 
that D(A, 1) holds; and, secondly, D(A, 2), since a section of a covering over a 
connected set is determined by a single value. 

(3) Suppose A C U, (p : U —>• R" a chart, H U • • • U K r , (p{Kj ) compact 
convex. We show D(A,j) by induction on r. Let B = K\ U • • • IJ K r -\ and 
C — K r . Then B and B IT C are unions of r — 1 sets of type (2), hence D{B, j) 
and D{B n C, j) holds by induction. Now use (1). 

(4) Let K C U , <p: U —>• R” a chart, K compact. Let K C W C U,W open. 
Then there exists a neighbourhood V of K inside W of type (3). in this case ./ 1 is 
an isomorphism. The restrictions r l K induce canonical maps from the colimits 


colimj/ Hj (M, M \ V) 

colim i' J 1 

colim^ f c (L)- 


(*) 


(**) 


> Hj(M,M ^ K) 


->r C (K), 


where the colimit is taken over the directed set of neighbourhoods V of K of type 
(3). What does this isomorphism statement mean in explicit terms? Firstly, an 
element xk in the image has the form r^xy for a suitable V ; and secondly, if xy 
and xw have the same image Xk, then they become equal under a restriction to a 
suitable smaller neighbourhood. From this description it is then easy to verify that 
J K is indeed an isomorphism. Suppose (*) and (**) are isomorphisms. Then we 
obtain D(K, 1), and the isomorphisms J v yield D( K. 2). 

The isomorphism (*) holds already for the singular chain groups. It uses the 
fact that a chain has compact support; if the support is contained in M \ K, then 
already in M \ V for a suitable neighbourhood L of K. 

(**) is an isomorphism: See Problem 1. 

(5) D(K, j ) holds for arbitrary compact subsets K, for K is a union of a finite 
number of sets of type (4). Then we can use induction as in case (3). 
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( 6 ) Let K = /(" i U /("2 U AT 3 U • • • with compact AT,. Suppose there are pairwise 
disjoint open neighbourhoods U\ of K,. By additivity of homology groups and 
section groups, J K is the direct sum of the J K ‘. 

(7) Let A finally be an arbitrary closed subset. Since M is locally compact 

with countable basis, there exists an exhaustion M — IJ K ,, K\ C K 2 C ••• by 
compact sets K, such that AT, C K° +l . Set A- t —AD (AT,- \ AT°_ ] ), A " 0 = 0, 
B = U,=2 n A i’ c = Ui=2n+1 A i■ Then D ( B . j ), D(CJ ), and D(B n C,j) 
hold by ( 6 ); the hypothesis of ( 6 ) follows from the fact that a manifold is a normal 
space. Now D(A, j ) holds by (1), since A = B U C. □ 

(16.3.3) Theorem. Suppose A is a closed connected subset of M. Then: 

(1) //„ ( M. M \ A; G) = 0, if A is not compact. 

(2) //„ ( M. M \ /I; G) = G, if M is R-orientcible along A and A is compact. 
Moreover H n (M, M \ A ; G) —> H n (M , M \ x\G) is an isomorphism for 
each x e A. 

(3) H n (M. M \ .4; Z) = 2 G = {g e G \ 2g — 0}, if M is not orientable along 
A and A is compact. 

Proof. (1) Since A is connected, a section in f (A: G) is determined by its value at 
a single point. If this value is non-zero, then the section is non-zero everywhere. 
Therefore there do not exist non-zero sections with compact support over a non¬ 
compact A, and (16.3.2) shows H n (M. M \ A; G) — 0. 

(2) Let A be compact. Then H n (M. M \ A; G) = T(H; G). Again a section is 
determined by its value at a single point. We have a commutative diagram 

H n {M. M ^A\G) TG4; G) 

r x b 

H n (M , M ^ x; G) T({x}; G). 

If M is orientable along A, then there exists in P ( A ) an element such that its value 
at x is a generator. Hence b is an isomorphism and therefore also r£ ■ 

(3) A section in r(A; G) corresponds to a continuous map A: Ori(M)|A —G 

with A t = —A. If M is not orientable along A, then Ori (M)\A is connected and 
therefore A constant. The relation A t — —A shows that the value of A is contained 
in 2 G. In this case r£ '■ H„(M. M \ A: G) —> H n (M, M \ x; G) = G is injective 
and has image 2 G. □ 

Theorem (16.3.3) can be considered as a duality result, since it relates an asser¬ 
tion about A with an assertion about M \ A. 

(16.3.4) Proposition. Let M be an n-manifold and A C M a closed connected 
subset. Then the torsion subgroup of ll n - \ ( M. M \ /I: Z) is of order 2 if A is 
compact and M non-orientable along A, and is zero otherwise. 
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Proof. Let q e N and suppose M is orientable along the compact set 4. Then 
Z/q =* H n (M, M \ A: Z/q) 

9* H n (M. M \ 4;Z) < 8 > Z /4 © H n - X (M , M ^ A;Z) * Z/q 
^ Z/q © H n -i(M , M \ 4; Z) * Z/q. 

We have used: (16.3.3); universal coefficient theorem; again (16.3.3). This implies 
that H n —\ (M, M ^ A\Z) * Z/q = 0. Similarly for non-compact 4 or g odd 

0 = H n (M,M^ A; Z/q) ^ H n -i(M. M \ 4; Z) * Z/q. 

Since Tor(G, Z/q) = {g e G | qg = 0}, this shows that H n -\{M , M \ 4; Z) has 
no ^-torsion in these cases. If 4 is compact and M non-orientable along 4, then 

Z/2 ^ H n {M,M \4;Z/4) ^ H n - X {M.M ^ 4; Z) * Z/4 

by (16.3.3) and the universal coefficient formula. Since we know already that the 
group in question has no odd torsion, we conclude that there exists a single non-zero 
element of finite order and the order is 2. □ 

Problems 

1. Let s be a section over the compact set K. For each x e K there exists an open neigh¬ 
bourhood U(x ) and an extension s x of i|{/(x) PI K. Cover K by U(x i), .... U(x r ). Let 
W = {v | s Xi (v) = s Xj (x) if y e U (x,-) (~l U(xj)} and define s(y), y £ W as the common 
value. Show that W is open. Let s,s r be sections over V which agree on K. Show that 
they agree in a smaller neighbourhood V\ C V of K. (These assertions hold for sections of 
coverings.) 

16.4 Fundamental Class and Degree 

The next theorem is a special case of (16.3.3). 

(16.4.1) Theorem. Let M be a compact connected n-manifold. Then one of the 
following assertions holds: 

(1) M is orientable, H n (M) = Z, and for each x e M the restriction H n (M) —> 
H n (M. M \ x) is an isomorphism. 

(2) M is non-orientable and H n (M) =0. □ 

Under the hypothesis of (16.4.1), the orientations of M correspond to the gen¬ 
erators of H n (M). A generator will be called fundamental class or homological 
orientation of the orientable manifold. 

We now use fundamental classes in order to define the degree; we proceed as 
in the special case of 5”. Let M and N be compact oriented n -manifolds. Let 
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N be connected and suppose M has components M\..... M r . Then we have 
fundamental classes z(Mj ) for the Mj and z(M) e H n (M) = 0 - H n (Mj ) is 
the sum of the z(Mj). For a continuous map f : M N we define its degree 
d(f) e Z via the relation /* z(M) = d(f)z(N). From this definition we see 
immediately the following properties of the degree: 

(1) The degree is a homotopy invariant. 

( 2 ) d(fog) = d(f)d(g). 

(3) A homotopy equivalence has degree ± 1. 

(4) If M = Mi + M 2 , then d(f) = d(f\M{) + d(f\M 2 ). 

(5) If we pass in M or N to the opposite orientation, then the degree changes the 
sign. 

We now come to the computation of the degree in terms of local data of the map. 
Let M and N be connected and set K = f~ l (p ) ■ Let U be an open neighbourhood 
of K in M. In the commutative diagram 


4)e 

H n (M) - 

— - >H n (N) 

9 Z(1 


H n (M. M \ K) 

1= 

-^3 H n (N,N ^ p) 

T 


\ _ 

T 

TT / T T T T TS~\ 

fU 

TT /At AT \ 

© 

_ _ / A T 


z(U, K) e H n (U. U^K) H n (N. N v p) 3 z(N. p) 


we have z{U, K) = d(f)z(N, p). Thus the degree only depends on the restric¬ 
tion f u of / to U. One can now extend the earlier investigations of self maps of 
S n to this more general case. The additivity of the degree is proved in exactly the 
same manner. Let K be finite. Choose U — UveJC Ux where the U x are pair-wise 
disjoint open neighbourhoods of x. We then have 

© x6 * H n (U x , U x ^ x ) ^ H n (U. U ^ K). H n (U x , U x ^ x) ^ Z. 

The image z(U x ,x) of z(M) is a generator, the local orientation determined by 
the fundamental class z(M). The local degree d( f. x) of / about x is defined by 
f*z(U x ,x ) = d(f,x)z(N, p). The additivity yields d(f ) — J2 x eK d(f.x). 

(16.4.2) Remark. Let / be a C 1 -map in a neighbourhood of x; this shall mean 
the following. There exist charts <p : U x —> R" centered at x and \jr\V -3- R" 
centered at p such that f(U x ) C V and g = ^rfp~ x is a C 1 -map. We can 
suppose that the charts preserve the local orientations; this shall mean for (p that 
(p *: H n (U x . U x \ x) —>• If n (R n , R” \ 0) sends z(U x ,x) to the standard generator. 
Such charts are called positive with respect to the given orientations. Suppose now 
in addition that the differential of g at x is regular. Then d (f. x) is the sign of the 
determinant of the Differential Dg( 0). O 
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(16.4.3) Proposition. Let M be a connected, oriented, closed n-manifold. Then 
there exists for each k e Z a map f : M” —> S n of degree k. 

Proof. If /: M —> S n has degree a and g: S n S n degree b, then gf has degree 
ab. Thus it suffices to realize a degree ±1. Let (p : D n —» M be an embedding. 
Then we have a map /: M —> D n /S n ~ l which is the inverse of <p on U = <p(E n ) 
and sends M \ U to the base point. This map has degree ± 1. □ 

Let the manifolds M and N be oriented by the fundamental classes zm e 
H m (M) and zn e H n (N). Then the homology product zm x zn is a fundamental 
class for M x N, called the product orientation. 

Problems 

1. Let p : M —> N be a covering of n-manifolds. Then the pullback of Ori(A0 —> N along 
p is Ori (M) —>■ M. 

2. Let/>: M —> N be a G -principal covering between connected n manifolds with orientable 
M. Then N is orientable if and only if G acts by orientation-preserving homeomorphisms. 

3. The manifold Ori(M) is always orientable. 

4. RP" is orientable if and only if n is odd. 

5. Let M be a closed oriented connected n -manifold. Suppose that M carries a CW- 
decomposition with ^-skeleton M^. The inclusion induces an injective map H n (M) —> 
H n (M n .M n — i). The fundamental class is therefore represented by a cellular chain in 

If we orient the u-cells in accordance with the local orientations of the 
manifold, then the fundamental class chain is the sum of the n -cells. This is the classical in¬ 
terpretation of the fundamental class of a triangulated manifold. A similar assertion holds for 
unoriented manifolds and coefficients in Z/2 and manifolds with boundary (to be considered 
in the next section). 

In a sense, a similar assertion should hold for non-compact manifolds; but the cellular 
chain would have to be an infinite sum. Therefore a fundamental class has to be defined via 
an inverse limit. 

6. Let M be a closed connected n -manifold. Then H n (M; Z/2) ^ Z/2 and the restrictions 

r : H n (M\ —> H n (M, M \ x: Z/2) are isomorphisms. 

7. Let /: M —> N be a map between closed connected n -manifold. Then one can define 
the degree modulo 2 dzif) e Z/2; it is zero (one) if /* : H n (M; Z/2) —> H n {N\ 7LI 2) 
is the zero map (an isomorphism). If this degree is non-zero, then / is surjective. If the 
manifolds are oriented, then d(f ) mod 2 = r/zC/)- 

8. Let G be a compact connected Lie group and let T be a maximal torus of G. The map 
q: G/T xT —> G, (g, t) gtg -1 has degree \ W\. Here W = NT/T is the Weyl group. 
Since q has non-zero degree, this map is surjective (see [29, IV. 1]). 

9. Let G be a compact connected Lie group and T a maximal torus of G. The degree of 
/: G —> G, g i-> g k has degree k r , r = dim T. Let c 6 T be an element such that the 
powers of c are dense in T, then \f ~ 1 (c)| = k'', f~ l (c ) C T , and c is a regular value of 
/. [90] 

10. Let / : M —> N be a proper map between oriented connected n-manifolds. Define the 
degree of /. 
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16.5 Manifolds with Boundary 

Let M be an n -dimensional manifold with boundary. We call z e H n (M. dM) a 
fundamental class if for each x e A7 \ dM the restriction of z is a generator in 
H n {M,M^x). 

(16.5.1) Theorem. Let M be a compact connected n-manifold with non-empty 
boundary. Then one of the following assertions hold: 

(1) H n (M. dM) = Z, and a generator of this group is a fundamental class. 

The image of a fundamental class under 9: H n (M, dM) 11 n -\ (dM ) is a 

fundamental class. The interior M \ 9M is orientable. 

(2) H n (M, dM) — 0, and M \ dM is not orientable. 

Proof. Let k : [0, oof xdM -x U be a collar of M, i.e., a homeomorphism onto an 
open neighbourhood U of dM such that k(0, x ) — x for x e 9M. For simplicity 
of notation we identify U with [0, oof xdM via /c; similarly for subsets of U. In 
this sense dM = 0x 9M. We have isomorphisms 

H n (M. dM) ^ H n (M, [0, If xdM) ^ H n (M ^ dM.] 0, l[x9M) ^ r(H). 

The first one by h-equivalence; the second one by excision; the third one uses the 
closed set 

A = M 'v ([0, If xdM) cMx9M 

and (16.3.2). The set His connected, hence T(H) = Zorr(H) = 0. IfT(H) = Z, 
then M \ dM is orientable along A. Instead of A we can argue with the complement 
of [0, e[ xdM. Since each compact subset of M \ dM is contained in some such 
complement, we see that M \ dM is orientable along compact subsets, hence 
orientable (see (16.2.2)). The isomorphism H n {M \ dM.] 0, If xdM) = T (/I) 
says that there exists an element z e H n (M \ dM. ]0, If xdM) which restricts to 
a generator of H n (M \ dM. M \ dM \ x) for each x e A. For the corresponding 
element z e H n (M, dM) a similar assertion holds for each x e M \ dM, i.e., z is 
a fundamental class (move around x within the collar). 

It remains to show that 9z is a fundamental class. The lower part of the diagram 
(for x e ]0, If x dM) 

H n -\(dM) H n - X (dM U A, A) //„-i(97 x dM. 1 x dM) 

d d 3= 3 3= 

H n (M. dM) -> H n (M. dM U A) <— H n (/ x dM, dl xdM) 

^ x) t—^— H n (I x 9M,l xdM ^ x) 
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shows that z yields a fundamental class in H n (I x 3M, 3 1 x 3M). The upper part 
shows that this fundamental class corresponds to a fundamental class in H n -\(dM), 
since fundamental classes are characterized by the fact that they are generators (for 
each component of 3 M). □ 

(16.5.2) Example. Suppose the n -manifold M is the boundary of the compact ori- 
entable (// + l)-manifold B. We have the fundamental classes z(B) e H n+ \{B ,dB) 
and z(M) = 3z/j e H n (M). Let f : M —> N be a map which has an extension 
F: B — N, then the degree of / (if defined) is zero, d(f ) — 0, for we have 
/*z(M) = f*dz(B) = F*i*dz(B) = 0, since z*3 = 0 as consecutive morphisms 
in the exact homology sequence of the pair (B, M). Wecallmaps f v : M v —>• N ori- 
entable bordant if there exists a compact oriented manifold B with oriented bound¬ 
ary 3 B — M\ — M 2 and an extension F : B —> N of ( f \, ): M\ + M 2 — N. 

The minus sign in 3 B = M\ — M 2 means 3z(/i) = z(Mi) — z{M 2 ). Under these 
assumptions we have d(f \) = d( f 2 ). This fact is called the bordism invariance 
of the degree; it generalizes the homotopy invariance. O 

Problems 

1. Let M be a compact connected n-manifold with boundary. Then H n (M, dM; Z/2) 
is isomorphic to Z/2; the non-zero element is a Z/2-fundamental class z(M; Z/2). The 
restriction to H n (M, M^x: Z/2) is for each x e M^dM an isomorphism and 3 z(M; Z/2) 
is a Z/2-fundamental class for 3 M. 

2. Show that the degree d 2 (f) is a bordism invariant. 

16.6 Winding and Linking Numbers 

Let M be a closed connected oriented / 7 -manifold. Let /: M —> R ” +1 and a / 
Im(/). The winding number W(f a) of / with respect to a is the degree of the 
map 

Pf,a = Pa - M S n , X h- N(f(x ) - a) 

where N : R ” +1 \ 0 —> S n , x ||x|| _1 x. if f t is a homotopy with a £ Im(//) 

for each?, then W(f 0 ,a) = W(f t ,a). 

(16.6.1) Theorem. Let M be the oriented boundary of the compact smooth oriented 
manifold B. Let F : B —>• 1R” + 1 be smooth with regular value 0 and assume 
0 i f(M). Then 

Wim = 'ExepWx), P = F~\ 0), / = F\dB 

where e(F,x) € {±1} is the orientation behaviour of the differential T X F : Tg —> 
7o(lR" +1 ). 
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Proof. Let£>(x) C B^dB,x e P be small disjoint disks about x. ThenG = NoF 
is defined on C — B^f\J xeP D(x), and by the bordism invariance of the degree 
d(G\dB) = J2 xeP d(G\dD(x)). By (16.4.2), d(G\dD(x)) = s(F,x). □ 

Let M and N be oriented closed submanifolds of R' t+1 of dimensions m and n 
with k = m + n. Let M x N carry the product orientation. The degree of the map 

Im,n = /: M xN S k , (x, y) ^ N(x - y) 

is the linking number L(M , N) of the pair (M. N). More generally, if the maps 
/i: M m —»• R fe+1 and v: N n —*■ R fe+1 have disjoint images, then the degree of 
(x, y) i—> N(fi(x) — v(y)) is the linking number of (/x, v). 

Problems 

1. Let the n -manifold M be the oriented boundary of the smooth connected compact mani¬ 
fold B . Suppose /: M —> S" has degree zero. Then / can be extended to B. 

2. Show L(M, AO = (~\) m+n+l L(N,M). 

3. Let f g: R —> R 3 be smooth embeddings with disjoint closed images. Define a linking 
number for the pair (/, g) and justify the definition. 


Chapter 17 

Cohomology 


The axioms for a cohomology theory are analogous to the axioms of a homology 
theory. Now we consider contravariant functors. The reader should compare the 
two definitions, also with respect to notation. One advantage of cohomology is an 
additional internal product structure (called cup product) which will be explained 
in subsequent sections. The product structure suggests to view the family (h n ( X ) | 
n e Z) as a single object; the product then furnishes it with the structure of a ring 
(graded algebra). Apart from the additional information in the product structure, the 
ring structure is also notationally convenient (for instance, a polynomial ring has a 
better description than its additive group without using the multiplicative structure). 

Singular cohomology is obtained from the singular chain complex by an ap¬ 
plication of the Hom-functor. We present an explicit definition of the cup product 
in singular cohomology (Alexander-Whitney). In more abstract terms the product 
can also be obtained from the Eilenberg-Zilber chain equivalences as in the case of 
the homology product. 

We use the product structure to prove a powerful theorem (Leray-Hirsch) which 
says roughly that the cohomology of the total space of a fibration is a free module 
over the cohomology ring of the base, provided the fibre is a free module and a basis 
of the fibre-cohomology can be lifted to the total space. In the case of a topological 
product, the result is a special case of the Kiinneth theorem if the cohomology of the 
fibre is free, since the Ext-groups vanish in that case. One interesting application 
is to vector bundles; the resulting so-called Thom isomorphism can be considered 
as a twisted suspension isomorphism in that the suspension is replaced by a sphere 
bundle. As a specific example we determine the cohomology rings of the projective 
spaces. 


17.1 Axiomatic Cohomology 


17.1.1 The axioms. A cohomology theory for pairs of spaces with values in the 
category of ^-modules consists of a family (h n \ n e Z) of contravariant functors 
h n : TOP(2) —> R- MOD and a family (8 n \ n e Z) of natural transformations 
8 n : h n ~ l o k —>• li". These data are required to satisfy the following axioms. 

(1) Homotopy invariance. Homotopic maps / 0 and f\ between pairs of spaces 
induce the same homomorphism, h n (f 0 ) — h n (f\ ). 
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(2) Exact sequence. For each pair (X, A) the sequence 

-* h n ~ l {A, 0) h n (X, A) h n (X, 0) h n (A, 0) •• • 

is exact. The undecorated arrows are induced by the inclusions. 

(3) Excision. Let (X, A) be a pair and U C A such that U C A °. Then 
the inclusion (X \ U, A \ 77) —> (X, A) induces an excision isomorphism 
h n (X,A) = h n (X^U,A^U). 

We call h n ( X, A) the n-th cohomology group of (X, A). The 8 n are called the 
coboundary operators. We write h n (X, 0) = h n (X) and /?”(/) = /*. Occasion¬ 
ally we refer to the homomorphisms i *: h n (X) —> h n (A ) induced by an inclusion 
i: A C X as restriction. The groups h n {P) = h n for a point P are said to be 
the coefficient groups of the theory (compatible family of isomorphisms to a given 
module h n ). In the case that h n (P) = 0 for n f 0, we talk about an ordinary or 
classical cohomology theory and say that the theory satisfies the dimension axiom. 
The notation /?" (X, A) = 77”(X, A: G ) stands for an ordinary cohomology theory 
with a given isomorphism h°{P) = G. 

The cohomology theory is additive if 

h n ( LI/ X J • LI/ A j) LI/ h ” (Xj . A j), x (h n (, ij)(x )) 

is always an isomorphism (ij the inclusion of the j -th summand). For finite J the 
additivity isomorphism follows from the other axioms. O 

Several formal consequences of the homology axioms have analogues in coho¬ 
mology and the proofs are similar. We mention some of them. 

We begin with the exact sequence of a triple (X, A, B). The coboundary op¬ 
erator is in this case defined by 8: h n ~ l (A. B) h n ~ 1 (A) —> h n (X,A). The 
first map is induced by the inclusion and the second map is the given coboundary 
operator. For each triple (X, A. B) the sequence 


h n ~\A,B) — h n (X, A) -* h n {X. B) — h n (A,B) 


is exact. The undecorated arrows are restrictions. 


17.1.2 Suspension. The suspension isomorphism a is defined by the commutative 
diagram 


h n (Y, B) -=-> h n (0 x F,0x B) 

-A. 

a = 

h n+1 ((I, 37) x (Y, B)) - h n {dl x Y U / x B , 1 x Y U 7 x B). 


For homology we used a definition with the roles of 0,1 interchanged. 


O 



17.1. Axiomatic Cohomology 407 


17.1.3 Reduced cohomology. The reduced cohomology groups of a non-empty 
space X are defined as h n (X) = coker(p* : h n (P ) h n ( X )) where p . X —> P 
denotes the unique map to a point. The functors h" (—) are homotopy invariant. For 
a pointed space (X, *) we have the canonical split exact sequence 

0 h n (X, *) 4 h n (X) 4 /?”(*) 0. 

The restriction j induces an isomorphism h n (X, *) = h n (X) and we have isomor¬ 
phisms 

(j, p* ): h n (X, *) © h n ^ h n (X), (q, i): h n (X ) ^ h n (X) © h n 

with the quotient map q. The coboundary operator S n : h n ~ ] (A) —»• h(X, A) factors 
over the quotient map q: h n ~ 1 (A ) —»• h n ~ l (A). Passing to quotients yields the 
exact sequence 

-» h n ~ l (A) 4 h(X, A) -> h n (X) ii n {A) 4 -.. 

for the reduced groups. O 

17.1.4 Mayer-Vietoris sequence. A triad (X: A, B) is excisive for the cohomol¬ 
ogy theory if the inclusion induces an isomorphism h*(AU B, A) = h* (B, A fl B ). 
This property can be characterized in different ways as in the case of a homology 
theory, see (10.7.1) and (10.7.5). In particular the property is symmetric in A, B. 

We have exact Mayer-Vietoris sequences for excisive triads. As in the case of 
a homology theory one can derive some MV-sequences by diagram chasing. For 
the general case of two excisive triads we use a method which we developed in the 
case of homology theory; the MV-sequence was obtained as the exact sequence of 
a triad of auxiliary spaces by some rewriting (see (10.7.6)). This procedure also 
works for cohomology. 

Let {A\Aq,A\) C (X\ Xq, Xi) be excisive triads. Set Xoi = Xq FI X\ and 
A 0 \ = A 0 fl A\. Then there exists an exact Mayer-Vietoris sequence of the 
following form 


• •• <— h n (X 01 ,A 0l ) i4 h n {X{h Ao) e h n (X u Ai) ^4 h n (X, A) 

< — h n ^Xoi.Aoi)-*—••• . 

The map (1) is (xo, Xi) i-> x () — i*x i with the inclusions i v \ the components of 

(2) are the restrictions. The connecting morphism in the case A = Ao = A\ is the 
composition 


A: h n - l {X 0 l ,A) 


h n (X 0 ,X oi) ^ h n {X,X j) -> h n (X, A) 
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and the connecting morphism in the case X = Xq = X] is 

A: h n (X,Aoi) -+ h n (A 0 ,Aoi) = h n (A,Ai) h n+ 1 (X,A). O 

17.1.5 Limits. We have seen that an additive homology theory is compatible with 
colimits. The situation for cohomology and limits is more complicated. 

Let G m . G\ t—^—— G 2 t—^—— G 3 -©—— • ■ ■ be a sequence of groups and ho- 
momorphisms. The group G, acts on the set [~[ /eN G, 

(gi , gi, ■ ■ ■) • (hi, h 2 , ■ ■ ■) = (gih 1 pi ( g 2 )~ 1 , gih 2 P2 (g3) _1 

The orbit set is denoted lim 1 (G.) = lim 1 (G/, p,) = lim 1 (G, ). A direct conse¬ 
quence of this definition is: 

Suppose the groups G, are abelian. Then we have an exact sequence 

0 lim (Gi,Pi) FI/ 6 N G i FlieN G > lim 1 (G i ,p i ) 0 . 

Here d(g\,g 2 , ...) = (g r - Pi(gi), gi - Piigi), ■ ■ ■) and lim is the limit of the 
sequence. As a consequence of the ker-coker-sequence we obtain: 

A short exact sequence 

0 -* (G',p') -> (Gi, P i) -> (G", p") -+ 0 

of inverse systems induces an exact sequence 

0 -* lim°(G-) lim 0 (G,-) -> lim°(G") 

lim 1 (G-) ->• lim 1 (G,-) -*■ lim^G") -*■ 0 . 

Let now an additive cohomology theory by given. We apply the Mayer-Vietoris 
sequence to the telescope T of a sequence X \ C X 2 C ■■■ of spaces with colimit X. 
The result is [133]: 

(17.1.6) Proposition. There exists an exact sequence 

0 lim l (h n - l (Xi)) h n (T) -* \\m(h n (Xi)) -► 0. 

Proof. We use the MV-sequence of the triad (T ; A , B) as in (10.8.2). It has the 
form 

-> h n (T) -> h n (A) © h n (B) h n (A n5)-r- 

and yields the short exact sequence 

0 Coker(/3" _1 ) -> h n (T ) -> Ker(/T) -> 0. 





17.2. Multiplicative Cohomology Theories 409 


Thus we have to determine the kernel and the cokernel. By additivity of the coho¬ 
mology theory we obtain 

h n (A) ^ Y\ /?”(#)= n h n {AC\B)^Y[ hn (X{). 

i= 0(2) i = 1 (2) ieN 

These isomorphisms transform into 


(xi,x 2 , x 3 ,...)i-+ (-xi + f*(x 2 ), x 2 - f 2 (* 3 ), • • • )• 


The isomorphism (a,) i->- ((— I )'<:/,) transforms this map finally into the map d in 
the definition of lim and lim 1 . □ 

(17.1.7) Proposition. Suppose the homomorphisms pi between the abelian groups 
Gj are surjective. Then lim 1 (G i -, p t ) = 0. 

Proof. Let g = (g\ . g 2 _ ) e FLeN G/ ■ We have to show that g is contained 

in the image of d, i.e., we have to solve the equations gy = x\ — pj(xj+ 1 ) with 
suitable Xj e G, . This is done inductively. □ 


Problems 

1. The system (G, , pi) satisfies the Mittag-Leffler condition (= ML) if for each i there 
exists j such that for k > j the equality Im (Gi+g -> Gj) = Im(G,-+_/ —>■ G,) holds. 
If ( Gj, pi ) satisfies ML, then lim 1 (G;, pt) = 0. Thus if the groups G,- are finite, then 
lim 1 (G,-, pi) = 0. IftheG/ are countable and if lim 1 (G; , pi) = 0, then the system satisfies 
ML ([44, p. 154]). 

2. Imitate the earlier investigation of cellular homology and show that H*(X) can be de¬ 
termined from a cellular cochain complex which arises from a cellular decomposition of X. 

3. Let p: k*(—) —> /*(—) we a natural transformation between additive cohomology theo¬ 
ries which induces isomorphisms of the coefficient groups. Show that p is an isomorphism 
for each CW-complex. 


17.2 Multiplicative Cohomology Theories 

Let h * be a cohomology theory with values in R- MOD. A multiplicative structure 
on this theory consists of a family of R -linear maps ( m,n e Z) 

h m (X. A) ® R h n (X, B) h m+n (X, A U B), x ® y x yj y, 

defined for suitable triads (X\ A, B), and in any case for excisive {A, B ) in X. We 
call x kj y the cup product of x, y. The products are always defined if A or B is 
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empty or if A = B. In this section, tensor products will be taken over R. The cup 
product maps are required to satisfy the following axioms. 

(1) Naturality. For maps of triads /: (X; A , B ) -»• ( XA'. B') the commutativity 
f*(x KJ y) = f*x yj f*y holds. 

(2) Stability. Let (A, B) be excisive in X. We use the restriction morphism 
la : h’ (X, B) —> h ] (A, A fl B) and the coboundary operator 8a : h r {A, A fl 5) = 

//(4 UBJ)4 h r+1 (X\ A U B ). The diagram 


h' (A) <8 /L (X. 5) — > h* (A) <8 hi (A, A fl B) — h i+ J {A, AC\ B) 

8»i 

/i' + 1 (A, A) (8 /U(X, 5)---> /?l + ^+i(X, yl U 5) 


is commutative. 

(3) Stability. Let (A, B) be excisive in X. We use the restriction morphism 
lb : h 1 (X, A) —> h‘ ( B. A fl B) and the coboundary operator 8b : h r (B. .4 fl /i) = 

/ 2 r (A U B, A) —4 // + 1 (X, A U B ). The diagram 


-^4 h‘(B. A n B) <8 h J (B) h i+J (B, A n B) 

&B 

h‘ (X, yl) (8 /t y+ 1 (x, fi)---> /T' + 7 + 1 (X, A U B) 


h'(X,A)®h J {B) 

1 ( 8)5 


is commutative up to the sign (—1)'. 

(4) Unit element. There is given a unit 1 e h°(P), P a fixed point, as additional 
structure datum. It induces 1 = lx = p*( 1) € h°(X), p: X —> P. Then 
1 u x = r u 1 = r for each x e h m (X, A). 

(5) Associativity, (x \j y) \j z = x \j (y \j z). 

(6) Commutativity, x \j y = (— 1 )l x l!rl y yj x . 

One can also consider situations where (6) or (5) do not hold. This is the reason 
for requiring (2) and (3) separately. For (5) it is required that the products are 
defined. For the convenience of the reader we also display the properties in a table 
and refer to the detailed description above. 
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The cup product defines on h*(X, A) the structure of a Z-graded associative and 
commutative algebra, if A = 0 this algebra has a unit element lx € h°(X). 
Moreover h*(X, A) becomes a unital graded left h*(X)- module. These structures 
have the obvious naturality properties which follow from the axioms, e.g., a map 
/: X —> Y induces a unital algebra homomorphism f* : h*(Y ) —>• It*(X ). 

In particular the graded module h* = (h n ) of the coefficient groups becomes a 
unital commutative graded algebra. We make h* (X, A) into a unital left h* -module 
via a ■ x = p*{a) kj x with p: X —> P the unique map to a point. Morphisms 
induced by continuous maps are then h* -linear. This is a particular case of the cross 
product introduced later. 

We list some consequences of naturality and stability. Let y e h n (X. B) be 
fixed. Right multiplication by y yields a morphism of degree n from the exact 
sequence of the pair into the exact sequence of the triple (X, A U B,B). This 
means: We have a commutative diagram 

h m (X ) — 

l r > 

h m+n (X,B ) 

The r y in the middle is defined by multiplication of x e h m (A) with the restriction of 
y along h n (X , B) —> h n (A, AC\B) and then using h n (A, A n B) ^ h n {A U B, B ). 

Let y e h n (X) be fixed. For each pair ( A. B ) in X we obtain a product 
r y : h k (A. B) —> h k+n (A. B) by right multiplication with the restriction of y along 
h n (X) — h n (A). The following diagram commutes: 

h m {A) - 

l” 

h m+n (A ) 

if (.4, B ) is excisive, then the coboundary operators of the MV-sequences 
A: h m ~'(A n B, C ) h m (A, An B ) ^ h m (A U B, B) h m (A U B, C), 



- >h m (A) - 

1 " 

h m+n (AU B,B) 


- >h m+ 1 (X , A) 

i" 

. h m + n + 1 (X, A U B). 
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A: h m (X, A(1B)^ h m (A, ADB)^ h m (A U B.B)^ h m+1 (X, A (IB) 

commute with r y . Also in the general case 17.1.4, the boundary operator commutes 
with products: 

(17.2.1) Proposition. Let (A\ A 0 . Ai) C (X: X ih Xffbe excisive triads. Let X° C 
X and assume that also (A U X°; Ao U X°, A\ U A°) is excisive for X ® — X v (l X°. 
Then the diagram 


h r (X 0 i, A 0 \) h r+ \ y]> (Zot, Aot U 7°) 

A |a 

h r+1 (X , A) — > h r+1+M (X, A U X°) 

commutes. Here r y is right multiplication by y e h(X, X°) ( bottom ) and multipli¬ 
cation with the restriction of y to h(X oi, A,^) ( ?0 P)- 

Proof. The coboundary operators are defined via suspension and appropriate in¬ 
duced morphisms. The commutativity of the diagram then amounts to the naturality 
of the cup product and a compatibility (17.2.2) with the suspension. □ 


(17.2.2) Proposition. The diagram 


h(IY , IB U MY) <g> h(IY, IY °) — h(IY, I(B U 7°) U dlY) 

crlgipr* a 

h(Y, B ) <g> h(Y, Y°) - & -4(7, B U Y°) 


commutes. ( Notation : IY = I x Y, dlY = 3 1 x Y etc.) 

Proof. We use the associated cross product and (17.3. 1), (17.3.3) in the computation 
(e 1 x x) vj (1/ x y) = (e 1 vj 1/) x (x \j y). □ 


(17.2.3) Example. Let ( X , *) be a pointed space. The ring homomorphism 
i : h*(X) -x h* has as kernel the two-sided /;*-ideal h*(X. *). We have the 
isomorphism h*(X,*) © h* = h*(X), ( a.b ) ja + p*b, see 17.1.3. This 
isomorphism transforms the cup product on h*(X) into the product 


(«!, bi) ■ (a 2 , b 2 ) = (fli vj a 2 + b\a 2 + a\b 2 , b\b 2 ). O 

(17.2.4) Example. The commutativity x vj x — (— 1 )I*H*Ijc kj x has for |jc| 

1 mod 2 the consequence 2(x vj x ) = 0. Hence x vj x = 0, if multiplication by 2 
is injective. O 
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(17.2.5) Example. Let X — Ai U ••• U A/,. Suppose cij e h" (l) ( X ) are elements 
in the kernel of the restriction h n(i HX) —> h n ^^(Aj). Let /),■ e h n ^(X, A,) be 
a pre-image of a,. Then a \ kj ■■■ kj a = 0, because this element is the image 
of b\ \j ■ ■ ■ \j bk e h n ( X, (J ; - Af) = 0. This argument requires that the relative 
products are defined. 

This simple consequence of the existence of products has interesting geometric 
consequences. The projective space CP” has a covering by n + 1 affine (hence 
contractible) open sets Uj = {[z, ] | zj =4 0}. Therefore oq \j • • • \j a n = 0 
for elements aj e h n(j ' , ( ( C B n . *). Later we show the existence of an element 
c e // 2 (C P": Z) with c n ^ 0. Hence CP” cannot be covered by n contractible 
open sets (more generally, by open sets U such that U CP" is null homotopic). 
An analogous result holds for 1RP”. O 

(17.2.6) Example. The argument of the preceding example shows that products in 
h*(S n , *), n > 1 are trivial, ai vj ci 2 = 0. 

More generally, let X be a well-pointed space. Then products in /i*(TI, *) 
are trivial. It suffices to prove this fact for the unreduced suspension Y.' X ; but this 
space has a covering by two contractible open sets (cones). 

Additively, the cohomology groups only depend on the stable homotopy type. 
The product structure contains more subtle information. O 

(17.2.7) Example. Let p: E —»• B be any map. Then we make h*(E) into a 

graded right h*(B)- module by the definition y • x = y kj p*x for x e h*(B ) 
and y e h*(E). If /: X —> Y is a morphism from p: X —>■ B to q: Y B 
in TOPb, then /*: h*(Y ) —> h*(X) is h*(B)- linear. The same device works 
for pairs of spaces over B. The coboundary operator is then also h*(B)- linear, 
S(y ■ x) = Sy ■ x. O 


17.3 External Products 

A multiplicative structure on a cohomology theory h* of external products consists 
of a family of /Clinear maps (m , n e Z) 

h m (X, A) <8 ) R h n (Y, B ) h m+n ({X , A) x (T, B)), x <g> y x x y, 

defined for a suitable class of pairs (X. A) and {Y, B) and in any case if the pair 
(X x B. A x Y) is excisive in X x Y. The products are defined if A or £ is empty. 
These maps are required to satisfy the following axioms. 

(1) Naturality. For continuous maps /: (X, A) -x (X\ A') and g: (Y, B) -x 
(Y'. B') we have (/ x g)*(x x y) = f*x x g*y. 

(2) Stability. Let (X x B, A x Y ) be excisive. For x e h m (A ) and y e h" ( Y. B ) 
the relation Sx x v = S'(x x v) holds. Here 8' is the composition of the excision 
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isomorphism with <5 for k = m + n 

8': h k (A x (Y, B)) ^h k (AxY U X xB,X x 5) 4 h k+1 ((X, A) x (Y, B )). 

(3) Stability. Let {X x B. AxY) be excisive. For x e h m (X. A) and y e h n (B) 
the relation x x Sv = (— l)^<5"(x x y) holds. Here 8" is a similar composition of 
excision with 8 for k — m + n 

8 ": h k ((X, A) x B) = h k (X xBUAxY,AxY)X H k+ \(X, A) x (Y, B)). 

(4) Unit element. There is given 1 e h°(P) as a further structure datum. It satisfies 
lxx = xxl=x (with respect to P x X = X x P = X). 

(5) Associativity, (x x y) x z = x x (y x z). 

(6) Commutativity. Let r: X xY — > Y x X, (x,y) i-> ( v, x). Then for x e 
h m (X , A) and y e h n (Y, B) the relation r*(x x y) = (— l)l- x ll^ly x x holds. 

Also in this case we display the properties in a table and refer to the detailed 
explanation above. 



The term “stability” usually refers to compatibility with suspension. We explain this 
for the present setup. As a first application we show that the suspension isomorphism 
is given by multiplication with a standard element. Let e 1 e /; '(/■ 81 ) he the image 
of 1 e h° under 


1 e h° ^ h°(0)^^h°(dP l)^-^ 1 (I,dl)3 e 1 . 

(17.3.1) Proposition. e 1 x y = ct( v). 

Proof. Consider the diagram 


h m (Y. B) -—-> h m (dIY, dIB) -> h m (0Y, OB) 



P 


h m+1 {(I, 37) x (Y, B) 0 — h m (dIY U IB. IB) < - h m (dIY U IB, IF U IB). 
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Let 1 e h°(dl) be the image of 1 e /i°(0) under h°( 0) = /?°(37, 1) —>• /z°(37). 
Then e 1 = <5(1). Stability (2) of the cross product shows e 1 x y = <5o; _1 (l x y). 
The maps a and ft are isomorphisms by excision and h-equivalence. The outer 
diagram path is y h-> a(y). □ 

Suppose we have a cup product. We construct an associated external product. 
Let p: (X, A) x Y —»• (X, A) and q: X x (Y. B) —> (Y. B) be the projections 
onto the factors. We define for x e h m (X, A) and y e h n (Y,B) the product 
x x y = p*y U q*y. 

Conversely, suppose an external product is given. We define an associated 
w-product. Let d : ( X , A U B) —> ( X , A) x (X, B) be the diagonal. Then we set 

x y = d* (x x y). 

(17.3.2) Proposition. The x-product associated to a vj-product satisfies the axioms 

of an external product. The vj-product associated to a x-product satisfies the axioms 
of an internal product. The processes x \j and vj x are inverse to each 
other. □ 

(17.3.3) Proposition. Let x,- € h*(X. /I,) and yi e h* ( Y. If ). Then 

(xt x yj) \j (x 2 x y 2 ) = (-l) |x2ll>,ll (xi vj x 2 ) x (yj vj y 2 ). 

In particular h*(X) ® h*(Y) —>■ h*(X x Y), x ® y i-> x x y is a homomorphism 
of unital graded algebras. □ 

(17.3.4) Proposition. Let s e h n (S n , *) C h n (S n ) be the element which corre¬ 
sponds to 1 e h {) under a suspension isomorphism. Then for each space F the 
map 

h k (F) © h k ~ n (F) -x h k (F x S n ), (a,b) a x l + b x s 

is an isomorphism. These isomorphisms show that h* (F x S n ) is a free graded left 
h*(F)-module with homogeneous basis lxl, 1x5. 

Proof. We start with the isomorphism 

h k ~ n (F) h k {I n x F, dl n x F ), me"x x 

where e n = e 1 x ■ ■ ■ x e 1 , see (17.3.1). Let 5 e h n (S n , *) correspond to e n under 
the isomorphism h n (S n , *) = /j"(/ n /3/", *) = h n (I n , 37”). Then, by naturality, 

h k ~ n (F)^h k (S n xF,*xF), b^sxb 

is an isomorphism. We now use the split exact sequence 

0 h k (S n x F, * x F) —>■ h k (S n x F) -+ h k (F ) -► 0 
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with splitting h k {F) -x h k (S n x F), a !->• 1 x a = pr*(a) in order to see that 
(a, b) m- 1 x a + 5 x b is an isomorphism. 

Under this isomorphism we have the following expression of the product struc¬ 
ture 

(a + sb)(a' + sb') = aa' + s(ba' + (—i)l fl l n ab') 

since s 2 = 0. 

We use commutativity to show that (a,b) (->• a x 1 + h x s \s an isomorphism 
as claimed. If we use 1 = If x I^h and s — Ip x 5 as basis elements for the 
left h*( F)-module h*(F x S n ), then the h*(F) algebra is seen to be the graded 
exterior algebra/r*(F)[5]/(^ 2 ). □ 

Let B be a CW-complex. The skeleton filtration (F k h i ( B ) | k € N) on /?' ( B) 
is defined by F k h‘(B) = Ker (h'(B) -x ti{B k ~ 1 )). 

(17.3.5) Proposition. The skeleton filtration is multiplicative: If a e F k h‘ (B) and 
b e F l h j {B), then a\jb e F k+l h i+j (B). 

Proof. Choose pre-images a' e h‘ (B. B k ~ v ), b' € h l {B. B ,_1 ). Then a' x b' e 
/j' +7 (7? x.B,B k 1 xBUBxB l 1 ). The product c/ vj /j is the image of a x h under 
the diagonal d*. A cellular approximation d' : B Bx B of the diagonal d sends 
£fc+/-i j nt0 (g x g^k+l—i anc j j-jjg i a ^ er j s contained in B k ~ x x B U B x 
Naturality of the x-product now shows that a w b is contained in the image of 
h i+ j(B.B k+l ~ l )^h i+ j(B). □ 

(17.3.6) Corollary. Let n e h° (B) be contained in F 1 h°{B). Then n k e F k h°(B). 

Thus if B is finite-dimensional, n is nilpotent and 1 + n a unit. □ 

Problems 

1. Supply the proofs for (17.3.2) and (17.3.3). 

2. Determine the algebras h* (S” (1) x • • • x S' ,xkx ) as graded h* -algebras (graded exterior 
algebra). 

17.4 Singular Cohomology 

The singular cohomology theory is constructed from the singular chain complexes 
by a purely algebraic process. The algebraic dual of the singular chain complex is 
again a chain complex, and its homology groups are called cohomology groups. It 
is customary to use a “co” terminology in this context. 

Let C. = (C„, 3„) be a chain complex of /(-modules. Let G be another R- 
module. We apply the functor Horn r(~. G ) to C. and obtain a chain complex 
C* = (C'\ S n ) of /(-modules with C" = I lorn r ( C n , G ) and the /(-linear map 


S n :C n = Horn R (C n , G) -* Hom*(C„ +1 , G) = C' t+1 
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defined by 8 n (<p) = (—1 ) n+1 (p o 3„ +1 for <p e Hom(C n , G). 

For the choice of this sign see 11.7.4. The reader will find different choices of 
signs in the literature. Other choices will not effect the cohomology functors. But 
there seems to be an agreement that our choice is the best one when it comes to 
products. 

For a pair of spaces ( X , A) we have the singular chain complex S.(X, A). With 
an abelian group G we set 

S n (X, A: G) = Hom(S„(X, A), G ) 

and use the coboundary operator above. Here we are using Hom^- Elements in 
S n ( X , A: G ) arc functions which associate to each singular simplex a: A" —X an 
element of G and the value 0 to simplices with image in A. If G is an /^-module, then 
the set of these functions becomes an /^-module by pointwise addition and scalar 
multiplication. A continuous map /: ( X , A) —> (Y, B ) induces homomorphisms 

/ # = S n (f): S n (Y, B; G) -»• S n (X, A; G), (f*<p)(a) = <p(fa) 

which are compatible with the coboundary operators. In this manner we obtain 
a contravariant functor from TOP(2) into the category of cochain complexes of 
-modules. The n-th cohomology group of S*(X, A; G) is denoted II' 1 ( X, A: G) 
and called the n-th singular cohomology module of (X, A) with coefficients in G. 
We often write H n (X, A ; Z) = II n (X, A) and talk about integral cohomology, 
in this case (G = Z /(p) mod-/) cohomology). Dualization of the split exact 
sequence 0 —> S, (A) —> S.(X) —> S,(X, A) —> 0 yields again an exact sequence 
0 —>• S*(X, A\G) —> S*(X\G ) —> S*(A;G ) —> 0. It induces a long exact 
cohomology sequence 

-» H n ~ 1 (A\ G) H n (X,A;G) -> H n (X;G) -► H n (A;G) -► ••• . 

(17.4.1) Remark. We recall the definition of the coboundary operator <5 for the 
present situation. Let cp: S n -i(A) —> G be a cocycle, i.e., (p o 3 = 0. Extend 
tp in an arbitrary manner to a function Ip: S„-\ (X) G. The element 8((p) — 
(— l) n Ip o 3: S n (X) G vanishes on S n (A), since its restriction to S n (A) is cp o 3. 
Therefore 8(Ip) yields an element i// e S n (X, A: G). The coboundary operator is 
then defined by the assignment [<p] i-> [i//]. O 

So far we have defined the data of a cohomology theory. If we apply Hom(—, G) 
to a chain homotopy we obtain a cochain homotopy; this yields the homotopy 
invariance. The excision axiom holds, as the chain equivalence S, {X \ U, A \ U) — 
S.(X, A) induces a chain equivalence S*(X, A: G) — S*(X \ U, A \ U\ G). 

There exist several algebraic relations among homology and cohomology. The 
first one comes from the evaluation of the Hom-complex. Let us use coefficients in 
a commutative ring R. The evaluations 

Hom(S„(Z, A), R) <g> S n (X, A: R) ->• R, (p ® (c <S> r) i->- (p(c)r 
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induces a pairing (sometimes called Kroneckerpairing) 

H n (X, A; R) ® H n {X, A, R) —>■ R, x®y h* (x,y). 

This is due to the fact that the evaluations combine to a chain map, see 11.7.4. 

(17.4.2) Proposition. For f : (X,A) -* (T, B), y e H n (Y, B\ R), and x e 
Fl n (X, A\R) we have 

<r(y),*> = (.v,/*«>. 

Fora e H n ~ ] (4; i?), b e H n (X, A; R) we have 

(8a, b) + (-l)"- 1 ^,^} = 0. 

Proof. We verify the second relation. Let a = [<p], cp e Hom(.S'„_i (/I), Z). Let 
ip: 5„_i(Z) —>• Z be an extension of <p. Then 8(a) is represented by the homo¬ 
morphism (— l) n f>d: S n (X) -> Z (see (17.4.1)). Let y = [c], c e S„(X). Then 
(8x,y) = (—1 )"<p3(c). From 3(c) e S n -\{A) we conclude <p(3(c)) = <p(3c) = 
(x,d y). □ 

The canonical generator e\ e H\ (/, 37) is represented by the singular simplex 
5: A 1 —>■ I, (t 0 , tf) m- t\. Let [jc] e H°(X) denote the element represented by the 
cochain which assumes the value 1 on x e X and 0 otherwise. 

(17.4.3) Proposition. Let e 1 be the generator which is the image of [0] e H°( 0) 

under H°( 0) 4- H°(dl, 1) 4 H l (I,dI). Then (e\ei) = 1. □ 

The singular cohomology groups H n (X, A: G) can be computed from the ho¬ 
mology groups of (X. A). This is done via the universal coefficient formula. We 
have developed the relevant algebra in (11.9.2). The application to topology starts 
with the chain complex C = S(X. A: R) — S(X. A) R of singular chains 
with coefficients in a principal ideal domain R. It is a complex of free /^modules. 
Note that HomR(S„(X, A) R, G) = Homz(S„(Z, A), G) where in the second 
group G is considered as abelian group (= Z-module). Then (11.9.2) yields the 
universal coefficient formula for singular cohomology. 

(17.4.4) Theorem. For each pair of spaces (X, A) and each R-module G there 
exists an exact sequence 

0 Ext (H n - X (X,A\R),G) -4 H n (X,A\G) Horn (H n (X, A\ R),G) 0. 

The sequence is natural in ( X, A) and in G and splits. In particular, we have 
isomorphisms H°(X\ G) = IIom( lfo(X ). G) = Map(7To(3f), G). □ 

The statement that the splitting is not natural means that, although the term 
in the middle is the direct sum of the adjacent terms, this is not a direct sum of 
functors. There is some additional information that cannot be obtained directly 
from the homology functors. The topological version of (11.9.6) is: 
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(17.4.5) Theorem. Let R be a principal ideal domain. Assume that either 
//* ( X, A; R) is of finite type or the R-module G is finitely generated. Then there 
is a functorial exact sequence 

0 -> H n (X, A;R)®G -> H n (X, A: G) Tor(ff n+1 (X, A; R), G) ->• 0. 
The sequence splits. □ 

(17.4.6) Proposition. Let M be a closed, connected, non-orientable n-manifold. 
Then H n (M:T) g* Z/2. 

Proof. Since M is non-orientable, H n (M\ Z) = 0. Theorem (17.4.4) for R = 
G = Z then shows H n {M\ Z) = Ext(i/„_i(M; Z), Z). From (16.3.4) we know 
that Z) = Z/2 © F with a finitely generated free abelian group. This is 

also a consequence of Poincare duality, see (18.3.4). □ 

Problems 

1. Let 0 —>■ Gi —>■ G 2 —> Gj, —> 0 be an exact sequence of abelian groups. It induces a 
short exact sequence of cochain complexes 

0 -> Hom(S(X), Gi) Horn (S'(X), G 2 ) -> Hom(S(X), G 3 ) 0 

and an associated long exact sequence of cohomology groups. The coboundary operator 

H"(X-G 3 ) H n+1 (X-,Gi) 

is a natural transformation of functors H n (—; G 3 ) —> H n+1 (—\ G\) and called a Pockstein 
operator. A typical and interesting case arises from the exact sequence 0 —>• Z /p —> 
Tip 2 z ip 0 . 

2. If the functor Hom(—, G) preserves exact sequences, then no Ext-term appears in the 
universal coefficient formula. Examples are 

^"(X, A;Q) ^ Hom z (//„(X,A),Q) ^ Hom Q (//„(X, A; Q), Q) 

and H n {X\ Z /p) = Horn ^:/p(H n (X; Tip), T/p) for the prime field T/p as coefficient 
ring. 


17.5 Eilenberg-Mac Lane Spaces and Cohomology 

The representability theorem (8.6.10) of Brown can be used to find a natural isomor¬ 
phism A: [— ,K(A,n)\ —> //"(—; A) on the homotopy category of CW-complexes. 
In this section we construct this isomorphism and give some applications. A nat¬ 
ural transformation A is determined by its value on the identity of K(A,n), and 
this value can be prescribed arbitrarily. Thus we have to find a suitable element 
i n e H n (K(A,n);A). 
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Let us begin with the special case n =0. As a model for K{A. 0) we take 
the abelian group A with discrete topology. Since A is discrete, a map X —>■ A 
is continuous if and only if it is locally constant. Moreover, all homotopies are 
constant. Therefore [X, K(A, 0)] = [X, A] is the group of locally constant maps. 
A locally constant map is constant on a path component. Therefore the surjection 
q: X —>■ 7T() ( X ) induces an injective homomorphism 

A°(X): [X,A] Map(7To(X), A) ^ Horn (H 0 (X),A) = H°(X;A). 

The last isomorphism is the one that appears in the universal coefficient formula. 
If X is locally path connected, then the homomorphism induced by q is an isomor¬ 
phism. Hence we have obtained a natural isomorphism on the category of locally 
path connected spaces, in particular on the category of CW-complexes. If X is 
connected but not path connected, then A°(X) is not an isomorphism. 

Let now n > 1 and write K = K„ — K(A,n). Consider the composition 

(1) (2) (3) 

L n e H n (K\A) = Hom(//„(X; Z), A) = Horn {n n {A),A) = Hom(A,A) 9 id. 

The isomorphism (1) is the universal coefficient isomorphism. The isomorphism (2) 
is induced by the Hurewicz isomorphism h : n n (K , *) —> H n {K\ Z), see (20.1.1). 
It sends [/] e [5(n),X]° = n n {K)to f*(z n ) where z n e A/„(5(n);Z) is a suitable 
generator. The isomorphism (3) is induced by a fixed polarization p: A = n n (K). 
We dehne l„ as the element which corresponds to the identity of A. Let A" be the 
natural transformation which is determined by the condition A" [id] = l„ . Note 
that category theory does not tell us yet that the X n (X): [X , K] —> fI"(X: A) are 
homomorphisms of abelian groups. 

Let us compare A" -1 and A”. It suffices to consider connected CW-complexes 
and pointed homotopy classes. The diagram with the structure map e (n) : E A'„-i —► 
K n of the spectrum 


[X, X„_!] 0 [EX, E K n -i]° [EX, K„]° 


H n ~ 1 (X\A) 


X" 

-> //"(EX; A) 


is commutative up to sign, provided e(n)*(i„) = A n (e(n)) — ±a(t„_f). The 
morphism A” (EX) is a homomorphism, since the group structures are also induced 
by the cogroup structure of EX. In order to check the commutativity one has to 
arrange and prove several things: (1) The Hurewicz homomorphisms commute with 
suspensions. (2) The structure map e(n ) and the polarizations satisfy e(n)* o E o 
p n — i = p n : A Ti n ( K n ). (3) The homomorphisms from the universal coefficient 
formula commute up to sign with suspension. Since the sign is not important for 
the moment, we do not go into details. 
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(17.5.1) Theorem. The transformation A" is an isomorphism on the category of 
pointed CW-complexes. 

Proof We work with connected pointed CW-complexes. Both functors have value 
0 for S m ,m f n. The reader is asked to trace through the definitions and verify 
that A n (S n ) is an isomorphism. By additivity, X n (X) is an isomorphism for X a 
wedge of spheres. Now one uses the cofibre sequence 

v s k ~ l -* X k ~ l -+ X k -+ X k /X k ~ l -+ T,X k - 1 

and applies the functors [—, K n ]° and H n (—; A). We use induction on k. Then A” 
is an isomorphism for \f S k -1 , X k ~ ] , and X k /X k ~ ] . The Five Lemma implies 
that X n (X k ) and hence also X n (Y.X k ~ A ) are surjective. By another application 
of the Five Lemma we see that X n (X k ) is also injective. This settles the case of 
finite-dimensional CW-complexex. The general case follows from the fact that both 
functors yield an isomorphism when applied to X n+1 C X. □ 

A C W-complex W(Z, n ) can be obtained by attaching cells of dimension > n + 2 
to S". The cellular approximation theorem (8.5.4) tells us that the inclusion 
i n : S n C K(Z,n ) induces for each CW-complex X of dimension at most n a 
bijection 

/*: [X,S n ] -=+[X,K(Z,n)]. 

We combine this with the isomorphism A and obtain a bijection 

[X, S n ] A H n (X- Z). 

It sends a class [/] e [X, 5”] to the image of 1 € H n (S n : Z) under/*: H n (S n ) -»• 
H n (X). Here we use the isomorphism A = ff n (S n : A) which is (for an arbitrary 
abelian group A) defined as the composition 

H n (S n ; A) ^ Horn (H n (S n ),A) = Horn (tr n (S n ),A) = Hom(Z, A) ^ A. 

Again we have used universal coefficients and the Hurewicz isomorphism. 

(17.5.2) Proposition (Hopf). Let M — X be a closed connected n-manifold which 
has an n-dimensional CW-decomposition. Suppose M is oriented by a fundamental 
class Zm■ Then we have an isomorphism 

H n {M ; Z) s* HornZ) ^ Z 

where the second isomorphism sends a to a{iM )• The isomorphism [M. 5"] = 
H n {M\ Z) = Z maps the class [/] to the degree d{ f) of f. □ 

(17.5.3) Proposition (Hopf). Let M be a closed, connected and non-orientable 
n-manifold with a CW-decomposition. Then H n (M; Z) = Z/2; hence we have a 
bijection [M , S”] = Z/2. It sends [/] to the degree ciL(/) modulo 2 of f. 
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Proof. The universal coefficient theorem and H n (M\ Z) = 0 show 
Ext(//„_ 1 (M),Z/2) s* H n (M; Z/2). 

We use again that Z) = E © Z/2 with a finitely generated free abelian 

group/ 7 . This proves//"(M; Z/2) = Z/2. Naturality of the universal coefficient 
sequences is used to show that the canonical map H n (M; Z) —> H n {M\ Z/2) is 
an isomorphism. The commutative diagram 

H n (S n ; Z/2)-—- >H n (M: Z/2) 

Hom(//„(5"; Z/2), Z/2|->Hom(/7„(M; Z/2), Z/2) 

is used to show the assertion about the degree. □ 

Problems 

1. A is not always an isomorphism: A = Z, « = 1 and the pseudo-circle. 

17.6 The Cup Product in Singular Cohomology 

Let R be a commutative ring. The cup product in singular cohomology with coef¬ 
ficients in R arises from a cup product on the cochain level 

S k (X ; R) © S l (X ; R) -+ S k+l (X\ R). cp © f h* <p vj f. 

it is defined by 

(1) (? o\jty)(o) = (~l) MW (p(a\[e 0 ,... ,e k ])f(a\[e k .... ,e k+ i]). 

Herecr: A k+I = [e 0 . tk+l] * X is a singular (£+/©simplex. Let[u 0 ,_ v„\ 

be an affine n -simplex and r: [u 0 ,..., v n ] —> X a continuous map. We denote by 
r|[t>o, • • •, v n \ the singular simplex obtained from the composition of r with the 
map A" —> fro,..., v n \, Cj i-»- Vj. This explains the notation in (1). 

(17.6.1) Proposition. The cup product is a chain map 

S'(X ; R) © S*(X; R) -> S'(X\ R), 

i.e., the following relation holds: 

8((p \j ft) = 8(p \j xfr + (— l)^<p w <5t/r. 
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Proof. From the definition we compute (Sep yj ^)(o) to be 
k 

(-l)(M+^\J2(-l) i+ M +l ep(a\[e 0 , . ,e k+1 ])xf(o\(e k+l ,.. .,e k+l+1 ]) 

i =0 

and (—1)^1 (ep \j Sef)(o) to be 
k+l -f-1 

(_ 1 )I<pKI^I+i) ^ (-l) l+w+1 (p(a\[e 0 .e,tM(o1bfc, ...Si,.. .,e k+ i +l ]). 

i —k 

If we add the two sums, the last term of the first sum and the first term of the second 
sum cancel, the remaining terms yield (—1 )M+liH+ 1 (gj \j i//)(7)<t), and this equals 
0% u f))(a). □ 

We extend the cup product to the relative case. Suppose <p e S k (X. A; R) 
and <p e S 1 (X. B \ R) are given. This means: (p vanishes on singular simplices 
A* —> A and r// vanishes on simplices A 1 —> B. The relation (17.6.1) then shows 
that ep U yjr vanishes on the submodule S k +i(A + B: R) c S k +i(X\ R) generated 
by simplices in A and B. The pair (A. B) is excisive for singular homology if 
5.(^4 + B) = S.(A) + S,(B) C 5.(^4 U B ) is a chain equivalence. The dual maps 
5*(A U B\R)^ S*04 + B\ R) and S’(X, A U B\ R) S'(X\ A+ B\R) are 
then chain equivalences. The last module consists of the cochains which vanish on 
■S ’.(A + B); let ff* (X: A + B: R) denote the corresponding cohomology group. 
Thus we obtain a cup product (again a chain map) 

5*(Z, A; R) <8> S m (X, B ; R) S*(X\ A + B: R). 

We pass to cohomology, obtain H*(X, A; R)<giH*(X 1 B: R) —» H* (X; A + B: R) 
and in the case of an excisive pair a cup product 

H*(X, A: R) ® H*(X, B ; R) -> H*(X, A U B\R). 

We now prove that the cup product satisfies the axioms of Section 2. From 
the definition (1) we see that naturality and associativity hold on the cochain level. 
The unit element lx e H°(X. R) is represented by the cochain which assumes the 
value 1 on each 0-simplex. Hence it acts as unit element on the cochain level. In 
the relative case the associativity holds for the representing cocycles in the group 
H*(X\ A + B + C; R). In order that the products are defined one needs that the 
pairs (A, B), ( B , C), (A U B , C) and (^4, B U C) are excisive. 

Commutativity does not hold on the cochain level. We use: The homomor- 
phisms 


p: S n (X) \-+ S n (X), o i->- s n o, 
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with e n = (— i)( n+1 )”/ 2 and a = a\[e„, e n -i.... ,eo\ form a natural chain map 
which is naturally chain homotopic to the identity (see (9.3.5) and Problem 1 in that 
section). The cochain map p # induced by p satisfies 

p # (p \J P # \jf = (— l)MltHp # (0, yj 

Since p # induces the identity on cohomology, the commutativity relation follows. 

The stability relation (2) is a consequence of the commutativity of the next 
diagram (which exists without excisiveness). Coefficients are in R. 

H'(A)®Hj(X , B) -> H‘ (A)® H > (A, A.AnB)^ H i+J {A, An B) 

«®i s' 

-Jr 

H i+1 (X,A)®HJ(X.B) --- > H i+ j +1 (X\A+ B) 

where S' is the composition of H 1 + ' {A, A fl B) H ,+ j(A + B, B), which is 
induced by the algebraic isomorphism 

S.(A)/S.(A n B ) ^ S.(A + B)/S.(B), 

and <5: H ,+J (A + B: B) —* //' +7 + 1 (X: A + B). In order to verify the commu¬ 
tativity, one has to recall the construction of S, see (17.4.1). Suppose [cp] e //' (A) 
and [i/r] e II ' {X, A) are given. Let Ip e S' (X) be an extension of then Sip 
vanishes on .S’, (A), and the cochain Sip e ,S’ , + I (X. A) represents S[(p]. The image 
of [tp] ® [xjf] along the down-right path is represented by Sip U i//, and one verifies 
that the image along the right-down path is represented by S{Ip U i//). Since i// is a 
cocycle, the representing elements coincide. A similar verification can be carried 
out for stability (3). 

One can deal with products from the view-point of Eilenberg-Zilber transfor¬ 
mations. We have the tautological chain map 

S*(X; R) <g> S m (Y; R ) -> Horn(5. ®S.,R® R). 

We compose it with the ring multiplication R ® R R and an Eilenberg-Zilber 
transformation ,S. (X xf)-> S, ( X ) ® S,(Y) and obtain a chain map 

S m (X; R) ® S\Y ; R) 5*(Z x Y ; R), f ® g h* / x g, 

a x-product on the cochain level. If the pair {A x Y, X x B) is excisive, we obtain 
a x-product 

S*(Z, A; R) ® S*(Y, B ; R) S\(X, A) x (Y, B)\ R). 

Our previous explicit definition of the cup product arises in this manner from the 
Alexander-Whitney equivalence and the related approximation of the diagonal. 
We can now apply the algebraic Kiinneth theorem for cohomology to the singular 
cochain complexes and obtain: 
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(17.6.2) Theorem. Let R be a principal ideal domain and //* ( Y, B: R ) of finite 
type. Assume that the pair (A x Y. X x B) is excisive. Then there exists a natural 
short exact sequence 

0 ®i+j= n Ri ( X ’ A : R ) ® H j {Y, B;R ) -> 4) x (7, 5); tf) 

© !+ y=„+i # f (*. * *) * HJ(Y, B-. R) 

and this sequence splits. □ 

Problems 

1. We have defined the cup product for simplicity by explicit formulas. One can use instead 
Eilenberg-Zilber morphisms. Let us consider the absolute case. Consider the composition 

S q (X\R) <g> S g (Y;R) = Hom^X, R) <g> Hom(5 3 (7), R) 

-> Hom^fX) <g> S q (Y), R) -> Horn (S p+q (X x Y), R) 

where the first morphism is the tautological map and the second induced by an Eilenberg- 
Zilber morphism .S .(X x Y) — »• S»(X) (g> S,(Y). Then this composition induces the 
x-product in cohomology. The cup product in the case X = Y is obtained by composition 
with S.fA) —>■ S»(X x X) induced by the diagonal. Instead we can go directly from 
HomfSplA) (g> S q (X), R) to Hom(5 J r,-|_i ? (X), R) by an approximation of the diagonal. Our 
previous definition used the Alexander-Whitney diagonal. 


17.7 Fibration over Spheres 

Let p : X -4 5" be a fibration (n > 2). We write as usual S" = D'f U D" and 
= Df fl D". Let b 0 e 5” _1 be a base point. We set X± = p~ 1 (D±), 
Xo = p~ l (S n ~ x ), and F = p~ 1 (bo). From the homotopy theorem of fibrations 
we obtain the following result. 

(17.7.1) Proposition. There exist h-equivcilences <p± : D n ± x X —> X± over 
Df such that tp±(bo , y) = y for y e F. The h-inverses i jr± also satisfy t /s±(y) — 
(bo , y) and thefibrewise homotopies ofx[t± <p± and <p± t jr± to the identity are constant 
on F. Since Xq C X± C X are closed cofibrations, we have a Mayer-Vietoris 
sequence for (X + , X-). □ 

We use the data of (17.7.1) in order to rewrite the MV-sequence. We work with a 
multiplicative cohomology theory. The embedding j : F D'f x F. y i-> (b 0 , y) 
is an h-equivalence. Therefore we have isomorphisms 

z* : h k (X±) h k (D r f x F) -^-4 h k (F). 




426 Chapter 17. Cohomology 


The restriction of cp+ gives us another isomorphism 

cp* + : h k (X o) 4- h k {S n ~ l x F). 

We insert these isomorphisms into the MV-sequence of (X+, X-) 
h k (X) -> h k (X+) © h k {XJ& -1 h k (X o) 


<p+ 

di ^ (2t ^ 

h k {X) -> h k (F ) © h k (F) — -> h k (S x F). 


The two components of (1) equal i* where i: F C X. The first component of (2) 
is induced by the projection pr: S" _1 x F —> F. We write i//_ o cp + in the form 
(s, y ) i—> (.s', a (.s', _v)) • Then the second component of (2) is —a*. Both maps yield 
the identity when composed with j : F —> S" -1 xFjd (b 0 , y ). The product 
structure provides us with an isomorphism 

h k (F) © h k ~ n+ \F) h k (S n ~ l x F), (a, b) ^ 1 x a + s x b. 

We also use this isomorphism to change the MV-sequence. We set 
a*(x) = 1 x x — 5 x 0(x), 0(x) e h k ~ n+l (F). 

The relation j *(1 x a — s x b) = a shows that a*(x ) has the displayed form. 
(17.7.2) Theorem (Wang Sequence). There exists an exact sequence 

-* h k (X) h k (F) h k ~ n+1 (F) h k ~ n+1 (X ) ••• . 

The map 0 is a derivation, i.e., 0(x U y) = 0(x) U y + (— l)l*K n-1 )x U 0y. 
Proof. We start with the modified MV-sequence 

-* h k (X) -5-1 h k (F ) 0 h k (F ) /j fc (F) 0 /; fc “" +1 (F) -► ••• . 

The morphism (1) is as before, and (2) has the form (a, b) (a — h, 0(6)). Then 
we form the quotients with respect to the left h k (F) summands in order to obtain 
the stated exact sequence. 

Since a* is a homomorphism and s 2 = 0, we obtain 
a*(xy) = 1 x xy + i x 0(xy) 
a*(x)a*(y) = (lxx + sx 0(x))(l xj+jx 0(y)) 

= lxxy + sx 0(x) • y + (-i)WI J lj x x • 0(y). 

This proves the derivation property of 0. □ 


We can, of course, also consider the MV-sequence in homology. It assumes 
after an analogous rewriting the form 


0. 
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Problems 

1. As an example for the use of the Wang sequence compute the integral cohomology ring 

H* (£2S n+1 ) of the loop space of + Use the path fibration + 1 —U- P S' n+1 
with contractible P. 

If n = 0, then is h-equivalent to the discrete space Z. So let n > 1. Since P 
is contractible, the Wang sequence yields H q (£lS" +l ) = H q — n (QS n + 1 ) and therefore 
Hk(ClS' I+l ) = Z for k = 0 mod (n) and ^ 0 otherwise. Similarly for cohomology 
H k (S5" +1 ) = Z for k = 0 mod (n) and zero otherwise. Using the isomorphism 0 we 
define inductively elements zq = 1 and @Z£ = z*—i for k > 1. 

Let n be even. Then k\zk = z k for k > 1. For the proof use induction over k and the 
derivation property of 0. 

The relation above yields the multiplication rule 

k + l\ 

k ) Zk+h 

A multiplicative structure of this type is called a polynomial ring with divided powers. With 
coefficient ring Q one obtains a polynomial ring H*(QS n + 1 ',Q) = Q [z i ]. 

Let n be odd. Then Z 1 Z 2 * = Z 2 k+i, 2122 /t+i = 0, and z k = k\z 2 k- 
Again use induction and the derivation property. Since z^ = —Zj, one has Zj = 0. 
Then ®(ziz 2 k ) = 0(zi)z 2 A: - z, 0(z 2 /t) = z 2 k - :\z 2 k-\ = ? 2 k = @(z 2 *+i), hence 
z i z 2k = z 2 k+i> since © is an isomorphism. Next compute ziZ 2 *+i = z\(z\Z 2 k) = 
Zj Z 2 k = 0. For the last formula use that 0 o 0 is a derivation of even degree which maps 
Z 2 k to Z 2 k- 2 - The induction runs then as for even n. The elements Z 2 & generate a polynomial 
algebra with divided powers and z\ generates an exterior algebra. 


ZkZl = 


17.8 The Theorem of Leray and Hirsch 

The theorem of Leray and Hirsch determines the additive structure of the coho¬ 
mology of the total space of a fibration as the tensor product of the cohomology of 
the base and the fibre. We work with singular cohomology with coefficients in the 
ring R. A relative fibration 


(F, F') -* (£, E') B 

consists of a fibration p.E^-B such that the restriction p ': E' —> B to the 
subspace E' of E is also a fibration. The fibres of p and p' over a base point * e B 
are F and F'. The case E' = 0 and hence F' = 0 is allowed. We assume that B 
is path connected. 

(17.8.1) Theorem (Leray-Hirsch). Let (/\ F r ) \ ( E. E') —> B be a relative 
fibration. Assume that H n ( F , F') is for each n a finitely generated free R-module. 
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Let Cj € II* (E. E') be a family of elements such that the restrictions i*(cj) form 
an R-basis of H*(F, F'). Then 

L : H*(B)® H*(F,F') -+ H*(E,E'), b®i*( Cj ) h* p*(b)vj Cj 

is an isomorphism of R-modules. Thus H*(E ) is a free graded H* (B)-module 
with basis {cj }. 

We explain the statement of the theorem. The source of L is a direct sum of mod¬ 
ules H k (B) ® II l (F, F'). The elements i*(j, which are contained in H l (F , F') 
are a finite R -basis of the R -module II 1 (F, F'). A basic property of the tensor 
product says that each element has a unique expression of the form 

<8> b/j, e H k (B). 

By the conventions about tensor products of graded modules, L is a map of degree 
zero between graded modules. 

Proof Let A C B be a subspace. We have the restricted fibrations ( F, F') 
(E\A, E'\A) A with E\A = p~ l {A) and E'\A = E' fl E\A. The elements 
Cj yield by restriction elements Cj\A e H*(E\A, F'\A) which again restrict to a 
basis of H*(F,F r ). 

We first prove the theorem for CW-complexes B by induction over the skeleta 
B n . If 5° = {*}, then L has the form H°(B°) ® H k (F, F') H k (F , F') and 
it is an isomorphism by the unit element property of the cup product. 

Suppose the theorem holds for the (»—1)-skeleton 5” _1 . We wi'ite B" = U U V , 
where U is obtained from B n by deleting a point in each open n-cell and V is the 
union of the open «-celIs. We use the MV-sequence of U. V and F \ U. F \ V and 
obtain a commutative diagram 

H*(U U V) ® M* --> H*(E\U U V, E'\U U V) 


H*{U ) ® M* © H*(V) ® M* Lu ® Lv y h*(E\U, E'\U ) © H*{E\V, E'\V) 


h*(u n V) ® m* - —--> h*(e\u n v, e'\u n V). 

The left column is the tensor product of the MV-sequence for U, V with the graded 
module M* = FI*(F , F'). It is exact, since the tensor product with a free module 
preserves exactness. We show that Lu, Ly and Lfj n y arc isomorphisms. The Five 
Lemma then shows that Luuv is an isomorphism. This finishes the induction step. 
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Case U. We have the commutative diagram 

H*(U) <g> H*(F, F') -—-> H*(E\U, E'\U) 


H*{B n ~ l ) <g> H*(F, F') -> H*(E\B n ~\ E'\B n ~ l ). 


Since l?" -1 C U,E\B n ~ 1 C E\U, and E'\B n ~ x C E'\U are deformation retracts, 
the vertical maps are isomorphisms. We use the induction hypothesis and see that 
Ljj is an isomorphism. 

Case V. The set V is the disjoint union of the open n-cells V = ]J / e". We 
obtain a commutative diagram 


H*(V) <g> H*(F, F') -—-> H*(E\V, E'\V) 



( [I H*{ej)) <S> H*(F, F ') 
( 3 ) 

FI (H*(.ef)®H*(F,F’)) 


n H*(E\e],E'\e?) 
n 


(1) and (2) are isomorphisms by the additivity of cohomology. The map (3) is the 
direct sum of homomorphisms of the type ( n T//) ® N —> \\(Mj <S> N) with a 
finitely generated free module N and other modules Mj. In a situation like this 
the tensor product commutes with the product. Hence (3) is an isomorphism. The 
homomorphisms T(c”) are isomorphisms, since ej is pointed contractible. 

Case U fl V. We combine the arguments of the two previous cases. By additivity 
and finite generation we reduce to the case of U fl ej , a cell with a point deleted. This 
space has the (n — l)-sphere as a deformation retract. By induction, the theorem 
holds for an (n — l)-sphere. 

From the finite skeleta we now pass to arbitrary CW-complexes via the lim- 
lim 1 -sequence (17.1.6). For general base spaces B we pull back the fibration along 
a CW-approximation. □ 

( 17 . 8 . 2 ) Example. Consider the product fibration p = pr 5 : B x (F, F') — > B. 
Let H*(F , F') be a free /Cmodulc with homogeneous basis (dj \ j e /), finite 
in each dimension. Let Cj = \)r* F dj. Then i*Cj = dj. Therefore (17.8.1) says in 
this case that 


H*(B) ® H*(F, F r ) H*(Bx (F, F')), x ® y x x y 
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is an isomorphism (of graded algebras). This is a special case of the Kunneth 
formula. O 

(17.8.3) Remark. The methods of proof for (17.8.1) (induction, Mayer-Vietoris 

sequences) gives also the following result. Suppose H k (F , F') = 0 for k < n. 
Then H k (E,E') = 0 for k <n. O 

Let now h* be an arbitrary additive and multiplicative cohomology theory and 
(F, F') —> ( E , E') -> B a relative fibration over a CW-complex. We prove a 
Leray- Hirsch theorem in this more general situation. We assume now that there 
is given a finite number of elements tj e h n<J H E, E') such that the restrictions 
tj\b e h n ^HEf,, E' b ) to each fibre over b are a basis of the graded /z*-module 
h*(Eb , E' b ). Under these assumptions: 

(17.8.4) Theorem (Leray-Hirsch). h* (E, E') is a free left h* (B)-module with 
basis (tj). 

Proof Let us denote by h*(C)(t) the free graded /z*(C)-module with (formal) 
basis tj in degree n(j). We have the /?* (C)-lincar map of degree zero 

<p(C): h*(C)(t) -*■ h*(E\C, E'\C) 

which sends tj to tj\C. These maps are natural in the variable C C B . We view 
h*(—)(t) as a cohomology theory, a direct sum of the theories /?*(—) with shifted 
degrees. Thus we have Mayer-Vietoris sequences for this theory. If U and V are 
open in B. we have a commutative diagram of MV-sequences. 

h*(U U V)(t) - v(.uuv) - >h*(E\U U V,E'\U U V) 

h*(U)(t) ® h*(V)(t) ‘ P(U)(B(P(V) > h*(E\U, E'\U) ® h*(E\V, E'\V) 
h*(u n V)(t) - y(I/nF) - >h*(E\u n v,E'\u n v) 

We use this diagram as in the proof of (17.8.1). We need for the inductive proof 
that <p(e ) is an isomorphism for an open cell e. This follows from two facts: 

(1) <p(P) is an isomorphism for a point P = {b} C B, by our assumption about 
the tj. 

(2) (Ep.E'p) —> (E\e,E'\e) induces an isomorphism in cohomology, since 
Ep C E\e is a homotopy equivalence by the homotopy theorem for fibrations. 

The finiteness of the set {tj} is used for the compatibility of products and finite 
sums. The passage from the skeleta of B to B uses again (17.1.6). □ 

There is a similar application of (17.8.4) as we explained in (17.8.2). 
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17.9 The Thom Isomorphism 

We again work with a cohomology theory which is additive and multiplicative. 
Under the obvious finiteness conditions (e.g., finite CW-complexes) additivity is 
not needed. 

Let ( p, p '): ( E. E') —*■ B be a relative fibration over a CW-complex. A Thom 
class for p is an element t — t(p) e h n (E, E') such that the restriction to each fibre 
tf, e h n (/*/,, F' b ) is a basis of the h* -module /;*( /•),, F b ). We apply the theorem of 
Leray-Hirsch (17.8.4) and obtain: 

(17.9.1) Theorem (Thom Isomorphism). The Thom homomorphism 

<L: h k (B) h k+n (E, E'), b h* p*(b ) vj t 

is an isomorphism. □ 

Let us further assume that p induces an isomorphism p* : H*(B) — > H*(E). 
We use the Thom isomorphism and the isomorphism p* in order to rewrite the exact 
sequence of the pair (E, E')\ we set A = 


h k - 1 (E')—^h k (E,E r ) 



h k ~ n (B) 


J ->h k (E) - h k (E') 



——» h k {B) 


Let e = e(p) e H n (B) be the image of t under h n (E , E 1 ) - 4 - h n (E ) - 4 — h n (B). 
We call e the Euler class of p with respect to l. From the definitions we verify that 
J is the cup product with e, i.e., J(x) = x kj e. 

(17.9.2) Theorem (Gysin Sequence). Let (E. E') B be a relative fibration as 
above such that p* : h*(B) = h*(E ) with Thom class t and associated Euler class 
e € h n (B). Then we have an exact Gysin sequence 

-* h k -\E ') -> h k ~ n (B) -41 h k {B) -41 h k (E’) h k ~ n+1 (B) ••• . 

(1) is the cup product x i-> x \j e and (2) is induced by p'. □ 

We discuss the existence of Thom classes for singular cohomology H*(—.R). 
In this case it is not necessary to assume that £ is a CW-complex (see (17.8.1)). We 
have for each path w: I —>■ B from b to c a fibre transport w; # defined as follows: 
Let q : ( X , X') —> I be the pullback of p: ( E. E') —> B along w. Then we have 
isomorphisms induced by the inclusions 
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The homomorphism w # only depends on the class of w in the fundamental groupoid. 
In this manner we obtain a transport functor “fibre cohomology”. 

(17.9.3) Proposition. We assume that H*(Fb, F ' h : R ) is a free R-module with a 
basis element in II n (If. FT R). A Thom class exists if and only if the transport 
functor is trivial. 

Proof Let l be a Thom class and w: I —*■ B a path from b toe. Then vu # oi* = if, 
where if, denotes the inclusion of the fibre over b. Thus w # sends the restricted 
Thom class to the restricted Thom class and is therefore independent of the path. 
(In general, the transport is trivial on the image of the if.) 

Let now the transport functor be trivial. Then we fix a basis element in a particu¬ 
lar fibre H n (Eb, E' b ) and transport it to any other fibre uniquely (B path connected). 
A Thom class tc € H n (E\C, E'\C) for C C B is called distinguished, if the re¬ 
striction to each fibre is the specified basis element. This requirement determines tc ■ 
By a MV-argument and ( 1 7.8.3) we prove by induction that FI k (E \ B n , E' \ B n ) =0 
for k < n and that a distinguished Thom class exists. Then we pass to the limit and 
to general base spaces as in the proof of (17.8.1). □ 

The preceding considerations can be applied to vector bundles. Let £: E B 
be a real n -dimensional vector bundle and E° the complement of the zero section. 
Then for each fibre H n {Ef,, Ef) = R and | is a homotopy equivalence. A Thom 
class t(lj) e H n (E. E°\ R) is called an I?-orientation of £. If it exists, we have 
a Thom isomorphism and a Gysin sequence. We discuss the existence of Thom 
classes and its relation to the geometric orientations. 

(17.9.4) Theorem. There exists a Thom class of f with respect to singular coho¬ 
mology H*(—; Z) if and only if the bundle is orientable. The Thom classes with 
respect to //*(—; Z) correspond bijectively to orientations. 

Proof. Let us consider bundles over CW-complexes. Let t be a Thom class. Con¬ 
sider a bundle chart cp: U x IR" —>■ £ -1 (t/) over a path connected open U. The 
imageofi|t/in7/”(I/x([R”. R”\0)) = H°(U) under <p* and a canonical suspen¬ 
sion isomorphism is an element e(JJ ) which restricts to e(u) = ±1 for each point 
u e U, and u i-> s(u) is constant, since U is path connected. We can therefore 
change the bundle chart by an automorphism of IR" such that s(u) = 1 for each u. 
Bundle charts with this property yield an orienting bundle atlas. 

Conversely, suppose £ has an orienting atlas. Let <p: U x R” —£ -1 ([7) be a 
positive chart. From a canonical Thom class for U x [R” we obtain via <p a local 
Thom class t\j for (U). Two such local Thom classes restrict to the same Thom 
class over the intersection of the basic domains, since the atlas is orienting. We can 
now paste these local classes by the Mayer-Vietoris technique in order to obtain a 
global Thom class. □ 
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As a canonical generator of H n (R", R” \ 0; Z) we take the element e (n 1 satisfy¬ 
ing the Kronecker pairing relation ( e (n f e„) = 1 where e n e //„ (R", R” \ 0: Z) is 
the »-fold product e\ x • • • x e\ of the canonical generator e\ e H\ (R 1 , R 1 \ 0; Z ). 
If a bundle £ is oriented and (pb : R" —> tjb a positive isomorphism, then we require 
c r ptt{f ) = e^ for its associated Thom class t(f). 

Let t(rj) e h n (E , Z? 0 ) be a Thom class of t]\ E —> B and e(ij) e h n (B) the 
associated Euler class, defined as the restriction of t(rj) to the zero section 

f(ij) e h n (E, E°) -+ /?"(£’) -4> h n (B) 3 e(rj). 

Here is a geometric property of the Euler class: 

(17.9.5) Proposition. Suppose rj has a section which is nowhere zero. Then the 
Euler class is zero. 

Proof. Let s': B E n he a map such that rj o s' = id. The section s' is homotopic 
to the zero section by a linear homotopy in each fibre. Therefore e{tj) is the image 
of t(tj) under a map 

h n (E , E°) -3 h n (E) -3 h n (E° ) 4 h n (B) 


and therefore zero. □ 

The Thom classes and the Euler classes have certain naturality properties. Let 
/*:£—>• ?7 be a bundle map. If / ( rj) is a Thom class, then f*t(rj) is a Thom class 
for £ and f*e(tj) is the corresponding Euler class. If £: X -3- B and rj: Y -3- C 
are bundles with Thom classes, then the x-product t('f) x t\tj) is a Thom class for 
£ x rj and e(f) x e(rj) is the corresponding Euler class. 

In general, Thom classes are not unique. Let us consider the case of a trivial 
bundle £ = pr 2 : R” x B -3- B. It has a canonical Thom class pr 2 e". If t('f) 
is an arbitrary Thom class, then it corresponds under the suspension isomorphism 
h°(B ) —> h n (R" x B , RJ] x B ) to an element v (f) with the property that its restriction 
to each point h e B is the element ±1 e h°(b). Under reasonable conditions, an 
element with this property (call it a point-wise unit) is a (global) unit in the ring 
h°(B). We call a Thom class for a numerable bundle strict if the restrictions to 
the sets of a numberable covering correspond under bundle charts and suspension 
isomorphism to a unit in h°. 

(17.9.6) Proposition. Let V. be a numerable covering of X. Let e e h°(X) be an 
element such that its restriction to each U <E U is a unit. Then e is a unit. 

Proof. Let X = U U V and assume that ( U. V) is excisive. Let s\U — su and 
e\V = Sy be a unit. Let tju. tjy be inverse to eu,ey. Then iju and rjy have 
the same restriction to U IT V. By the exactness of the MV-sequence there exists 
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i] e h°(X) with rj\U = r]u, r)\V = rjy■ Then x = srj — 1 has restriction 0 in U 
and V. Let xu e h°(X, U ) be a pre-image of x and similarly xy e h°(X, V). 
Then xyxy = 0 and hence x 2 — 0. The relation 1 = srj (2 — srj) shows that e is 
a unit. Restrictions of units are units. By additivity, if X is the disjoint union of U 
and s\U is a unit for each U e XL, then e is a unit. We finish the proof as in the 
proof of (17.9.7). □ 

The Thom isomorphism is a generalized (twisted) suspension isomorphism. It 
is given by the product with a Thom class. Let £: E B be an n -dimensional 
real vector bundle and t (£) e h n (E, E °) a Thom class with respect to a given 
multiplicative cohomology theory. The Thom homomorphism is the map 

*(f): h k (B, A) h k+n (E (f), E°(l) U EQU)), *(£) = fW ^ 

where ^*: h k (B,A) —> H k (E(^), E 0 (tj)) is the homomorphism induced by 
The Thom homomorphism defines on h*(E , E 0 ) the structure of a left graded 
/ 7 *(5)-module. The Thom homomorphism is natural with respect to bundle maps. 
Let 

E($) F ■ 

I s , h 

B - >C 

be a bundle map. Let t{r]) be a Thom class. We use /(£) = F*t(rj) as the Thom 
class for £. Then the diagram 

h k (C,D) --^h k+n {E(r]),E 0 (ri) U E(rj D j) 

l r l F " 

h k (B , A) h k+n (E(r)), E°(p) U E(j] A )) 

is commutative. We assume that /: (B, A) —>■ (C, D) is a map of pairs. 

The Thom homomorphism is also compatible with the boundary operators. Let 
t (£ 4 ) be the restriction of t (£). Then the diagram 


h k (A) - 

4>(?/l) 

■>r" 

h k+n (E(U)<E°(U)) 

h k +n(E\$)UE($ A ),E°($ A )) 


- >h k+l (B,A) 

*(f) 

>h k+n+ 1 (EG),E 0 G)UE(!u)) 


is commutative. 

The Thom homomorphisms are also compatible with the morphisms in the MV- 
sequence. We now consider the Thom homomorphism under a different hypothesis. 











17.9. The Thom Isomorphism 435 


(17.9.7) Theorem. The Thom homomorphism of a numerable bundle with strict 
Thom class is an isomorphism. 

Proof. Let £ be a numerable bundle of finite type. By hypothesis, B has a finite 
numerable covering such that the bundle is trivial over each Uj and the 

Thom class is strict over Uj . We prove the assertion by induction over t. For t = 1 
it holds by the definition of a strict Thom class. For the induction step consider 
C = U\ U • • • U U t -\ and D — U,. By induction, the Thom homomorphism is an 
isomorphism for C, D, and C fl D. Now we use that the Thom homomorphism is 
compatible with the MV-sequence associated to C, D. By the Five Lemma we see 
that 4>(£) is an isomorphism over CUD. 

Suppose the bundle is numerable over a numerable covering TL. Assume that for 
each U e TL the Thom class t(^jj) is strict. In that case 4>(£j/) is an isomorphism. 
For each V C U the Thom class / (§y) is also strict. There exists a numerable 
covering (U n \ n e N) such that £| U n is numerable of finite type with strict Thom 
class. Let (a n \ n e N) be a numeration of (u n ). Set /: B —> [0, oo[, fix) = 
Hn na n(x). If X l U"=l SUpp(CT v ), then 1 = Ey>l°> W = J2j>n a j( X ) and 
therefore 


f(x) = T,j>n J a J ix) > (« + 0 J2j>n a j(x) = n + 1. 

Hence / _1 [0,n] is contained in (J” =1 supp(a/). Hence f~ l ]r.s[ is always con¬ 
tained in a finite number of Vj and therefore the bundle over such a set is numerable 
of finite type. The sets C n — f~ l ]2n — 1,2 n + 1[ are open and disjoint. Over C„ 
the bundle is of finite type. By additivity, we have for C = (J C n the isomorphism 
h k (E\C, E°\C) = Y\h k (E\C n ,E°\C n ). The Thom classes over C n yield a unique 
Thom class over C. Now we use the same argument for D n = f~ 1 ]2n,2n + 2[, 
D = (J D n and C fl D = (J f~ 1 ]n.n + 1[ and then apply the MV-argument 
to C, D. □ 

(17.9.8) Example. Let yi(/t): H{ 1) —> CP” be the canonical line bundle in¬ 
troduced in (14.2.6). A complex vector bundle has a canonical orientation and 
an associated Thom class (17.9.4). Let c e // 2 (C / J ") be the Euler class of 
Y\{n). The associated sphere bundle is the Hopf fibration S 2,!+1 CP”. Since 
II k (S 2n+1 ) = 0 for 0 < k < 2n + 1 the multiplications by the Euler class 
c e H 2 {CP n ) are isomorphisms 

Z =* H°(CP n ) ^ H 2 (CP n ) ^ ^ // 2 ”(CP") 

and similarly H k (CP n ) = 0 for odd k. We obtain the structure of the cohomology 
ring 

H*(CP n ) ^ Z[c]/(c” +1 ). 

In the infinite case we obtain H*(CP°°: R) = P[c] where R is an arbitrary com¬ 
mutative ring. 
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A similar argument for the real projective space yields for the cohomology ring 
H*(\RP n ; Z/2) = Z/2[u;]/(u;" +1 ) with w e H 1 (\RP n ; Z/2) and for the inhnite 
projective space //*(RP°°;Z/2) = Z/2[it>]. O 

(17.9.9) Example. The structure of the cohomology ring of RP” can be used to 
give another proof of the Borsuk-Ulam theorem: There does not exist an odd map 
F:S n ^S n ~ l . 

For the proof let n > 3. (We can assume this after suspension.) Suppose 
there exists an odd map F. It induces a map /: R P" —>■ R P n ~ 1 of the orbit 
spaces. Let v: I —> S n be a path from x to — x. Composed with the orbit map 
p n : S n —> RP" we obtain a loop p n v that generates 7 r i (R P " ) = Z/2. The path 
u = Fv from F(x) to F(—x) = —F(x) yields a loop that generates rr^RP" -1 ). 
Hence /*: tt i (R P ”) —>■ t:\ (RP n_1 ) is an isomorphism. This fact implies (uni¬ 
versal coefficients) that /* is an isomorphism in H 1 ^—; Z/2). Since w n = 0 in 
//*(RP 1 ; Z/2) but w n 7 ^ 0 in //*(RP”: Z/2), we have arrived at a contradic¬ 
tion. O 

Problems 

1. A point-wise unit is a unit under one of the following conditions: (1) For singular coho¬ 
mology H*(—: R). (2) B has a numerable null homotopic covering. (3) B is a CW-complex. 

2. Prove the Thom isomorphism for vector bundles over general spaces and for singular co¬ 
homology. 

3. Let f: E{%) —> B and r/: E(rf) —> B be vector bundles with Thom classes f(£) and t(rj). 
Define a relative Thom homomorphism as the composition of .mix t (£), 

h k (E(n)' £%)U£( 7 M)) -* h k+n (E(r,)xE($), (£ 0 ( t ,)U£(^))x£(|)U£(,)x£ 0 ©) 

with the map induced by 

(£( 7 ? © £), E°(rt © ?) U E(r] A © £ 4 )) 

-> (E{rf) x EQ), (E°(rj) U P(^) x E( f) U £(/?) x £ 0 ©), 

a kind of diagonal, on each fibre given by ( b, v, w) i-> ((£, u), (7>, w)). This is the previously 
defined map in the case that dim rj = 0. The product t(r/) x t(£) is a Thom class and also 
its restriction t(r] © £) to the diagonal. Using this Thom class one has the transitivity of the 
Thom homomorphism 0(J7)<£((;) = 4>(/j © £). 

4. Given i: X —► Y, r: Y —*■ X such that ri = id (a retract). Let /: £ —X be a bundle 
over X and r*% = r] the induced bundle. Let t(i~) be a Thom class and t(r]) its pullback. If 
<fi() 7 ) is an isomorphism, then <£(£) is an isomorphism. 

5. Let C m C S 1 be the cyclic subgroup of m-th roots of unity. A model for the canonical 
map p m : BC m —> BS 1 is the sphere bundle of the /n-fold tensor product rj m = rj (g) ■ • • (8) r] 
of the canonical (universal) complex line bundle over BS 1 . 

6. Let R be a commutative ring. Then H*(BS l \ R) = P[c] where c is the Euler class of i]. 
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7. We use coefficients in the ring R. The Gysin sequence of p m : BC m BS 1 splits into 
short exact sequences 

0 ->• H 2k ~ l (BC m ) H 2k ~ 2 (BS ] ) ^ H 2k (BS ] ) ^ H 2k (BC m ) 0. 

This implies H 2k (BC m ) = R/mR , H 2k ~ l (BC m ) = m R for k > 0, where R is the 
m -torsion (x e R \ mx = 0) of R. In even dimensions we have the multiplicative isomor¬ 
phism H 2 *{BS x )/(mc) = H 2 *{BC,„) induced by p m . 

8 . The sphere bundle of the canonical bundle EC m xc m C —> BC m has a contractible 
total space. Therefore the Gysin sequence of this bundle shows that the cup product 
\jt : Hi ( BC m \ R) —> H J + 2 (BC m : R) is an isomorphism for j > 0; here t = p* n c. 

9. The cup product 

H 1 (BC m ; R) x H 1 (BC m ; R) H 2 (BC m :R) 
is the /^-bilinear form 

m R x R —> R/mR , (u , v) i-> m{m — \)/2-uv. 

Here one has to take the product of u, v e R C R and reduce it modulo m. Thus if m is 
odd, this product is zero; and if m is even it is ( m , v) i -> m/2 ■ uv. 



Chapter 18 

Duality 


We have already given an introduction to duality theory from the view point of 
homotopy theory. In this chapter we present the more classical duality theory based 
on product structures in homology and cohomology. Since we did not introduce 
products for spectral homology and cohomology we will not directly relate the two 
approaches of duality in this book. 

Duality theory has several aspects. There is, firstly, the classical Poincare duality 
theorem. It states that for a closed orientable n -dimensional manifold the groups 
H k (M ) and H n - k (M ) are isomorphic. A consequence is that the cup product 
pairing H*(M) <g> H n ~*(M) -»• H n (M) is a regular bilinear form (say with 
field coefficients). This quadratic structure of a manifold is a basic ingredient in the 
classification theory (surgery theory). The cup product pairing for a manifold has in 
the context of homology an interpretation as intersection. Therefore the bilinear cup 
product form is called the intersection form. In the case of a triangulated manifold 
there exists the so-called dual cell decomposition, and the simplicial chain complex 
is isomorphic to the cellular cochain complex of dual cells; this is a very strong 
form of a combinatorial duality theorem [167]. 

The second aspect relates the cohomology of a closed subset K C IR” with the 
homology of the complement IR” \ K (Alexander duality). This type of duality is 
in fact a phenomenon of stable homotopy theory as we have explained earlier. 

Both types of duality are related. In this chapter we prove in the axiomatic con¬ 
text of generalized cohomology theories a theorem which compares the cohomology 
of pairs (K,L) of compact subsets of an oriented manifold M with the homology 
of the dual pair (M \ L, M \ K). The duality isomorphism is constructed with the 
cap product by the fundamental class. We construct the cap product for singular 
theory. 


18.1 The Cap Product 

The cap product relates singular homology and cohomology with coefficients in 
the ring R. Let M and N be left /Lmodules. The cap product consists of a family 
of R -linear maps 

H k (X, A;M)® H n (X, AU B; N) -+ H n _ k (X, B\M ® R N), x®y^xr\y 

and is defined for excisive pairs (A, B) in X. (Compare the definition of the cup 
product for singular cohomology.) If a linear map A: M ® TV —> P is given, 
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we compose with the induced map; then x n y € H n - k {X, B, P). This device is 
typically applied in the cases M — R and A: R®N —N is an f?-module structure, 
or M — N = A is an -algebra and A: A ® A —> A is the multiplication. 

We first define a cap product for chains and cochains 

S k (X ; M ) <g> S n (X; N) -+ S n _ fe (Z; M ® N), (p®c^<pr^c. 

Given <p e S P (X\ M) and a: A p+q — [c 0 ,..., e p + q \ X, we set 


<pr\{o ®b) = {—\) pq ((p(a\[e q . e p+q \ ®b)a\[e 0 . e q ] 


and extend linearly. (Compare in this context the definition of the cup product.) 
From this definition one verifies the following properties. 

(1) Let /: Z —> T be continuous. Then f#(f # cp oc) = jun f#c. 

(2) 3(i <p r\ c) = Sep r\ c + (—1)^1 n. dc. 

(3) (cp \j x/r) rv c = (p r\ r\ c ). 

(4) 1 r\ c = c. 

Case (3) needs conventions about the coefficients. It can be applied in the case that 
<p e S p (X\R),\ls e S q (X; A) and c e S n (X\ A) for an i?-algebra A. in case 
(4) we assume that 1 e S°(X\ R) is the cocycle which send a 0-simplex to 1 and 
c e S n (X ; N ) for an R -module N. 

We now extend the definition to relative groups. If <p e S P (X, A: M) c 
M) and c e S p+q {A\ N) + S p+q (B\N ), then <p n c e S q (B: M ® N). 
Thus we have an induced cap product 


S P (X, A; M) 


S p+q (X;N ) S q (X;M®N) 

S P + q (A; N) + S p+q (B;N) ^ S q (B;M®N )' 


Let A, B be excisive. We use the chain equivalence .S.( A ) + S,(B) —> .S.(/I U 5). 
After passing to cohomology we obtain the cap product as stated in the beginning. 
We list the 


18.1.1 Properties of the cap product. 

(1) For /: (. X\A,B ) -> (X';A',5'), x' e H P (X\A':M), and for u e 

H p + q (X, A U B \ N) the relation r\ u) = x' rv f*u holds. 

(2) Let A, B be excisive, js '■ ( B , A fl B) —> ( X , A U B) the inclusion and 

d B : H p+q (X, AUfi)4 l^ +tf _i(A U B , A) A H p+q -i(B, A n 5). 
Then for x e A; M), y e H p+q (X, A U 5; A), 

jgx rx 3gy = (—1) /7 9 (at Fl >’) e H q -i(B \ M ® N). 
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(3) Let A, B be excisive, ]a '■ (A. A IT B) —> ( X. B) the inclusion and 

3^: H p+q (X, A U B) H p+q - y {A U B, B ) A Hp+^A, A n B). 
Then for x e HP (A: M), y e H p+q (X, AU B; N ), 

Ja*(x n 3 A y) = (~l) p+1 8x rxy e H q -i(X, B; M <g> N). 

(4) 1 n x = x, 1 e H°(X), x e H n (X, B). 

(5) (x \j y) r\ z — x r\ (y n, z) e H n - p - q (X, C ; A) for x € H*(X, A; R ), 
y e H*(X, B: A), z e H*(X,A U B U C; A). 

(6) Let s: Ho(X\ M ® N) —> M ® N denote the augmentation. For x e 

A; M), y e H P (X, A: N), 

s(x rxy) = {x,y) 

where (—, —} is the Kronecker pairing. □ 

We display again the properties in a table and refer to the detailed description 
above. 



We use the algebra of the cap product and deduce the homological Thom iso¬ 
morphism from the cohomological one. 

(18.1.2) Theorem. Let E —B be an oriented n -dimensional real vector bundle 
with Thom class t € H n (E, E°\ Z). Then 

irv H n+k (E, E°: N) —> H k (E; N) 

is an isomorphism. 

Proof. Let z e S n (E, E° ) be a cocycle which represents t. Then the family 
S n+k (E,E°;N) -+ S k (E;N), xt^znx 
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is a chain map of degree —n. This chain map is obtained from the corresponding 
one for N = 7L by taking the tensor product with N. It suffices to show that 
the integral chain map induces an isomorphism of homology groups, and for this 
purpose it suffices to show that for coefficients in a field N = F an isomorphism is 
induced (see (11.9.7)). The diagram 

H k {E\ IF)-—-> H k+n (E, E°; F) 

^ I a ^ I a 

^ (tr\)* ^ 

Horn (H k (E\ F), F) -> Horn {H k+n (E, E °; F). F) 

is commutative (by property (6) in 18.1.1) where a is the isomorphism of the 
universal coefficient theorem. Since vjt is an isomorphism, we conclude that /rs is 
an isomorphism. □ 

Problems 

1. The cap product for an excisive pair (A, B) in X is induced by the following chain map 
(coefficient group Z): 

S*(X , A) ® S.(X, AUB) ^ S m (X, A) ® S.(X)/{S.(A) + S.(B)) 

S'(X, A) ®S.(X, 3)® S. (X, A) 

S*(X, A) ® S.(X, A) ® S.{X , B) 

Az ®S.{X,B)^ S,(X, B). 

D is an approximation of the diagonal, r the graded interchange map, and e the evaluation. 
The explicit form above is obtained from the Alexander-Whitney map D. 

2. (x x y ) r\ (a x b) = (— l)l J 'H a l(x rs a) x (y rs b). 

3. From the cap product one obtains the slant product x ® u i-> x\u which makes the 
following diagram commutative: 

H«(X, A) ® H n ((X, A) x (7, B ))---> H n - g (Y, B) 

J^pr*®l pr*J 

H 9 {(X, A) xY) ® H n ((X, A) x (7, B)) ———> H n - q (X x (7, B)). 

The properties (1)—(5) of the cap product can be translated into properties of the slant product, 
and the cap product can be deduced from the slant product. (This is analogous to the u- and 
x-product.) 


18.2 Duality Pairings 

We use the properties of the cap product in an axiomatic context. Let h* be a 
cohomology theory and homology theories with values in R- MOD. A 
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duality pairing (a cap product) between these theories consists of a family of linear 
maps 


h p (X, A) ® k p+q (X , A U B) —> h q {X , B), x ® y m- x y 

defined for pairs (A, B) which are excisive for the theories involved. They have the 
following properties: 

(1) Naturality. For /: (Z; A, B) -»• ( X'\ A', B') the relation /*(/* x' n u ) = 
x' r\ f*u holds. 

(2) Stability. Let A. B be excisive. Define the mappings j g and 3 b as in (18.1.1). 
Then j^x r\ dgy = (— \)^d(x r\ y). 

(3) Stability. Let A, B be excisive. Define the mappings ]a and 3 a as in (18.1.1). 
Then Cm)*(x n 3^y) = (— \)^ +1 6x r\ y. 

(4) Unit element. There is given a unit element 1 e ko(P). The homomorphism 
h k (P)^h- k {P), x i->- x r\ 1 is assumed to be an isomorphism (P a point). 

(In the following investigations we deal for simplicity of notation only with the 
case /i* = k*.) Note that we do not assume given a multiplicative structure for the 
cohomology and homology theories. 

As a first consequence of the axioms we state the compatibility of the cap product 
with the suspension isomorphisms. 

(18.2.1) Proposition. The following diagrams are commutative: 


h p (X, A)®h p+q (X,A'J B) 

pr* <g>cr 


->h q (X,B) 

(-1 ) p cr 


h p (IX, I A) <g> h p+q+l (IX , 3 IX U IA U IB) — r U^ +1 (/Z, MX U IB), 


h p (X, A)®h p+q (X,AU B) 

a(8)a 


->h q (X,B) 

(-l) p pr» 


h p+l (IX, MX U I A) ® h p+q+1 (IX, MX U IA U IB) h q (IX, IB). 


(For the second diagram one should recall our conventions about the suspension 
isomorphisms, they were different for homology and cohomology. Again we use 
notations like IX = / x X.) 


Proof. We consider the first diagram in the case that A = 0. The proof is based on 
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the next diagram. 


h p (lX) 
h p (dIX U IB) 
h p (dIX U IB) 


h p+ g(IX, IB) ---> MIX, IB) 

h p+q {dIX U IB, IB) —hgidix U IB, IB) 


1®/* 

h p+q (dIX U IB, IB) 

k*® a 


-+h q (dIX U IB) 
a 


h p (IX) ® h p+ g +1 (IX, dIX U IB) —-—> h q+1 (IX, dIX U IB) 


The maps i, j , k are inclusions. The first and the second square commute by 
naturality. The third square is (—1)^-commutative by stability (2). □ 

(18.2.2) Proposition. Let e n e h n { R", R" \ 0) be obtained from 1 e h o(P) under 
an iterated suspension isomorphism. Then 

h k { R”) h n - k { R", R" ^ 0), min e n 

is for (eZ and n > 1 an isomorphism. 

Proof. This follows by induction on n. One uses the first diagram in (18.2.1) and 
an analogous suspension isomorphism with (R, R \ 0) in place of (I, dl). □ 


(18.2.3) Proposition. Let ( U, V) and iU', V') be pairs of open subsets in the space 
X — U U U'. Let i; € h n (U U U ', V U V') be a fixed element. From it we produce 
elements a and f via 

$ e h„(X, V U V') -> h„(X, FU[/')4 h n (U, V U UU') 9 ct, 


f e h n (X, FUF')^ MX, U UFM /?„((/', V' U UU') 3 ft. 
Then the diagram 


h k ~ l {U, V) -> h k ~ l (UU', VU')—-—> h k (U', UU') 

a 

hn-k+liU, UU') -?-> h n . k+1 {UU', UV') -> h n - k (U', V) 


is commutative. (We again have used notations like UU' = U fl U'.) 
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Proof. We use naturality and stability (2) and show that the down-right path of the 
diagram is (—l) t_1 times the map 

h k ~\U, V) h k ~\UU', VU') ™'>h n - k (UU'. UV') h n - k (U', V') 

and the right-down path (— \) k times the analogous map where ct\ is replaced by 
\ the element a\ is obtained from a via the morphism 

a e h n (U, V U UU') h n -i(V U UU', V ) h n -i(UU', VU') 

-+ h n -i(UU', (UV') U {VU')) 3 ai 

and f> i from ft via the analogous composition in which the primed and unprimed 
spaces are interchanged. Thus it remains to show a\ — —f>\. This is essentially 
a consequence of the Hexagon Lemma. One of the outer paths in the hexagon is 
given by the composition 

h n (U UU'.VU V') h n (U UU'.UU V’) 

h n (U' Uf,(FU U')(U U V')) 

h n -i((U U V')(V U U'), V U V') 

and the other path is obtained by interchanging the primed and unprimed objects. 
The center of the hexagon is h n (U U U', (U U V')(V U U')). We then compose 
the outer paths of the hexagon with the excision 

h n -i(UU', UV' U VU') — hn-i((U U V')(V U U'), V U V'); 

then f is mapped along the paths to a i and f> \, respectively; this follows from the 
original definition of the elements by a little rewriting. The displayed morphism 
yields □ 

18.3 The Duality Theorem 

For the statement of the duality theorem we need two ingredients: A homological 
orientation of a manifold and a duality homomorphism. We begin with the former. 
Let M be an n -dimensional manifold. For K C L C M we write 

: MM, M ^ L) ^ h*(M, M ^ K) 

for the homomorphism induced by the inclusion, and r k in the case that K = {x}. 
An element <>t e h n (M , M \ L) is said to be a homological orientation along L 
if for each y e L and each chart <p: U —>• R" centered at y the image of ol under 

r L 

h n (MM ^L) h n (MM ^ y) M- h„ (U, U ^ y) -%■ h n (iR n , IR" ^ 0) 
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is ± e n where e„ is the element which arises from 1 e ho under suspension. A 
family (ok \ K C M compact) is called coherent if for each compact pair K C L 
the restriction relation r^o k — <>k holds. A coherent family (ok) of orientations is 
a ( homological ) orientation of M. If M is compact, then K — M is allowed and 
an orientation is determined by the element om £ h n (M), called the fundamental 
class of M. 

In order to state the duality theorem we need the definition of a duality ho¬ 
momorphism. We fix a homological orientation ( ok ) of M. Given closed sets 
L C K C M and open sets V C U C M such that L C V, K C U . We fix an 
element z e h n (M , M \ K). From ok — z we obtain z^ via 

z e h n (M , M ^K) -> h„(M, (M ^ K) U V) 

(#) s 

z u K v L e A„(J7 ^ L, (U ^ K) U (V ^ L)). 

The morphism (#) is an excision, since M \ (U \ L) = (M \1/)UL (closed) is 
contained in (M \ ^) U V (open). 

From z^l we obtain the homomorphism via the commutative diagram 


h k {U, V) -> h k (U ^L.V^L) 


D 


UV 

KL 


r\z 


UV 

KL 


h n - k {M ^L,M^K) <-=-- /»„_*(£/ ^ L, U ^ K). 


We state some naturality properties of these data. They are easy consequences 
of the naturality of the cap product. 

(18.3.1) Lemma. Let ( K , L) C (U\ V) C ( U , L) and 


i: (U 1 ^ L, U' \ K, V' ^ L) c (t/ ^ L, U ^ K, V ^ L). 


Then = zf v L and = D l kl 


o l 


□ 


(18.3.2) Lemma. Let (K\ L') C (K, L ) C (U , V) and 


j : (U ^ L,U ^ K,V ^ L) C (U ^ L', U ^ K\V ^ L'). 

Then = z uy L , and j* o D U K Y V = D%%. □ 

The naturality (18.3.1) allows us to pass to the colimit over the neighbourhoods 
(U, V) of ( K, L) in M. We obtain a duality homomorphism 

D kl : h k (K, L) = colimt/y h k (U, V) h n _ k (M ^L,M^K). 
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We explain this with some remarks about colimits. An element x e h k (U, V) rep¬ 
resents an element of the colimit. Two elements x e h k (U, V) and*' e h k (U', V') 
represent the same element if and only if there exists a neighbourhood ( U", V") 
with U" C U fl U', V" C V fl V' such that x and x' have the same restric¬ 
tion in h k (U", V"). Thus we have canonical homomorphisms luv ■ h k (U, V) —> 
h k (K.L). Via these homomorphisms the colimit is characterized by a univer¬ 
sal property: If Xjjv- h k {U, V) —> h is a family of homomorphisms such that 
A u'V' ° i = A uy for the restrictions i : h k (U , V) — h k ( U'. V then there ex- 
ists a unique homomorphism A: h (K,L) —> h such that A luv = A jjv■ The 
restrictions h k (U, V) —> h k (K, L) are compatible in this sense, and we obtain a 
canonical homomorphism h k {K, L) -x h k ( K. L). In sufficiently regular situations 
this homomorphism is an isomorphism; we explain this later. 

(18.3.3) Duality Theorem. Let M be an oriented manifold. Then the duality 
homomorphism Dkl is, for each compact pear ( K. L) in M, an isomorphism. 

We postpone the proof and discuss some of its applications. Let M be compact 
and [M] e h n (M ) a fundamental class. In the case ( K.L ) = (M, 0) we have 
h k (M , 0) = h k (M) and Dkl is the cap product with [M], Thus we obtain as a 
special case: 

(18.3.4) Poincare Duality Theorem. Suppose the compact n -manifold is oriented 
by the fundamental class [M] e h n (M). Then 

h k (M) h n -k(M), x i—> x r\ [M] 


is an isomorphism. □ 

A duality pairing exists for the singular theory 

H P (X,A;G ) <g> H p+q (X,A U B;R ) H q (X,B\G ) 

for commutative rings R and ^-modules G. The Euclidean space R” is orientable 
for //*(—; Z). Thus we have: 

(18.3.5) Alexander Duality Theorem. For a compact pear ( K. L) in R” 

H k (K , L; G) ^ H n - k (\R n \ K, R” ^ L; G). 

A similar isomorphism exists for S n in place of R”. □ 

(18.3.6) Example. We generalize the Jordan separation theorem. Let M be a 
connected and orientable (with respect to //*(—; Z)) //-manifold. Suppose that 
Hi(M\ R) = 0. Let A C M be compact, A ^ M. Then H' t ~ 1 (A\ R) is a free 
JGmodule, and | n 0 (M \ A)\ = 1 + rank//" -1 (A; R). 
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By duality H n ~ l (A: R) = H\(M , M \ A: R). The hypothesis shows 
3: Hi(M,M \ A: R) ^ N 0 (M \ A; R), 
and the latter is a free /^-module of rank \n 0 (M \ /1)| — I. O 

(18.3.7) Example. H 2 (RP 2 ; Z) = Z/2. This is not a free Z-module. Hence the 

projective plane cannot be embedded into S 3 . (A similar proof shows that R P 2,1 
has no embedding into S 2n+1 .) O 

(18.3.8) Remark. From Alexander duality and the Thom isomorphism one can 

deduce Poincare duality. Let M C R” +t be a smooth closed submanifold of 
dimension n. Suppose we have an Alexander duality isomorphism h] c (M) = 
j x n+t-k ; [R”+* \ M). Let t: E{v) —> U be a tubular map. We use r and 
excision and obtain h n+t ~ k (R n+t , R” +f ^ M) £* h n+t ~ k (E(v), E°(v)). Sup¬ 
pose the normal bundle v is oriented by a Thom class. Then we have a Thom- 
isomorphism h n+t ~ k (E(v), E°(v)) = h n ~ k (M). Altogether we obtain an iso¬ 
morphism hk(M) = h n ~ k (M) of Poincare duality type. A similar device works 
if we start from an isomorphism h k (M ) = h n+ k-t (R" +i , R" +t \ M) and use a 
homological Thom isomorphism. This approach would be used if one starts with 
homotopical duality as a foundation stone. O 

Problems 

1. Let D C IR 2 be connected and open. The following are equivalent: (1) 75 is homeomor- 
phicto R 2 . (2) 75 is simply connected. (3) 77i(75;Z) = 0. (4) H 1 (D: Z) = 0. (5) R 2 \ 75 
is connected. (6) The boundary of 75 is connected. (7) If J C 75 is a Jordan curve, then 75 
contains the interior of J . [44, p. 394 ] 

2. Let i : S n —> 77(Z, n) be an inclusion of a subcomplex which induces an isomorphism 
of 7t n . For each compact subset K C R" - *" 1 the induced map /* : [K, S"[ —>■ [77, K( Z,«)] 
is bijective. 

3. Use cohomology 77" (77; Z) = [77, A"(Z, n)] defined with an Eilenberg-Mac Lane com¬ 
plex 77(Z, n). Then for a compact subset 77 in a Euclidean space 77" (77; Z) = 77" (77; Z). 
Similar isomorphisms hold for the stable cohomotopy groups. 

4. R" is orientable for each homology theory. Let K C 75(r) = {x | ||x|| < /•} be compact. 
Defineojf as the image ofthe canonical class under /7„(R", R"^0) <- h n ( R", R"\75(r)) —> 
MR", R" ^ 77). 


18.4 Euclidean Neighbourhood Retracts 

For applications it is interesting to compare H k with H k . 
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A space X is called a Euclidean neighbourhood retract (ENR ) if there exists an 
embedding j : X —>• R", an open neighbourhood U of j(X ) in R" and a retraction 
r: (J X, i.e., jr = id(Z). 

Let X C R” be a retract of an open set U, then X is closed in U and hence 
locally compact: Let r :£/—»• X be a retraction; then X is the coincidence set of 
r: U U and id: U —> U. Recall that a locally compact set Y in a Hausdorff 
space Z is locally closed, i.e., has the form Y = Y fl W for an open set W in Z. 

(18.4.1) Proposition. Let X C R” be a retract of an open neighbourhood. Let Z 
be a metric space and Y C Z homeomorphic to X. Then Y is a retract of an open 
neighbourhood V of Y in Z. 

Proof Let /: X —> Y be a homeomorphism and r: U -tla retraction. Then Y 
is locally compact and we can write Y — Y fl W with an open 11' C Z. Then Y is 

/ -1 

closed in W. Since IT is a normal space, the map Y —> X —>• R” has a continuous 
extension/?: W —> R” by the Tietze extension theorem. Let V = h~ l (U). Then 
frh: V —> Y is a retraction off C F. □ 

(18.4.2) Proposition. Let X C R” be locally compact. Then there exists an em¬ 
bedding of X into R" +1 as a closed subset. 

Proof. Let U C R" be open (U f R”). Then 

):(/-> R" x IR, m (x,d(x, R" ^ C/) -1 ) 

is an embedding. The image of j is closed , since 

j(U) = {(jc, t)\t- d( x, R" U) = 1}. 

We can assume that X C U is closed; then j(X) is closed in j(U), hence closed 
in R" + 1 . □ 

(18.4.3) Proposition. Let X be an ENR. Suppose Jo. f\: Y X are maps which 
coincide on a subset B C Y. Then there exists a neighbourhood W of B in Y and 
a homotopy h : /o \W — f\\W relative to B. 

i r 

Proof. Let X —> U —> X be a presentation as a retract with U C R" open. Let 

W = {y |(1- t)ifo(y) + tifi(y) e U for all t e /}. 

Then certainly B C W. Since 

A: Y x I ->• R", (y, t ) (1 - t)if 0 (y) + tifi(y) 

is continuous, A _1 (L/) is open. If {y} x / c A ~ 1 (U), then there exists an open 
neighbourhood U y of y such that U y x I C A -1 (U). Hence W is open in Y. A 
suitable homotopy h is now obtained as the restriction of A to W x /. □ 
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(18.4.4) Remark. Suppose B C A are Euclidean neighbourhood retracts. Then 
there exists a retraction r.V^-B from an open neighbourhood V of B in A. 
There further exists a neighbourhood W C V of B in A such that j : W C V and 
i o (r\ W): W —*■ B C V are homotopic relative to B. 

An ENR is locally contractible: Each neighbourhood V of x contains a neigh¬ 
bourhood W of x such that W C K is homotopic to IT —> {x} C V relative 
to {x}. O 

(18.4.5) Lemma. Let the Hausdorff space A = Ai U • • • U X r be a union of locally 
compact open subsets Xj which are homeomorphic to a subset of a Euclidean space. 
Then X is homeomorphic to a closed subset of a Euclidean space. 

Proof. There exist embeddings hj : Xj K'" ( ' * as a closed subset. We extend hj 
to a continuous map kj : X —> S m ^ — R m i') U {oo} by kj (X \ Xj) = {oo} (if 
X Xj). The product (kj): X —> P|/ = i S m ^ is an embedding. The product of 
the spheres can be embedded into , and then we can apply (18.4.2) if 

necessary. □ 

(18.4.6) Theorem. Let the Hausdorff space X = X\ U • • • U X r be a union of open 
subsets Xj which are ENR's. Then X is an ENR. 

Proof. Induction on r. It suffices to consider X = X 0 U X\. By (18.4.5) we can 
assume that A is a closed subset of some R”. Let r,-: Uj —> Xj be retractions (see 
(18.4.1)). Set 

Uoi = r^ x (X o nlj)n rf\X o n Aj). 

Then ro, : Uoi —Ao fl Ai are retractions of a neighbourhood. The open subset 
A 0 fl X\ of the ENR A 0 is an ENR. Hence there exists A 0 fl A] c ^oi C Uqi 
such that r 0 , r\ are homotopic on Tot relative to A 0 fl A! by a homotopy r, (see 
(18.4.3)). Let Vo C Uq, V\ C U\ be open neighbourhoods of A \ Ai, A \ Ao 
such that Vo fl V\ = 0. Choose a continuous function r: R” ^ [0, 1] such that 
t(Vo) — 0 and r(Ei) = 1. Let V — Vo LI Voi U V\. Then p: V —>• A, defined as 
p\ Vo = r 0 \V 0 , p\V\ = r\\V\, p(x) = r T ( x )(x) for x e Lot is a suitable retraction. 

□ 

(18.4.7) Corollary. A compact manifold is an ENR. □ 

(18.4.8) Remark. Since an ENR is dominated by a CW-complex it has the homo¬ 

topy type of a CW-complex. A compact ENR is dominated by a finite CW-complex; 
therefore its singular homology groups with coefficients in Z are finitely generated 
abelian groups. This holds in particular for compact manifolds. O 

(18.4.9) Proposition. Let K be a compact ENR in an n-manifold M. Then the 
canonical map p: H k (K) —> H k (K) is an isomorphism. 
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Proof. We use that M is a metrizable space or, at least, that open subsets are normal. 
Then K is a retract r : U -x K of an open neighbourhood U of K in M. Suppose 
x e H k (K)\ then r*(x ) represents an element x e H k (K) with p(x) — x. This 
shows that p is surjective. Let X(j e H k (U) represent an element in the kernel 
of p. 

Suppose there exists a neighbourhood V C U of K and a homotopy from 
j : V C U to ir : V —>■ K —>■ U. Then we have the situation 



Since i * {xjj) = 0, by assumption, we see that xy = 0; but xy represents the same 
element as Xu. 

The homotopy exists by (18.4.3) if also U is an ENR. If we choose U as the 
union of a finite number of sets which are homeomorphic to open subsets of R", 
then we can apply (18.4.6). □ 

Let X be an ENR and IcT. Since the canonical homomorphism h* (X) -x 
h*(X) is an isomorphism, h*(X) does not depend on the embedding X C R”. 

Let M be a compact n -manifold. Then H^{M; Z) and ll k (M'.7L) are finitely 
generated abelian groups. For each field F the groups F) are finite-dimen¬ 

sional vector spaces. The Euler characteristic /(M; F) is independent of F and 
equal to the Euler characteristic / (4/). 

Let K C M be a compact ENR. Then 

H n ~ l (K; F 2 ) =* H n ~‘(K; F 2 ) ^ H t (M. M ^ K; F 2 ) 

and these are finite-dimensional vector spaces over the prime field F 2 . 

(18.4.10) Proposition. //* (K: F 2 ) is finite-dimensional if and only if the same holds 
for H*(M x K: F 2 ). If finiteness holds, then for the Euler characteristic '/2 the 
relation 

Xi(M) = X2 (M^K) + (-l) n X 2(K) 
holds. (Note that / 2 (K) = x(K).) 

Proof. The first statement follows from the exact homology sequence of the pair 
(M,M \ K). It also yields / 2 (M) = / 2 (M ^ K) + Xi(M,M ^ K). The 
equality / 2 (M, M \ K) = (— l)”/ 2 (^f) is obtained, if we insert the consequence 
dim Hj (M. M \ K : F 2 ) = dim H n ~‘ ( K ; F 2 ) of the duality into the homological 
definition of the Euler characteristic. □ 
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(18.4.11) Corollary. Let M be a closed manifold of odd dimension. Then 
y(M) — 0. If K c M is a compact ENR, then y(K ) = y( M \ K). □ 

Problems 

1. Let F be a compact, connected, non-orientable surface. The universal coefficient formula 

and ^ 1L S ~ 1 © Z/2 show H 2 (F; Z) ^ Z/2. Therefore F cannot be embedded 

into S 3 . 

2. Let S C R 2 be the pseudo-circle. Show, heuristically, that the pseudo-circle has a system 
of neighbourhoods U\ D U 2 D ■ • • with £/, = S 1 x [0, 1] and r\U n = S. 

Then 

(S; Z) ^ //i(R 2 , IR 2 \ S; Z) ss tf 0 (R^S;Z) ^ Z, 
the last isomorphism because R 2 \ S has two path components. By the universal coefficient 
formula Z) = Hom(//i(S), Z). The singular homology group is zero, 

a singular 1-chain is always contained in a contractible subset. In fact, S has the weak 
homotopy type of a point. This shows that singular theory is the wrong one for spaces like 
S. 

3. Let F C R 3 be a connected orientable compact surface. Then R 3 \ F has two path 
components (interior and exterior). 

4. Let M = R" + 1 and S C R" - *" 1 be homeomorphic to S n . Then S is an ENR and 

H n (S ; Z) ^ H" (S; Z) ^ Z. From the duality theorem one obtains that R ,7+1 \ S has 

two path components. 

18.5 Proof of the Duality Theorem 

We have to collect some formal properties of the groups h and of the duality ho- 
momorphisms D. We want the h k (K , L) to be part of functors from the category 
X{M) of compact pairs in M and inclusions. 

Let ( K’.L') C ( K.L ). The induced map h k {K,L ) —»• h k (K'.L') sends 
an element represented by x e h k (U. V) to the element which is represented 
by the same x. This makes the h k into functors on JC(M) and the canoni¬ 
cal maps h k h k into natural transformations. We define a coboundary op¬ 
erator S: h k (L) —>■ h k+1 (K, L) as follows. Let V D L be open. Choose 

U D V as an open neighbourhood of K. Then we map representing elements 
via S: h k (V) —> h k+1 (U, V ). This process yields a well-defined 8 and the diagram 

h k (L) —~—> h k+1 (K, L) 
h k (K)c- 8 >h k '(K.L) 


is commutative. From (18.3.2) we obtain by passage to the colimit: 
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(18.5.1) Lemma. The Dkl yield a natural transformation, i. e ., the diagram 

h k (K , L) h n - k {M ^L.M^K) 

h k {KL') h n _ k (M ^ L',M K') 

is commutative for each inclusion (K ', L') C (A". L). □ 

(18.5.2) Lemma. The sequence 


- >h k (K) - ~>h k (L) 


>h k+1 (K,L) -* ••• 


is exact. Similarly for triples of compact subsets. 

Proof. This is a special case of the general fact that a colimit over a directed set of 
exact sequences is again exact. A direct verification from the definitions and the 
exact sequences for the representing elements is not difficult. An example should 
suffice. Suppose S(x) = 0 and let x be represented by x\ e h k (V). We use 
the representing element <5(xj) e h k+1 (U, V) for S(x). Since S(x) is zero, X\ is 
contained in the kernel of some restriction h k+1 (U , V ) —> h k+1 (U', V'). Another 
representative of x is the restriction X 2 e h k ( V') of xi. By exactness, X 2 has a 
pre-image in h k (U '), and it represents a pre-image of x in h k (K). □ 

(18.5.3) Lemma. Each compact pair K, L is excisive for h k , i. e ., 

h k (K UL,I)-t h k (L, K n L) 

is an isomorphism. 

Proof. This is a consequence of the isomorphisms h k (U U V. U ) = h k ( V. U fl V) 
for open neighbourhoods U D K, V D L. □ 


(18.5.4) Corollary. For each compact pair there exist an exact MV-sequence 

- >h k (KUL ) -> h k (K) © h k (L) h k (K n L) ■ ■ ■ . 

Proof. The MV-sequence is constructed by algebra from suitable exact sequences 
using (18.5.2) and (18.5.3). □ 


(18.5.5) Lemma. For each pair ( K, L) the diagram 


h k (L )---> h n - k (M, M^L) 

8 3 

v ^ Dki 

h k+1 (K. L ) —(M ^L.M^K) 


is commutative. 
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Proof. By passage to the colimit this is a consequence of the commutativity of the 
diagrams 


h k ~\V) 


-> h k (U, V) 


D 


Z.0 


D 


uv 

KL 


h n - k+l (M. M ^L) h n - k (M \ L, M \ K). 

In order to verify this commutativity we apply (18.2.3) to the sets 
(U, V, U', V') = (V,0,U ^ L,U ^ K). 

The element £ arises from ok via the excision h n (U, U \ K) = h n {M. M \ K). 
One now verifies from the definitions that the element a is z^[jj and ft becomes 
z kl ■ These data yield the commutative diagram 


h k ~\V) 


h k ~ l {V) 




->h k (U,V) 


^h k ~ l (V^L) 


lr{U ^ L,V ^ L) 


h n ~ k+1 (V, V^L) h n - k (V ^L,V^K) -> h n - k (U ^L,U^K) 


h n - k +i(M. M^L) ---> h n - k {M sL,M \ K). 

The upper and lower rectangles commute by naturality of 3 and 8. □ 

For the proof of the duality theorem we note that it suffices to consider the special 
case Dk : h k (K) —> h n - k ( M, M 'K), by the Five Lemma and the previous results. 
The proof is based on the following principle. 

(18.5.6) Theorem. Let D(K) be an assertion about compact subsets in M. Sup¬ 
pose: 

(1) D(K) holds for sets K in a chart domain which are mapped onto a convex 
subset of R" under the coordinate map. 

(2) If D{K), D{L), and D(K IT L) hold, then also D(K U L ) holds. 

(3) Let K\ D K _2 D •••, K = K,. If D (K t ) holds for each i, then D(K) 

holds. 

Under these assumptions, D(K) holds for all compact K. 
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Proof. Since an intersection of convex sets is convex, (1) and (2) yield by induction 
on t that D(K\ U ••• U K t ) holds for compact subsets Kj of type (1) which are 
contained in the same chart domain. 

If K is a compact set in a chart domain, then K is the intersection of a sequence 
K\ D K 2 D • • • where each Kj is a finite union of compact convex sets. 

Each compact set K is a finite union of compact sets in chart domains. Again 
D(K) follows by induction from (2). □ 

We now verify (l)-(3) of (18.5.6) in the case that D(K ) is the assertion: Dk is 
an isomorphism. 

(2) The duality homomorphisms 1) yield a morphism of the MV-sequence for 
K. L into the MV-sequence of the complements; this follows from the fact that the 
(co-)boundary operators of the MV-sequences are defined from induced morphisms 
and ordinary (co-)boundary operators. Now use the Five Lemma. 

(1) Let 9 ?: C/ —^ 1R” be a chart, K C U and <p(K ) convex. We begin with the 
special case of a point K and <p( K) = {0}. We have a commutative diagram 


h k ( IR") 


->h k (U) 




K- k W n , r - 0) h n _ k (u. u^K) 


(p* 


- >h k (K) 

d k 

-> h n - k {M. M ^ K). 


The right square commutes by definition of Dk', here is the image of the 
orientation under the restriction h n {M.M \ K) —>■ h n (U,U \ K). The left 
square commutes by naturality of the cap product. By definition of the orien¬ 
tation, (p* (z^) = ±e„. The fact that r\e n is an isomorphism follows from the 
compatibility with suspension and the unit element axiom of the pairing. Hence 
D{K) holds for a point K. 

Let now K be arbitrary and P C K a point. From naturality we see that 
D(K) holds, if h k (K) h k (P) and h n - k (M , M ^ K) h n _ k (M , M ^ P) are 
isomorphisms. 

The set X = (p(K ), being compact convex, is the intersection of a sequence 
of open neighbourhoods Ui D U2 D ■ ■ ■ which are contractible onto P . and each 
neighbourhood of X contains eventually all Uj. Hence the restriction h k (Uj) 
h k (Uj+ 1 ) are isomorphisms, and we see h k (Uj) = h k (X) = h k (X). This shows 
the first isomorphism. The second isomorphism is verified by standard methods 
(excision, h-equivalence). 

(3) We show that the canonical maps 

colim, h k (Kj) — »• h k (K), colim, h n - k (M , M \ Kj) —»• h n - k (M, M \ K ) 


are isomorphisms. 
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The first isomorphism is an immediate consequence of the colim-definition. 

v i i 

Given x € h (K) represented by y e h (U). There exists i such that K, c U . 
Hence y represents an element in h k ( K, ). This shows surjectivity, and injectivity 
is shown by a similar argument. 

The second isomorphism is easily seen for singular homology, if one uses that 
singular chains have compact carrier. In the general case one uses that additive 
homology theories commute with colimits. 


18.6 Manifolds with Boundary 

We now treat duality for manifolds with boundary. 

(18.6.1) Theorem. Let M be a compact n -manifold with boundary 3 M, oriented 
by a fundamental class [M ] e II„ ( M. 3 M\ TL). Then 

H p (M\ G) -+ H n - P (M , 3M; G), x x rv [M], 

H P (M , 3 M; G) -* H n - P (M ; G), [M], 

are isomorphisms for each coefficient group G. 

Proof By naturality and stability of the cap product the following diagram com¬ 
mutes up to sign (coefficients are G); [3 M] — 3 [M] is a fundamental class: 


H p {M, 3 M) 

r\ [M] 

Hn- p (M) - 


->H p {M) 


-> H p (dM) 


J* 


r\ [M ] 


r\ [dM] 


■> 3 M) H n — p —\(dM) 


-4 H p+1 (M , 3 M) 

r\ [M ] 

—> H n -p-i(M). 


We know already that rx [dM] is an isomorphism. Therefore it suffices to show that 
the left-most vertical map is an isomorphism. We reduce the problem to the duality 
already proved. We use the non-compact auxiliary manifold 

P = M U (3 M x [0,1[), 

which is obtained by the identification x ~ (x,0) for x e dM. We also use the 
subspaces 

M(t) = M U (dM x [0,1]). 0 < t < 1, 

P(t) — MU (dM x [0, i[), 0 < 1 < 1. 

The P(t) are a cofinal system of open neighbourhoods of M — M( 0) in P. The 
M(t) are a compact exhaustion of P. The inclusions M C P(t) C M(t) are 
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h-equivalences. Let i(t): (M, dM) C ( P(t ), P(t) \ M°). The diagram 


H P (M) <r~ 


i(t)* 


r\[M ] 


H p (P(t)) 

I r\itt)*[M] 


i(t) 


H n ~p(M, dM ) H n -p(P(t), P(t) ^ M°) 


is commutative (naturality of the cap product). The map i (t )* is an isomorphism, 
since i (?) is an h-equivalence; the map i ( t )* is an excision. Thus it suffices to show 
that r\i (t)* [M ] is an isomorphism. We use the duality theorem for P . We have 
isomorphisms 

H n (P, P \ M(t)) ^ H n (P , P ^M)^ H n (P , P v. M°) ^ PI n (M, dM). 

Let z(7) e H n (P,P \ M(t)) correspond to the fundamental class [M], One 
verifies that z(t) is an orientation along M(t). Since the M(t) form a com¬ 
pact exhaustion, the coherent family of the z(t) yields an orientation of P . Let 
w(t) € H n (P(t ), P(t ) \ M) and v(t) e H n (P(t ), Pit) \ M°) correspond to the 
fundamental class under 


H n (P(t). Pit) ^ M) ^ D„(P(0, ^(0 ^ M°) =* H n (M, 8M). 

By definition of the duality homomorphism, Dm '■ H P (M) —> H n - p {P. P \ M) 
is the colimit of the maps 

HP(P(t)) H n - p {P{t). P(t) ^ M) H n - p {P , P - M). 

Since H p (P(?)) —> H P (M) is an isomorphism, the canonical maps H p (P(t)) —> 
H P (M) —»• H P (M) are isomorphisms. Since Dm is an isomorphism, so is r^w{t ). 
The diagram 


H p (P(t)) < --- H p (P{t)) 


r\w(t) 


r\v(t) 


H n -p(P(t). P{t) ^ M) H n - p (P(t ), P{t) ^ M°) 


is commutative by naturality of the cap product and v(t) = i*w(t). Since v(t) = 
i(t)*[M], the map r\i (t )* [M] is an isomorphism. 

□ 

(18.6.2) Proposition. Let B be a compact in + 1 )-manifold with boundary dB — 
M. Then '/(M ) = (1 + (—1 ) n )xiB). In particular y ( M) is always even. 
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Proof. Let M — B U (3 B x [0.1[). Then B is a compact deformation retract 
of M and M ^ B ^ 35x]0,1[~ 3 B. Hence /(£) = /(Af) = /(M ^ B) + 
(-\r+ 1 X (B) = X (dB)-(-l) n x(B). □ 

(18.6.3) Example. 1RP 2 " is not the boundary of a compact manifold, since /(K P 2n ) 
is odd. The same holds for an arbitrary finite product of even-dimensional real pro¬ 
jective spaces. 


Problems 

1. Suppose 3 M = A + B is a decomposition into two closed submanifolds. The diagram 
• • •-> H P (M, A) -5- H P (M) -» H p (A) -» • • • 


r\[M ] 


r\[M] 


rr[3A/] 


-4 H n — P (M, B) > H n —p(M, 3 M) -► H n - P - 1 (3 M, A) 


is commutative up to sign. Hence r\[M]: H P (M , A) —> H„— P (M , B) is an isomorphism. 


18.7 The Intersection Form. Signature 


Let M be a closed n-manifold oriented by a fundamental class [M] e //„ (M; K), 
coefficients in a field K. The evaluation on the fundamental class is H n (M) —> 
IK, x i—> a'[ M] — (x. [M]). We can also write this as the composition II n (M ) = 
Hom(//„(M), K) —>• K where we evaluate a homomorphism on [M], Thecanonical 
map e: Ho(M) -x K allows us to write (x, [M]) = s(x fl [ M ]). 

(18.7.1) Proposition. The bilinear form 

H k (M ) x H n ~ k (M) --—> H n (M) ( ~’ [M]> > K 


is regular. We write this form also as (x, y) i-> x O y. 


Proof. We use the rule (x yj y ) r\ [M] = xtx(yr\ [M]) . It gives us the commutative 
diagram 


H k (M) x H n ~ k 

S I id xn[M] 


> H n (M) 

I f~\[M] 


H k (M) x H k (M) ---> H 0 (M) 


axid 


Horn (H k (M), K) x H k (M) —K. 


The bilinear form in question is isomorphic to the Hom-evaluation, and the latter is 
for each finite-dimensional vector space a regular form. □ 
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We take now R = K as coefficients and assume n = At. In that case 

H 2t (M) x H 2t (M) -> R, (x, y) h* x © y 

is a regular symmetric bilinear form. Recall from linear algebra: Let (V, ft) be 
a real vector space together with a symmetric bilinear form /l. Then V has a 
decomposition V = V+ © V- + Vq such that the form is positive definite on L+, 
negative definite on V- and zero on Lb- By Sylvester’s theorem the dimensions 
of V+ and V- are determined by ft. The integer dim L+ — dim V- is called the 
signature of ft. We apply this to the intersection form and call 

a(M) = dim H 2t (M) + - dim M 2 r (M)_ 

the signature of the closed oriented 4 1 -manifold M. We also set a(M) — 0, if 
the dimension of M is not divisible by 4. If — M denotes the manifold with the 
opposite orientation, then one has a(—M ) = —o(M). If M = M\ + M 2 then 
II 2t ( M ) — H 21 (Mi ) + II 2t (M 2 ), the forms on M\ and M 2 are orthogonal, hence 
cr(Mi + M 2 ) = a(M\) + ct(M 2 ). 

(18.7.2) Proposition. The signature ofCP 2n with its natural orientation induced 
by the complex structure is 1. 

Proof. Since PI 2n (CP 2n '. Z)) is the free abelian group generated by c n , the claim 
follows from (c”, [CP”]) = 1. For n = 1 this holds by the definition of the 
first Chern class (see (19.1.2)). Consider the map p: (CP 1 )” —> CP” that sends 
([at, * 1 ],.... [a»b„]) to [c 0 , ...,c„] where Y\j=i( a j x + bjy) = E"=o cjx J y n ~ j . 
Note that // 2 ((CP 1 )”; Z) is the free abelian group with basis t\,... ,t n where tj 
is the first Chern class of pr* (tj). One verifies that p*(c ) = t\ + • • • + t„. This 
implies p*c n = n\ • t\t 2 ... t n . The map p has degree n\. These facts imply 

n\ = (/c",[CP 1 n = {c n ,p4CP l ] n ) = (c”,«!-[CP"]) = n\-(c n , [CP"]), 

hence (c", [CP"])= 1. □ 

(18.7.3) Proposition. Let M and N be closed oriented manifolds. Give M x /V 
the product orientation. Then a(M x N) — a(M)a(N). 

Proof. Let m = dim M and n = dim M. If m + n ^ mod4 then o(M x N) = 
0 = a(M)a(N) by definition. In the case that m + n = 4 p we use the Kiinneth 
isomorphism and consider the decomposition 

H lp (M x N) = H m/2 (M) ® H n/2 (N) 

© 2i<m (PI' (M) ® H 2p ~ i (N) © H m ~' (M) ® H n ~ 2p+i (N)). 

The first summand on the right-hand side is zero if m or n is odd. The form 
on H 2p (M x N) is transformed via the Kiinneth isomorphism by the formula 
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(x <g> y) © (x' © y 1 ) = (— \)\ y W x '\x © x')(y © y'). Products of elements in 
different summands never contribute to the top dimension m + n. Therefore the 
signature to be computed is the sum of the signatures of the forms on the summands. 

Consider the first summand. If m/2 and n/2 are odd, then the form is zero. In 
the other case let A be a basis of H m ^ 2 (M) such that the form has a diagonal matrix 
with respect to this basis and let B be a basis of H n ^ 2 (N) with a similar property. 
Then (a © b \ a € A, b e B) is a basis of H' n ^ 2 (M) © H n ^ 2 (N) for which the 
form has a diagonal matrix. Then 

(r(M)a(N) = ( a © «)( UbeB h © h ) 

= E(a,Z,)eTxB(« © b) 0 (a © b) = o(M X N). 

Now consider the summand for 2 i < m. Choose bases A of H'(M) and B of 
H 2p ~ l (N) and let A*, B* be the dual bases of H m ~ l ( M ), H n ~ lp+t ( N ) respec¬ 
tively. Then 


(a <g> b + a* ® b*,a ® b — a* <g> b* \ a e A,b e B) 

is a basis of the summand under consideration. The product of different basis 
elements is zero, and (a <g> b + a* <g> b*) 2 = —(a <£> b — a* <£> b*) 2 shows that 
the number of positive squares equals the number of negative squares. Hence these 
summands do not contribute to the signature. □ 

There exists a version of the intersection form for cohomology with integral 
coefficients. We begin again with the bilinear form 

5 : H k (M) — H n ~ k (M) -+ Z, (x,y) ^ (x cj y)[M]. 

We denote by Ay the quotient of the abelian group A by the subgroup of elements 
of finite order. We obtain an induced bilinear form 

s<>: H k (M )o x H n k (M)y -x Z. 

(18.7.4) Proposition. The form sy is regular, i. e ., the adjoint homomorphism 
H k (M)y -a- I loin (I I n ~ k (M )y, Z) is an isomorphism ( and not just injective). 

Proof. We use the fact that the evaluation H k (M\7L)y x ///.(M: Z)<> —>• Z is 
a regular bilinear form over Z. By the universal coefficient formula, the kernel 
of H k (M\7L) -a- VLom(Hi ( (M',X),1.) is a finite abelian group; hence we have 
isomorphisms 

H k (M; Z)o = Hom(/4(M;Z),Z) ^ Uom(H k (M\Z)y, Z). 

Now the proof is finished as before. □ 
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We return to field coefficients. Let M be the oriented boundary of the compact 
oriented manifold B. Wc set A k = im(7* : H k (B) —»■ H k (M )) with the inclusion 
i: M c B. 

(18.7.5) Proposition. The kernel of 

H k (M ) 4 Horn (H n ~ k (M), K) -* HomG4"“ fe , IK) 

is A k . The isomorphism is x (y (yvJX,[M])); the second map is the restric¬ 
tion to A n ~ k . In particular dim H k (M) = dim A k + dim A n ~ k , and in the case n = 
21 we have dim / /' (M) = 2 dim A k and dim If (M ) = 2 dim Ker(z*: If (M) —> 
H,(B)). 

Proof. Consider the diagram 


H k (B) 


-> H k (M) - 

= r\ [M] 
Hn-k(M)- 


-> H k+ 1 (B. M) 

s o[B] 

—> H n - k (M). 


By stability of the cap product, the square commutes up to the sign (—1)*. By 
commutativity and duality 

x e A k S(x) = 0 8(x) rs [5] = 0 <£> t*(x n [M]) = 0. 

The regularity of the pairing H J (M) x Hj(M) —>• K, (x, y) {x , y) says that 
/*(x r i [M]) = 0 is equivalent to (H n ~ k (B),i*(x n. [M])) — 0. Properties of 
pairings yield 


(H n ~ k (B), i*(x r\ [M]) = (i*H n ~ k {B). x rx [M]) 

= (A n ~ k ,x r\ [M]) 

= {A n ~ k yjx,[M]) 

and we see that x € A k is equivalent to (A n ~ k \j x, [M]) = 0, and the latter 
describes the kernel of the map in the proposition. □ 

(18.7.6) Example. If n = 2/ and dim H t {M) is odd, then M is not a boundary of 

a K-orientable compact manifold. This can be applied to R P 2,1 (for IK = Z/2) and 
to CP 2 " (for K = IR). O 

(18.7.7) Proposition. Let M be the boundary of a compact oriented (4k + 1)- 
manifold B. Then the signature of M is zero. 
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Proof. It follows from Proposition (18.7.5) that the orthogonal complement of A 2k 
with respect to the intersection form on H 2k (M\ R) is A 2k , and 2dim A 2k = 
dim H 2k (M\ R). Linear algebra tells us that a symmetric bilinear form with these 
properties has signature 0. □ 

We generalize the preceding by taking advantage of the general duality isomor¬ 
phism (coefficients in IK). Let M be an «-manifold and K D L a compact pair in 
M. Assume that M is K-oriented along K. We define a bilinear form 

(*) H' (K. L) x H' {M ^ L, M ^ K) —*■ H i+j (M.M ^ K) 

as follows: Let (V, W ) be a neighbourhood of ( K, L). We fix an element y e 
77 j (M \ L. M \ K) and restrict it to H J (V \ L, V \ K). Then we have 

H‘(V, W) -> H‘(V ^ L,W ^ L) H i+j (V ^ L,W ^ KUV ^ K) ^ 

H i+j (M , W U (M \ K)) ->• H i+J (M , M ^ K). 

The colimit over the neighbourhoods (V, W) yields \jy in (*). 

(18.7.8) Proposition. Let M be cm n-manifold cmd K D L compact ENR in M. 
Then 

H l (K, L) x H n ~' (M \ L, M \ H n (M. M ^ K) { ~’° k) > K 

is a regular bilinear form. □ 

(18.7.9) Example. Let M be a compact oriented n -manifold for n = 2 mod (4). 
Then the Euler characteristic /( M ) is even. 

The intersection form H n ^ 2 {M) x H n ^ 2 (M) —<Q with coefficients in Q is 
skew-symmetric and regular, since n/2 is odd. By linear algebra, a form of this 
type only exists on even-dimensional vector spaces. 

X(M) = j:? =0 (-iy dim HjiM) 

= - dim H n/2 {M) + 2£ 2(<l| (-1)' dim H i (M): 

we have used dim H’ ( M ) = dim H n ~ l (M). and this holds because of H 1 ( M ) = 
HornQ) and hence dim H' ( M ) = dim 77, (M) = dim H n ~‘ (M). O 

18.8 The Euler Number 

Let £: E (£) — M be an n -dimensional real vector bundle over the closed connected 
orientable manifold M. The manifold is oriented by a fundamental class [M] e 
77„(M;Z) and the bundle by a Thom class t(£) e 77”(7J, E°; Z). Let s: M —»• 
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ls(£) be a section of f and assume that the zero set /V(.s') is contained in the disjoint 
sum £> = D | U • • • U Z) r of disks Dj. The aim of this section is to determine the 
Euler number e(£) = (s*l (£), [M ]) by local data. We assume given positive charts 
(pj : R” —Uj with disjoint images of M such that < pj(D n ) — Dj. The bundle is 
trivial over Uj. Let 


D n x IR*: >E($\Dj) 

p r 

4- w: 

D n ---> Dj 

be a trivialization. We assume that <t> 7 is positive with respect to the given orientation 
of These data yield a commutative diagram 


H" (£($),£<>($)) 


H n (E($\D)U E°(£ 


M \ D°, E°(tj\D)) 


H n (E($\D),E°($\D)) 


®jH n (E(l\Dj),E°(l\Dj)) 


- >H n (M) 

a* 

* H n (. M \ D°) 

s p* 

—5- H n (D. S) 


> ©y H n (Dj, Sj). 


ffere Sj is the boundary of Dj and S = U j Sj. The restriction of 5 to Dj is Sj. The 
image of t (£) in H"(E(^\Dj), £°(£| Dj )) is the Thom class t (|| Dj). The vertical 
maps have their counterpart in homology 


H n (M) H n (M. M ^ D°) < ^ H n (D. S) - © ; //„(Wy. <Sy), 
and [M] is mapped to ([Dy]). By commutativity and naturality 
(s*m,[M]) = '£ J ( S jt(S\Dj),[Dj]). 

The bundle isomorphism (Oy, (pj ) transports sj into a section 
tj : D n 


D" X r, X (x, Uj (x)) 
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of pr. Note that Uj ( S" 1 ) C f ^ 0. We have another commutative diagram 
H"(EG\Dj), E°($\Dj)) — II"(D,.Sj) 

<p* 

H n (D n x R", x Rg) — H n {D'\ S" -1 ) 
pr* 

//"(R", R”). 

The evaluation (s*t(%\Dj), [ Dj ]} is the degree of Uj : S" -1 — > R{J if we choose 
the correct orientations. We explain this now and use the following computation: 



(s*t(l\Dj),[Dj]) = (s}tG\Dj),<pj.) = {<p*s*t(%\Dj), e n ) 

= (t*$*ttf\Dj),e n ) = ( u*e n ,e n ) 

= d(uj){e n ,e n ). 

The cohomological degree of Uj is u* e n — d(uj )e n . With these definitions we 
obtain: 

(18.8.1) Proposition. e(f) = ( J2j= i d(uj)){e n ,e n ). □ 

If .v has in Dj an isolated zero, then d(iij) is called the index of this zero. 

Problems 

1. There always exists a section with a single zero. 

2. The index can be computed for transverse zeros of a smooth section s : M —> £ of a 
smooth bundle. Consider the differential 


T x s: T X M T X E = T X M © E x . 


Transversality means that the composition with the projection pr o T x s: T X M —> E x is an 
isomorphism between oriented vector spaces. This isomorphism has a sign b(x) € {±1}, 
+1 if the orientation is preserved. Show that e(x) is the local index. 

3. The section 

s: S n -> TS” C S n x R" -1 " 1 , x = (xq _, x n ) i-> (x, (xq — l,xoxi __ xox n )) 

has the transverse zeros (1,0.0) with index 1 and (—1,0.0) with index (—1)". 

4. Find a vector field on S 2n with a single zero (of index 2). 

5. There exists a section without zeros if and only if the Euler number is zero. 

We know already that the Euler number is zero, if there exists a non-vanishing section. 
For the converse one has to use two facts: (1) There always exist sections with isolated zeros. 
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(2) There exists a cell D which contains every zero. Hence one has to consider a single local 
index. This index is zero, and the corresponding map u: S —> Rq is null homotopic. Thus 
there exists an extension u: D —> Rq . We use this extension to extend the section s over the 
interior of D without zeros. 

6. Consider the bundle £( k ): H(k) —> CP 1 . Let P(zo.zi) = 7 be a 

homogeneous polynomial of degree k. Then 

er: CP 1 ->• H(k), [z 0 ,zi] i-> (z 0 ,zi; P(z 0 ,zi)) 

is a section of £ (k). IfP(zo.zt ) = WjlfljZi — bjZo ) is the factorization into linear factors, 
then the [aj ,bj] e CP 1 are the zeros of a, with multiplicities. 

7. Consider the bundle f: S n y*~e_i 2 R" —> R P n , (x, z) i-> [x]. Then a: [xo_,x n ] i-> 

((xo,.... x n ), (x'i__ x n )) is a section with a single zero. The sections correspond to maps 

/: S n —> R" such that /(—x) = — fix). One form of the theorem of Borsuk-Ulam says 
that maps of this type always have a zero. We would reprove this result, if we show that the 
Euler class mod (2) is non-zero. The tautological bundle r] over RP" has as Euler class the 
non-zero element w of // 1 (RP";Z/2). The Euler classes are multiplicative and £ = nr). 
Hence e(£) = w n / 0. 


18.9 Euler Class and Euler Characteristic 

Let M be a closed orientable n -manifold. We define in a new manner the Thom 
class of the tangent bundle. It is an element t(M ) e H n (M x M. M x M \ D) 
such that for each x e M the restriction of t(M) along 

H n {M x M.M x M ^ D) H n (x x M,x x (M ^ x)) 

is a generator (integral coefficients, D the diagonal). The image of t(M) under the 
composition 

H n (M x M.M x M ^ D) H n (M x M) —>■ H n (M) 

(where d is the diagonal map) is now called the associated Euler class e(M ) of M. 
Let us use coefficients in a field IK. We still denote the image of the fundamental 
class [M] e H n (M\ Z) in H n (M\ K) by [M], We use the product orientation 
[M x M] = [ M ] x [ M]. Let v : E{v) —>• M be the normal bundle of the diagonal 
x M with disk- and sphere bundle D(v) and S(v) and tubular map 
j : D{v) —>• M x M. The fundamental class of [M x M] e H 2n (M x M) induces 
a fundamental class [/J(i>)] e IIzn(O(v). .S’(i’)) via 

H 2n (M x M) ->• H 2n (M x M.M x M \ D) H 2n (D(v), S(v)). 
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Letz = j *([Z)(v)]. The diagram 


H n (M x M) < - H n {M x M,M x M ^ D) 


n[Mx»] 

r\ z 


. . Jl /f\ , -I* TT ST' 


» H n (D(v),S(v)) 

r, [D( v)] 


commutes (naturality of the cap product). Suppose M is connected. From the 
isomorphisms 


H n (M) £- H n (D(v )) <" [ ^ (y)] H n (D(v), S(v )) 


we obtain an element t(v) that satisfies z*[M] = / (u) n [D(v)]. it is a generator 
and therefore a Thom class. We define t(M) e H n (M xM,MxM\i))by 
j*t(M) = t(v). The image r(M) e H n (M x M) of t(M) is characterized by 
the relation r o [M x Jt] = d*[M], From the definitions we see that d*z is the 

image of/(v) under H n (D(v), S(v)) — H n (D(v)) H n (M), hence the Euler 
class e(v) of v. 

Let B = {cr} be a basis of H*(M) and {a 0 } the dual basis in H*(M ) with 
respect to the intersection form (a° vj ft, [M] ) = 8 a p, |a°| = n — |a|. 

(18.9.1) Proposition. The image t(M) e H n (M x M) oft(M) is given by 

T = £ aeS (-l)W«° x a e H n (M x M). 


A consequence is 

e( M) = ( fr = E rf (-l) l Vua, 

(e(M),[M]) = £ a (-l)(a°ua,[M]) =E a (-l) kl = X(M). 

Proof The Kiinneth isomorphism 

H*(M) <g> H*(M) ^ H*(M x M), u^mux u, 

tells us that there exists a relation of the form r = A(y,8)y° x 5. The 

following computations determine the coefficient ^4(y, 5). Let a and f be basis 
elements of degree p. Then 

((a x f°) \j r, [M x M]) 

= (a x r\[M x M ]) — (ax ,d*[M]} 

= (d*(a x [M]) = (a w [M]) 

= yja,[M]) = (-\) p{n ~ p) 8 at) . 
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A second computation gives 

( (a x /5°) \j t, [M x M]) 

= ((a x /3°) w ^ 4(y, <5)y° x 8, [M x M]) 

= E^(M)(-l)^ 0|ly0| ((a wy°) x (p° v8),[M] x [M]) 

= E My, 5)(-l)^° ll}/0| (-l)” (l ^ 0|+|5|) (a cv y°, [M])(/3° yj S, [. M ]). 

Only summands with y — a and <5 = ft are non-zero. Thus this evaluation has the 
value A(a, fi) = (— \) pn (collect the signs and compute modulo 2). We compare 
the two results and obtain A(a , ft) = (— I ) p S a p. □ 



Chapter 19 

Characteristic Classes 


Characteristic classes are cohomological invariants of bundles which are compatible 
with bundle maps. Let h* (—) be a cohomology theory. An //'-valued characteristic 
class for numerable n -dimensional complex vector bundles, say, assigns to each 
such bundle £: E(f) B an element c(£) € h k (B) such that for a bundle map 
£ —> T] over / : B —> C the naturality property f*c(rj) = c(£) holds. 

An assignment which has these properties is determined by its value c(y n ) € 
h k (BU(n)) on the universal bundle y„ , and this value can be prescribed in an 
arbitrary manner (Yoneda lemma). In other words, the elements of h k (B\J(n )) 
correspond to this type of characteristic classes. 

It turns out that in important cases characteristic classes are generated by a 
few of them with distinguished properties, essentially a set of generators of the 
cohomology of classifying spaces. 

We work with a multiplicative and additive cohomology theory h* and bundles 
are assumed to be numerable. A C -orientation of the theory assigns to each n -dimen¬ 
sional complex vector bundle (numerable, over a CW-complex,...) £: £(£) —> B 
a Thom class /(£) e h 2n (E( f), E°(f)) such that for a bundle map /: E(f) —> 
E(rj) the naturality f*t(r]) = /(£) holds and the Thom classes are multiplicative 
/(£) x t(r]) = t(f x rf). If an assignment of this type is given, then the theory is 
called C -oriented. In a similar manner we call a theory R -oriented, if for each n- 
dimensional real vector bundle E(jf) —> B a Thom class t(£) € h n (E(i;), E°(^)) 
is given which is natural and multiplicative. It is a remarkable fact that structures 
of this type are determined by 1-dimensional bundles. 

(19.0.1) Theorem. A 'E-orientation is determined by its value 

t(yi)zh\E(yi),E\ Y i)) 

on the universal 1-dimensional bundle y\ over C P°°. Each Thom class t of y\ 
determines a E-orientation. A similar bijection exists between Thom classes of the 
universal 1-dimensional real vector bundle over RP°° and R- orientations. 

An example of a C-oriented theory is H*(—; Z); a complex vector bundle has 
a canonical Thom class and these Thom classes are natural and multiplicative. One 
can use an arbitrary commutative ring as coefficient ring. 

An example of an R-oriented theory is H*(—; Z/2); a real vector bundle has a 
unique Thom class in this theory. One can use any commutative ring of character¬ 
istic 2 as coefficient ring. 



468 Chapter 19. Characteristic Classes 


Suppose the theory is C-oriented. Then an n -dimensional complex vector bun¬ 
dle § over B has an Euler class e(f) e h 2n (B) associated to f (£). Euler classes are 
natural, f*e(t]) — e(f*rj), and multiplicative, e(lj © t]) — e(£) kj e(rj). 

The Thom classes have associated Thom homomorphisms. They are defined as 
before by cup product with the Thom class 

©(f): h k (B, A) h k+ln {E{$), E(£f)° U P(£|A)), x h* £*(x) u f(§). 

These Thom homomorphisms are natural and multiplicative as we have explained 
earlier. 

For an [R-oriented theory we have natural and multiplicative Euler classes for 
real vector bundles. 

A proof of (19.0.1) is based on a determination of characteristic classes. We 
present a construction of characteristic classes based on the cohomology of projec¬ 
tive bundles. For this purpose, classifying spaces are not used. But they will of 
course appear and they are necessary for a more global view-point. 


19.1 Projective Spaces 

Let rj n \ E„ —*■ CP” -1 be the canonical bundle with total space 

E n = C" \ 0 xc* C, (z, u) ~ (Az. Am). 

We have the embedding v n : E n — > CP", (z,m) [z,m]. The image is the 

complement of the point * = [0,..., 0, 1]. Let t(rj n ) e h 2 (E n , P°) be a Thom 
class. The Thom class yields the element t n e /i 2 (CP") as the image under 

h 2 {E n ,E") ©- /; 2 (CP", CP" \ CP" -1 ) ^ /? 2 (CP",*) -► /2 2 (CP"). 

The first isomorphism is induced by v n . Note that v n sends the zero section 
to CP" -1 , the image under the embedding t: [xi,... ,x n \ [jcj, ,.., x n , 0]. 
The total space E n of r\ n was denoted //(1) in (14.2.6). The bundle r\ n is the 
(complex) normal bundle of the embedding i\ CP" -1 CP". The embedding 
v n is a tubular map; it also shows that CP" is the one-point compactification of E n 
(see the definition of a Thom space in the final chapter). The complement 
CP" \ CP" -1 is the affine subset U n + i = {[xi,..., jc„+i] | x„+\ ^ 0}. We 
obtain a homomorphism h*[t n \ —>• /?* (C P") of graded /?*-algebras; it sends t" +1 
to zero (see (17.2.5)) and induces a homomorphism of the quotient by the principal 
ideal (f ; " +1 ). 

(19.1.1) Lemma. Let t (rj n -i) e h 2 (E n -\, E®_ j) be the Thom class obtained from 
t (tin) by restriction along t. Let e /i 2 (CP" _1 ) be obtained from t(t] n -i ) as 
explained above. Then: 


19.1. Projective Spaces 469 


(1) L*t n = t n -i. 

(2) t n -1 is the Euler class associated to t(rj n ). 

Proof. (1) The embedding i is homotopic to the embedding ij: [xi,... , x„] i-> 
[0,Xi,..., x n ]. Thus it suffices to show i\t n = t n -\. We have a bundle map 
i 2 : E n -1 —> E n which is compatible with the embeddings, i.e., v n i 2 = L\v n -\. 
We apply cohomology to this commutativity and obtain the desired result. 

(2) With the zero section 5 the diagram 

h 2 (CP n ,CP n ^CP"- 1 ) - >h 2 (CP n ) 

= K i* 

h 2 (E n , E%) -—-* h 2 (CP n ~ l ) 

commutes. The definition of the Euler class and (1) now yield the result. □ 

(19.1.2) Lemma. For singular homology and cohomology the Kronecker pairing 
relation (/ 1 , [CP 1 ]) = 1 holds. The element t\ is by (19.1.1) also the Euler class 
of rj 2 and this is, by definition, the first Chern class. 

Proof, rji is a bundle over a point. We have the isomorphism ^: <C —> fj, z h> 
(1 , z). By definition of the canonical Thom class of a complex vector bundle 
the Thom class t(r]\) e ll 2 (li\, E°) is mapped to the generator e® under (p*, 
where e {2 ' 1 is defined by the relation ( e^K £> 2 ) = 1 (Kronecker pairing). The 
element t\ is the image of e® under H 2 ( C, C \0) —> H 2 (CP 1 ,CP 1 ^-CP°) —> 
H 2 (CP 1 ) and the fundamental class [CP 1 ] is mapped to e 2 under H 2 (CP 1 ) —>• 
H 2 (CP l . CP 1 'v CP°) —> H 2 ( C, C \ 0). Naturality of the Kronecker pairing 
now gives the desired result. □ 

(19.1.3) Theorem. The homomorphism just constructed is an isomorphism 
h*(CP n ) = h*[t n \/(t" +1 ) of graded h* -algebras. In particular h*(CP n ) is a 
free h*-module with basis \ .t n ,t 2 ,... ,t". 

Proof, induction on n. We have the Thom isomorphism 

h k (CP n ~ l ) h k+2 (E„,E° n ), x ^ rj*x U t(ri n ) = x • t(rj n ). 

By induction, /i*(€P" _1 ) is a free /i*-module with basis 1, t n -\,..., tfz] and 
therefore h*{E n , E®) is a free module with basis 

1 ■ t(Vn), tn -1 • t(t]n), ..., t"l\ • t(t]„). 

We apply the isomorphism h*(E n , E®) = h*(C P n . *) constructed above and claim 
that it sends t k _ 1 ■ t(r] n ) to t k+1 . Unraveling the definitions one shows that this 
claim is a consequence of the naturality of the cup product and the fact (19.1.1) that 
t n -1 is the Euler class of t (rj„). □ 
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We denote by h* [[/’]] the ring of homogeneous formal power series in T over 
the graded ring h* . If T has the degree 2, then the power series in h* [|7’]] of degree 
k consist of the series aj T 7 with aj e h k ~ 2j . If h* is concentrated in degree 
zero, then this coincides with the polynomial ring h°[T], 

Let t(r) 0 o) e h 2 (E a Q , E £,) be a Thom class and its restriction. Let t^Q EE 
/z 2 (CP°°) and t„ e /t 2 (CP") be the corresponding elements. Since t n is the 
restriction of let us write just t for all these elements. We have a surjective 
restriction homomorphism /t*(CP" +1 ) —> h* (CP n ). Thus the restrictions induce 
an isomorphism (see (17.1.6)and (17.1.7)) 

h*(CP°° ) ^ lim„ h*(CP n ) ^ lim„ h*[t]/(t n+1 ). 

The algebraic limit is /?*[[!]]. This shows: 

(19.1.4) Theorem. h*(CP°°) ^ h*[[t]\. □ 

We extend the previous results by a formal trick to products X x C P n . Let 
p: X x C P n —> CP" be the projection. We set u — u n — p*(t n ). 

(19.1.5) Proposition. Consider h*(X x C P n ) as a graded h* (X)-algebra. Then 
h*(X x CP") ^ h*(X)[u]/(u n+1 ) and h*(X x CP°°) ^ h*(X)[[u]]. 

Proof. The cohomology theory k* (—) = h*(X x —) is additive and multiplicative, 
and the coefficient algebra is h*(X). The multiplicative structure in k*(—) is 
induced by the x-product of /;*(—) and the diagonal of X . The element Woo now 

plays the role of too- □ 

Let pi\ (CP 00 )" —> CP 00 be the projection onto the z'-th factor, and set P, = 
p*(too)- Then (19.1.5) implies: 

(19.1.6) Proposition. h*((C P 00 ) 00 ) ^ h*[[T u ..., T n ]]. □ 

This statement uses algebraic identities of the type /;*[[*, y]] = (//*[[.v]])[[y]] 
for graded formal power series rings. 

Problems 

1. An element Y11=o a J t n e h°(CP n ) is a unit if and only if ao £ h° is a unit. 

2. An element u = ^j" =1 hit l n e h 2 (CP n ) is a Thom class of r) n +\ if an d only if h\ is a 
unit, and this holds if and only if u = et n for a unit s e h°(CP n ). 

3. Let?„_i beaThomclassfort;,,—! andw„ a Thom class for r] n . Then there exists a Thom 
class t n for r) n such that its restriction is t n —\. 
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19.2 Projective Bundles 


Let E(i-) —»• B be an n -dimensional complex vector bundle. (For the moment 
we work with bundles over spaces of the homotopy type of a CW-complex.) The 
group C* acts librewise on E n (f) by scalar multiplication. Let P(£) be the orbit 
space. The projection f induces a projection pf. P(p) —> B. The fibre pj ] (h) 
is the projective space P(i;b) of the vector space (b) — We call the 
projective bundle associated to £. 

There exists a canonical line bundle Q(tj) —> P(f) over P(p). Its total space is 
defined as xc* C with respect to the relation (.x, u) ~ (xA, Xu). Thus over 

each fibre P{i;b ) we have a bundle canonically isomorphic to )] n . 

The construction of the projective bundle is compatible with bundle maps. Let 
r ]: E(rj) —> C be a further bundle and p : § —> r) a bundle map over /: B —> C. 
These data yield an induced bundle map 


QOD^Qirj) 


PQ)Pin). 


We now assume that we are given a Thom class too e h 2 (<C P°°) of the universal 
line bundle rj 00 over CP°°. A classifying map kf. P(f) C/ ,sc of the line bundle 
Q(f) —> Pip) provides us with the element 

U = k^too) € h 2 (Pm. 

We consider h*{P (£)) in the standard manner as left /t*(5(-module, x ■ y — 
p*(x)uy. 

(19.2.1) Example. Let £ = rj n +1 : E n + 1 —»• CP". Then Q(p) —> P(f) is canon¬ 
ically isomorphic to t ] n+ 1 and tg = t n . O 

(19.2.2) Theorem. The h* (B)-module h* ( P(q)) is free with basis 


i t t 2 +n —1 

1 , tf: , tf; , . . . , 

In particular pt'. h*(B ) —> h * (P(f)) is injective. 

Proof. This is a consequence of the Leray-Hirsch theorem (17.8.4) and the com¬ 
putation (19.1.3). □ 


(19.2.3) Corollary. There exist uniquely determined elements Cj (£) e h 2j ( B ) such 
that 


el 0 (-iy 


p'fpp = 


0, 


since is a linear combination of the basis (co(£) = 1). 


□ 
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(19.2.4) Remark. Here is a justification for the choice of the signs. Let £ = ij n +i ■ 

Then tg — t„ = 0 and hence c\ 0],,+ 1 ) — t n . O 

(19.2.5) Proposition. Let <p: £ —rj be a bundle map over f : B — C. Then the 
naturality relation f*(cj(rj)) = Cj{ f) holds. 

Proof. The homotopy relation k v o P(rp) ~ k% implies P{np)*t v = tj. This yields 

0 = P(<pr(Zj(.-V J Cj(ri)tr J ) = Ey(-l) y f*(cjmtf j . 

Comparing coefficients gives the claim. We have used the rule P(<p)*(a ■ x ) = 
f*(a) ■ P((p)*(x), a e h*(C) , x e h*{P{rj)) for the module structure; it is a 
consequence of the naturality of the cup product. □ 

(19.2.6) Proposition. Let £ r/ztt /rj be bundles over B. Then the sum formula 

c r (f © rj) = 'Ei+j=r c i^) c j( r l)- 
holds. We set c, (£) = 0, if i > dim 

Proof. Consider the subspaces P(f) C P(f © rj) D P(>]) and their open comple¬ 
ments U = P(f © rj) \ P(?]) and L = / J (C © rj) \ / J (©. The inclusions P(f) C (7 
and P(/j) C V are deformation retracts. Let s: P(f) —/*(£ © ;/) \ P(rj), 
[x] i—> [x, 0] and tr : P(£ © rj) \ P(?j) P(£), [x, y] i-> [x] . Then tts = id and 

sjt ~ id by the homotopy ([x, y], A) i-> [x, Ay]. 

Let t = 1 ^ 0 ^. Consider the elements (k = dim / = dim ??) 

* = j = £j-=o(-i)'c/0?)' , - y ‘- 

Under the restriction h*(P(f © r;)) —> h* ( U ) = h*(P (£)) the element x is sent to 
zero; this is a consequence of the definition of the c, (£), the deformation retraction 
and the naturality t\P{^) = t%. Hence x comes from an x' e h*(PQ; © rj), U). 
Similarly y comes from an element y' e h*(Pif © rj), V). Since U. V is an open 
covering of P(f © rj), we see that x'y' = 0 and therefore xy = 0. We use the 
definition of the c r (£ © rj) in the relation 

xy = X£io(- i y(E«+;=r Citf)cj(r,))t r 
and arrive at the desired sum formula by comparing coefficients. □ 

19.3 Chern Classes 

Let h*(—) be a cohomology theory with universal element t = t 0 o e h 2 (C P°°). 
Our first aim is the computation of h*(B\J(n)). Recall that /lU(1) = C P°°. The 
space B\J(n) is the basis of the universal n -dimensional complex vector bundle y n 
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and yi = rjoo. We use that h*(B U(l)”) = h*[[Ti, _ T n ]], see (19.1.6). Let us 

recall the ring of formal graded power series ..., c n ]\. The indeterminate 

Cj has degree 2 j . The degree of a monomial in the Cj is the sum of the degrees of 
the factors 

degree(cf (1) C2 (2) ...) = 2k(\) + 4A(2) + • • • . 

A homogeneous power series of degree k is the formal sum of terms of the form 
A j Mj where Mj is a monomial of degree m and A j e h k ~ m _ Thus we assign the 
degree k to the elements in the coefficient group h k . 

(19.3.1) Lemma. A classifying map ft: B 1J (n — 1) x /i U(1) —*■ B U (n ) of the 
product Yn-i x y i is the projective bundle ofy n - 

Proof Let U(» — 1) x U(l) C U(/i ) be the subgroup of block diagonal matrices. 
We obtain a map 

cr. B(XJ(n - 1) x U(l)) = EU(n)/(\J(n - 1) x U(l)) 

= EU(n) x u(n) (U(n)/U(« - 1) x U(l)) 

-► B\J(n). 

A model for the universal vector bundle is y n : E\J(n) Xu(n) C" —> BU(n). The 
U(n)-matrix multiplication on C" induces a U(«)-action on the corresponding 
projective space P (C"). The projective bundle associated to the universal bundle y„ 
is i?U(n) Xu(„) P( C") —»• B\J(n). We now use the U(n)-isomorphism P(C") = 
U(«)/U(n — 1) x U(l). Hence a is the projective bundle of y n . We compose with 
a canonical h-equivalence j : BU(n — 1) x 5U(1) B(\J(n — 1) x U(l)). 

It remains to show that ft — a o j is a classifying map for y„-\ x y\. 

Let EU(n — 1) x £'U(1) —> EU(n) be a U(/i — 1) x U(l)-map. From it we 
obtain a bundle map 

E(Yn-x) X E(y i) = (E\J(n - 1) x £U(1)) x u( „_ 1)xu(1) (C”” 1 x C 1 ) 
EU(n) x U („_ 1 ) xU ( 1) C” 

E\J(n) x u(#l) C" = E(y n ). 

It is a bundle map over a o j. □ 

(19.3.2) Theorem. Let k\ B U(l)” —> BU(n) be a classifying map of the n-fold 

Cartesian product of the universal line bundle. Then the following holds: The 
induced map k* : h*(BU(n)) —> h* (SU (1)”) is injective. The image consists of the 
power series whichare symmetric in the variables T\,... ,T n . Letct e h 2l (BU(n)) 
be the element such that K*(ci) is the i-th elementary symmetric polynomial in 
T\ . T n . Then 

h\B\]{n))^h*[[c l ,...,c n ]}. 

The elements C\,... ,c n are those which were obtained from the projective bundle 
associated to y n by the methods of the previous section. 
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Proof. Let a e S n be a permutation and also the corresponding permutation of 
the factors of B U(l)”. Then a is covered by a bundle automorphism of the /7-fold 
product)/” = y! x- • -xyj. Hence/roa is another classifying map of y” and therefore 

homotopic to k. The permutation a induces on /?* (/iU( I)") = h*\[7\ . T n ]} 

the corresponding permutation of the Tj. Hence the image of k * is contained in the 
symmetric subring, since k o <j ~ k. Let pry : 5U(1)" — > /iU ( I) be the projection 
onto the j -th factor. We write y(j ) = pr* (yi) so that y" = y(l) © • • • © y(n) and 
Tj — C\{y{j)). We have the relation (naturality) 

K*Ci{y„) = Cj(K*y n ) = c/(y") = c,-(y(l) © ••• © y(n)). 

By the sum formula (19.2.6) this equals 

ci(y(l))c ! _i(y(2) © ••• © y(n)) + c/(y(2) © ••• © y(n)). 

This is used to show by induction that this element is the i -th elementary symmetric 
polynomial a,- in the variables Tj. We now use the algebraic fact that the symmetric 

part of h* [[7). T n ]\ equals the ring of graded power series h* [[ay,..., o n ]\ in 

the elementary symmetric polynomials a). This shows that the image of k* is as 
claimed. 

It remains to show that k* is injective. From (19.3.1), (19.2.2) and (19.1.5) we 
obtain an injective map 

: h*(B\J(n)) -*■ h*(B\J(n - 1) x 5U(1)) ^ h*(BU(n - l))[[y(n)]]. 

This fact yields, by induction on n, the claimed injectivity. □ 

Elements of h * (B U(n)) are called universal h * (—)-valued characteristic classes 
for/;-dimensional complex vector bundles. Given c e h* (B U(/7)) and a classifying 
map /: B —> B\J(n) of the bundle ^ over B we set c(^) = f*(c) and call c(£) 
a characteristic class. With this definition, the naturality (p*c(rj) = c(f) holds for 
each bundle map <p\ t- —> r]. Theorem (19.3.2) shows that it suffices to work with 
d. The corresponding characteristic class c,- (f) is called the i-th Chern class of £ 
with respect to the chosen Thom class t aQ . It is sometimes useful to consider the 

total Chern class c(f) = 1 + (q (£) + (' 2 (f) H-£ h*(B ) of a bundle over B ; the 

sum formula then reads c(f © rj) = c(f) kj c(t]). 

The preceding results can in particular be applied to integral singular coho¬ 
mology. Complex vector bundles have a canonical orientation and a canonical 
Thom class. There are two choices for the element t <*,, they differ by a sign. 
We use the element that satisfies (tiJCP 1 ]} = 1 (Kronecker pairing), where 
[CF 1 ] e 7/2 (CP 1 ; Z) denotes the canonical fundamental class determined by the 
complex structure. 

Chern classes are stable characteristic classes, i.e., (j (£) = c/(£ © e) if e 
denotes the trivial 1-dimensional bundle; this follows from the sum formula (19.2.6) 
and (j (e) = 0 for i > 0. This fact suggests that we pass to the limit n —»• 00 . 
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(19.3.3) Example. The complex tangent bundle TCP n of the complex manifold 
CP" satisfies TCP" ©£=(« + l)rj n +i, see (15.6.6). Therefore the total Chern 
class of this bundle is (1 + £i(??n+i))" +1 - O 

Let co : BU(n) — B U(n + 1) be a classifying map for y„ © s. Then co*Ci — Ci 
for i < n and co*c n + i = 0. Let U = colim„ U(«), with respect to the inclusions 

U(«) ->• U(n + 1), 


be the stable unitary group. The classifying space PU is called the classifying 
space for stable complex vector bundles. We think of this space as a homotopy 
colimit (telescope) over the maps BXJ(n) —> B U(n + 1). By passage to the limit 
we obtain (since the lim 1 -term vanishes by (17.1.7)): 

(19.3.4) Theorem. h*(B\J) ^ lim/CPU(n) ss h*[[a,c 2 ,...]]. □ 

(19.3.5) Example. Let K m n : B U( in ) x B U( n ) —> BU(m + n) be a classifying 
map for y m x y„ = prj y m © prj y n . We use the elements cj = Cj (pr* y m ) and 
c" = Cj (pi '2 y>i ) and obtain 

(1) x BU(n)) = h*[[c [,..., c' m , c" ..., c"]]. 


Moreover, by the sum formula, 


( 2 ) 


i c k = Hi+j=k c 'i c r 


The map K* m n is continuous in the sense that the effect on a formal power series in 
the variables c \,..., c m + n is obtained by inserting for c/, the value (2). 

For the proof of (1) one can use the theory h*(BU(m) x —) and proceed as 
for (19.3.2). In the case of integral singular cohomology one has the Kiinneth 
isomorphism and K* n n becomes the homomorphism of algebras 


(3) T[ci,c 2 , ■ ■ .,c m+n \ -* Z[ci,.. ,,c m ] ® Z[ci,..., c n \ 


determined by Cfe X^i+y=jfc c '/ C ('/ ■ Since formal power series are not compatible 
with tensor products, one has to use a suitably completed tensor product for general 
theories if one wants a similar statement. 

The maps K m n combine in the colimit to a map k : B U x B U —> B U. It is 
associative and commutative up to homotopy and there exists a unit element. A 
classifying map for the "inverse bundle” yields a homotopy inverse for k. With 
these structures B \J becomes a group object in h-TOP. The precise definition and 
the detailed verification of these topological results are not entirely trivial. We 
are content with the analogous algebraic result that we have a homomorphism 
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h*(B U) h*(B U x B U) determined by the sum formula and continuity. The 

inverse i*: h * (5 U) — h*(B U) is determined by the formal relation 

(1 T Cl -j- C2 + •••)(! + t*(ct) + L* (c 2 ) + • • •) = 1. 

It allows for an inductive computation t* ci = —Ci,i*C 2 = c 2 —('2 etc. We also have 
the homomorphism of algebras (3) for B U. It will be important for the discussion 
of the Hopf algebra structure. O 

(19.3.6) Example. We know already K( Z,2) = CP°° = BS 1 = 511(1) ~ 
/iGL] (C). A numerable complex line bundle £ over X is determined by its classi¬ 
fying map in 

H 2 {X- Z) = [X,CP°°] = [X, PU(1)]. 

The corresponding element in ci(f ) e II 2 (X : Z) is the first Chern class of £. O 

(19.3.7) Proposition. The relation = c\(%) + c\(rj) holds for line bundles 

£ and rj. 

Proof. We begin with the universal situation. We know that // 2 (0 )0 °; Z) = Z is 
generated by the first Chern class c of the universal bundle y = y \. Let k : C P 00 x 
CP 00 —>• CP 00 be the classifying map of y®y. Letpr y : CP“xCP°° —> CP°° 
be the projection onto the j -th factor. Then H 2 ( CP°° x CP°°; Z) has the Z-basis 
7i, P 2 with Tj = pr*(c). There exists a relation k * c 1 (y) = a\e 1 + « 2 <?2 with 
certain at e Z. Let i\ : CP°° — > CP°° x CP°°, x (x, Xo) for fixed xo- Then 
i*e 1 = Ci(y), since pr, z'i = id, and z'*e 2 = 0 holds, since pr 2 z'i is constant. We 
compute 

«i ci(y) = i*k*ct(y) = c,(z:,*/c*y) = ci(z'*(pr* y <g> pr 2 y)) = ci(y), 

since z* pr* y — y and i* pr 2 y is the trivial bundle. Hence a \ = I, and similarly 
we see a 2 = L 

We continue with the proof. Let k^.k v \ B —> CP 00 be classifying maps of 
£ and ?/. Then ci(£) = L|ci(y) and similarly for rj. With the diagonal d the 
equalities f ® r] = d*{f®ri) — d*(kg x k v )*(y<giy) hold. This yields 

ci(f <8)»?) = c 1 (d*(k ? x ^)*(y<g>y)) 

= rf*(fc f X *„)*(«! +g 2 ) 

= x *„)*prt ci(y) + <**(** x *„)* pr* ci(y) 

= ^ Cl (y) + ^ Cl (y) 

= ci(f) + c 2 (»?), 


since k% = pr j(/:j x /:^)J holds. 


□ 
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(19.3.8) Proposition. Let £: E(tj) —> B be an n-dimensional vector bundle and 
p^: P(X) —■* B the associated projective bundle. The induced bundle splits 
PgO;) — £i © £' into the canonical line bundle over the projective bundle 
and another (n — \)-dimensional bundle tj'. 

Proof. Think of f as associated bundle E x U ( n) C" —>■ B. Let H be the subgroup 
U(n — 1) x U(l) of U(«). We obtain the pullback 

E x H € n - x x C ^ E x u(n) (U(n) x H €")-> E x u(n) C" 

I 1 

E/H 3 E x u( „, (U(n )/H) -> B 

and this implies the assertion. □ 

We now iterate this process: We consider over P(f) the projective bundle P(f'), 
et cetera. Finally we arrive at a map / (f): F(£) —>■ B with the properties: 

(1) /(£)*£ splits into a sum of line bundles. 

(2) The induced map /(§)* : h*(B ) —> h*(F( §)) is injective. 

Assertion (2) is a consequence of (19.2.2). 

A model for /(£) is the flag bundle. The flag space F(V) of the 77-dimensional 
vector space V consists of the sequences (= flags) 

{0} = Vo C V x C ••• C V n = V 

of subspaces Vi of dimension i. Let V carry a Hermitian form. Each flag has 
an orthonormal basis b\,... ,b n such that Vj is spanned by b\ ,..., bi. The basis 
vectors bj are determined by the flag up to scalars of norm 1. The group U(7i) 
acts transitively on the set of flags. The isotropy group of the standard flag is the 
maximal torus'!'(77) of diagonal matrices. Hence we can view F( V ) as \J(n)/T(n). 
The flag bundle associated to E Xy(„) C” is then 

/(£): F(f) = E x u(n) U(77)/T(7!) ^ E/T(n) -► B. 

We can apply this construction to a finite number of bundles. 

(19.3.9) Theorem (Splitting Principle). Let ^ be complex vector bundles 

over B. Then there exists a map f : X —>• B such that /*: h*(B) —> IT(X) is 
injective and is for each ijj a sum of line bundles. □ 

We now prove (19.0.1). Consider the exact cohomology sequence of the pair 
(E(y n ), E°(y n )). We can use E°(y n ) as a model for BU(n — 1). The projection 
E(y n ) —> B U (n) is an h-equivalence. Our computation of h*(B\J(n)) shows that 
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we have a short exact sequence 

0 -»• h 2n (E(y„), E°(y n j) —> h 2n (E(y n )) h 2n (E°{y n ) -> 0 

h 2n (BU(n)) —>h 2n (BU(n - 1)). 

The element c„ lies in the kernel of i *. It therefore has a unique pre-image 
t(y n ) € h 2n (E(y n ), E°(y n )). For an n -dimensional numerable bundle f: E(%) —>• 
B we define /(£) e h 2n (E(i;)E 0 (£)) to be the element K*t(y n ) with a classifying 
map k\ £ —>• y„. Then the elements t(f) are natural with respect to bundle maps. 
From the relation (c m + n ) = c^c" we conclude (by naturality) t(y m )xt(y n ) = 
t(y m x y n ) and then ?(£) x / (r;) = t(£ x ij) for arbitrary numerable bundles. 
The element f(yi) € h 2 (E(y\). E°(y\)) corresponds to the chosen element t 0 0 e 
h 2 (<CP°°). The restriction of t (y„) to yj x • • • x y 1 yields t (yi) x • • • x t(y\). This 
is a Thom class, since products of Thom classes are Thom classes. This shows that 
t(y„) is a Thom class. 

19.4 Stiefel-Whitney Classes 

The theory of Chern classes has a parallel theory for real vector bundles. Suppose 
given an element e h 1 (R / J 00 , *) c /? 1 (R F 00 ) such that its restriction to t\ e 
/i 1 (IRP 1 , *) is a generator of this /?°-module. Then there exists an isomorphism 

h*[T]/{T n+1 ) =* h*(\RP n ) 

which sends T to the restriction t n of t 0 0 . This is then used to derive isomorphisms 

h*(X x R P n ) c* h*{X)[u\/(u n+l ), 
h*(X x R/* 00 ) ^ h*(X)[[u]l 
h*((^P°°) n ) ^h*[[T u ...,T n ]]. 

The projective bundle P(^) of a real vector bundle £ over B yields a free h* (51- 
module h*(P (£)) with basis I , r^ -1 , and there exists a relation 

e£„( D / "7(f )/;' j = o 

with elements Wj(tj) e h J (B) which satisfy the sum formula 

© rj) = J2i+j=r Wi^)Wj(rf) 


where w 0 (^) = 1 and Wj(£) = 0 for j > dim £. These elements are natural 
with respect to bundle maps, hence characteristic classes. We obtain an injective 
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map k* : h*(BO{n)) — h*(B 0(1)”). The classes uq,..., w„ which belong to the 
universal //-dimensional bundle over BO(n) yield 

h*(BO(n))^h*[[w 1 ,...,w n ]]. 

The image of wj under k* is the j - th elementary symmetric polynomial in the 

T\ . T n . We pass to the limit n —> oo and obtain li*BO as a ring of graded 

power series in w \, u> 2 >... with wj of degree j. The Wj are the universal Stiefel- 
Whitney classes. The Stiefel-Whitney classes are natural, stable, and satisfy the 
sum formula. There holds a splitting principle for real bundles. We write w/(£) = 
1 + W\ (£) + 11 ) 2 ( 1 ;) + ••• for the total Stiefel-Whitney class of £; then the sum 
formula reads u/(f © rj) = w/(f) kj w(rj). 

The existence of the universal element has the consequence that the unit element 
1 e h° is of order 2, so that the cohomology groups consist of Z/2-vector spaces 
and signs can be ignored. This result is due to the fact that multiplication by —1 in 
the fibres of vector bundles is a bundle map. If we apply this to the universal one- 
dimensional bundle, then we see that this bundle map preserves the Thom class too ■ 
On the other hand, if we restrict to t\ e h 1 (R / J1 , *), this bundle map is of degree — 1 
and changes the sign of t\. Since t\ corresponds under suspension to a unit of h°, 
we conclude that 1 = — 1 e h°. 

One shows as in the complex case that the theory is R-oriented. One can apply 
these results to singular cohomology with coefficients in Z/2. There is a unique 
choice for the universal element foo e //' (R/ JO °: Z/2). The resulting characteristic 
classes are the classical Stiefel-Whitney classes. 

(19.4.1) Example. The tangent bundle r of R.P” satisfies r © e = (n + ) )r] 
with the canonical line bundle rj. The total Stiefel-Whitney class of r is therefore 
(1 + w) n+l e H*(\RP n ) = J./2[w]/(w) n+1 . Suppose R.P" has an immersion 
into R” + *. Then r has an inverse bundle of dimension k. the normal bundle of this 
immersion. Suppose n — 2 r . Properties of binomial numbers modulo 2 show that 
w(z) = I + w + w n . If v is inverse to r, then w(r)w(v) = 1, and this implies in 
our case vu(v ) = 1 + w + w 2 + • • • + w n ~ l . This shows that an inverse bundle 
must have dimension at least n — 1. Therefore R 7" 1 has for n of the form 2 k no 
immersion into R 2 ” -2 . O 

19.5 Pontrjagin Classes 

We now discuss characteristic classes for oriented bundles. Suppose /1 (/) —B 
is an oriented n -dimensional real vector bundle. The orientation determines a Thom 
class l (/) e fl n (B(q). /f () (/)) by the requirement that a positive isomorphism 
ib '■ R” —> B(kh) sends I (/) to the generator e II" (R". R” \ 0) which is dual 
to the generator e n = e\ x ••• x e\ e //„(R”, R" \ 0), i.e., (e^ n \e„) = 1. This 
definition implies xe (,I) = (— i) m « e ( m +«) and has the following consequences: 
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(19.5.1) Lemma. Let f and t] be oriented bundles and give tjxr) the sum orien tation. 

Then t(f x rj) — (— (|) x and e(% © rf) — (— l)^^e(^)e(rj). Here 

||| = dim I. □ 

Let £: E —> B be a real vector bundle. It has a complexification £c = (8 rC. 
We take £ © £ with complex structure J(x, y ) = (—y, x) on each fibres as a model 

for tc- 

Let t, be a complex n -dimensional bundle and the underlying 2«-dimensional 

real bundle. If i>i,..., v n is a basis of a fibre, then v\ , i v\ . v n , iv n is a basis of 

the fibre of and it defines the canonical orientation. 

(19.5.2) Lemma. Let £ be an oriented n-dimensional real bundle. Then (£c)lR 

in our model for above is isomorphic to (—1 )”(" _1 )/ 2 £ © £ as an oriented 
bundle. The factor indicates the change of orientation, and £ © £ carries the sum 
orientation. □ 

(19.5.3) Proposition. Let £: E —> B be a complex n-dimensional bundle. Con¬ 
sider it as a real bundle with orientation and canonical Thom class induced by the 
complex structure. Then c n (f) = e(£) e H 2n (B\ Z). 

Proof. This holds for 1-dimensional bundles by definition of c i. The general case 
follows by an application of the splitting principle and the sum formula. □ 

We set 

Pl (f) = (-\y C2i (f c )e H 4i (B:Z) 

and call this characteristic class the i-th Pontrjagin class of © The bundle is 
isomorphic to the conjugate bundle £c- The relation c,- () = (— l)'c,-(£) holds in 
general for conjugate bundles. Hence the odd Chem classes of are elements 
of order 2. This is a reason why we ignore them for the moment. The Pontrjagin 
classes are by definition compatible with bundle maps (naturality) and they do not 
change by the addition of a trivial bundle (stability). The next proposition justifies 
the choice of signs in the definition of the P j. 

(19.5.4) Proposition. Let £ be an oriented 2k-dimensional real bundle. Then 
Pkif) = e(f) 2 . 

Proof. We compute 

PkG) = (~l) k C2k(^) = (-1 ) k e2k((fcW = (-! } k+ 2 «2k-l)l2 e(j : ffi |) 

= © I) = (-l) 2 fe 2 Mt ) 2 = e(l) 2 - 

We have used (19.5.1), (19.5.2), and (19.5.3). □ 

One can remove elements of order 2 if one uses the coefficient ring R — Z[f ] 
of rational numbers with 2-power denominator (or, more generally, assumes that 
f e R). The next theorem shows the universal nature of the Pontrjagin classes. 
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(19.5.5) Theorem. Let pj denote the Pontrjagin classes of the universal bundle 
and e its Euler class. Then 

H* (BSO(2n + V}\ R) ^ R[ Pl , ... p n ], H*(BSO(2n)\ R) ^ R[ Pl . p„-i,e]. 

Proof. Induction over n. Let £„ : ESO{n) x SO („) R” —> BSO(n) be the universal 
oriented n-bundle and p : BSO(n — 1) —> BSO(n) the classifying map of % n -\ © £• 
As model for p we take the sphere bundle of . Then we have a Gysin sequence 
at our disposal. Write B n — BSO(n) for short. 

Suppose/; is even. Then, by induction, H *(B n -i) is generated by the Pontrjagin 
classes, and p* is surjective since the classes are stable. Hence the Gysin sequence 
decomposes into short exact sequences. Let H* denote the algebra which is claimed 
to be isomorphic to H*{B n ). And let p n : H* —> H*(B n ) be the homomorphism 
which sends the formal elements P j , e onto the cohomology classes with the same 
name. We obtain a commutative diagram 


0 - >H i {B n ) 

0- >w n - 


H i+n (B n )-^H i+n (B n - 1 ) 


| Mn 

-> HL +n 


//, 


^n— 1 
1+71 _ 


71 — 1 


-^0 

> 0 . 


By induction, ji n -i is an isomorphism. By a second induction over i the left arrow 
is an isomorphism. Now we apply the Five Lemma. In order to start the induction, 
we note that by the Gysin sequence ji n \ H l n H 1 (B n ) is an isomorphism for 
i < n. 

Suppose n = 2m + 1. The Euler class is zero, since we use the coefficient 
ring R. Hence the Gysin sequence yields a short exact sequence 

0 W(B„) ^ HJ(B n -1 ) HJ~ 2m (B n ) 0. 

Therefore H* ( B n ) is a subring of H* ( B„ _i) via p*. The image of p* contains the 
subring P* generated by p \,.... p m . We use p m = e 2 . The induction hypothesis 
implies 

rank H j (B n - X ) = rank P j + rank pJ~ 2m . 

The Gysin sequence yields 

rank// 7 (5„_i) = rank ff J { B„ ) + rank H J '~ 2m (B n ). 

The equality rank / J / = rank H J (B n ) is a consequence. If p*H J ' (B n ) f / J / 
then the image would contain elements of the form x + ey, x e P J , y e pJ~ 2m . 
Such an element would be linearly independent of the basis elements of P*. This 
contradicts the equality of ranks. □ 
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(19.5.6) Example. Let £ be a complex bundle. Then (£r)c is isomorphic to £ © £. 
An isomorphism from £r © £r with the complex structure (x, v) i-> (— y, x) is 
given by 


(x, v) H* 


x + iy ix + y\ 

V2 ’ V2 )' 


Hence the /?,(£r) = (-1 )'c 2i (£ © £) = (~0' ’Ea+b=2i(~ l ) bc a(0^b(0- Since 
SO(2) = U(l), an oriented plane bundle £ has a unique complex structure £ such 
that £r = £. The total Pontrjagin class of £ is therefore 1 + Ci (£) 2 . O 


(19.5.7) Example. Let r = TCP" denote the complex tangent bundle of CP". 
Then tr is the real tangent bundle. In order to determine the Pontrjagin classes we 
use (tr)c = t©t. The total Chern class of this bundle is (1 +c)" +1 (l —f)” +1 = 
(1—c 2 )" +1 if we write//* (CP") = Z[c]/(c" +1 ) withe = ci(/?„+i), see(19.3.3). 
Hence the total Pontrjagin class of C P", i.e., of its tangent bundle with the canonical 
orientation, is (1 + c 2 )" +1 . O 


Problems 

1. The Pontrjagin classes are stable. Under the hypothesis of (19.5.5) we obtain in the limit 
H*(BSO;R) ^ R[pi, P 2 ,-■ ■]■ The sum formula p*(£ © r]) = Ei+y=* Pi (£)P/0?) 
holds (po = 1). 


19.6 Hopf Algebras 

We fix a commutative ring R and work in the category P-MOD of left P-modules. 
The tensor product of P-modules M and N is denoted by M © ;V. The natural 
isomorphism r: M <g> N —> N <S> M, m <S> n n <8> m expresses the commutativity 
of the tensor product. We have canonical isomorphisms /: P©M —M,A®m m> 
A m and r : M ® P ^ M, m ® A w Am. Co-homology will have coefficients in 
P, if nothing else is specified. 

An algebra (A , m, e ) in P-MOD consists of an P-module A and linear maps 
m\ A <g> A — »• A (multiplication), e: R —>■ A (unit) such that in(e ® 1) = /, 
m( 1 ® e) = r. If m(m <g> 1) = m( 1 C in) holds, then the algebra is associative, 
and if mr = m holds, the algebra is commutative. Usually we write in (a ® b) = 
a ■ b = ab. We use similar definitions in the category of Z-graded P-modules (with 
its tensor product and interchange map). 

(19.6.1) Example. Let I be a topological space. Then the graded P-module 
H*(X) becomes a (graded) associative and commutative algebra with multiplica¬ 
tion 


m: H*(X) ® H*(X) -+ H*(X x X) H*(X), 
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where the first map is the x-product and the second map is induced by the diagonal 
d : X —> X x X. The unit is the map induced by the projection X —> P onto a 
point P. O 

A coalgebra (C, /i. e) in /s'-MOD consists of an W-module C and linear maps 
fi\ C —> C 0 C (comultiplication), e: C —> R (counit) such that (e® l)/x = / -1 , 
(1 ® e)fji — r -1 . If (n ® 1 )n = (1 ® /x)/x holds, the coalgebra is coassociative, 
and if r/x = /x holds, the coalgebra is cocommutative. 

(19.6.2) Example. Let X be a topological space. Suppose H*(X) is a free 
R-module. The graded /^-module //*(X) becomes a (graded) coassociative and 
cocommutative coalgebra with comultiplication 

At: H*(X) -+ H*(X x X) ss H m (X) ® H*(X) 

where the first map is induced by the diagonal d and the isomorphism is the Kunneth 
isomorphism. The counit is induced by X —> P. O 

A homomorphism of algebras tp\ (A. m , e ) —>■ (A'. in. e') is a linear map 
(p: A —> A' such that <pm = m((p ® < p) and e' = <pe. A homomorphism of 
coalgebras i fr\ (C,/i,s) —> (C\[i',e r ) is a linear map i j/\ C —>• C’ such that 
(i/r ® i/fj/z = /r'i/r and e'i/r = e. A continuous map /: X —>■ Y induces a homo¬ 
morphism /*: H*(Y) H*(X) of the algebras (19.6.1) and a homomorphism 

/* : H*(X) —>■ //*(T) of the coalgebras (19.6.2). 

The tensor product of algebras (A ; -, m,, a) is the algebra (A, m , e) with A — 
A\ ® Aj and m — (m\ ®W 2)(1 ®t® 1) ande = ei®e 2 : R = R®R —*■ Ai®A 2 . 
The multiplication m is determined by (a\ ® U 2 )(b\ ® 62 ) = a 1 b\ ® (with 
the appropriate signs in the case of graded algebras). The tensor product of co¬ 
algebras (Ci , /ij , £/) is the coalgebra (C, /!, e) with C = Ci ® C 2 , comultiplication 
ji = (1 ® t ® l)(Ati 0 H 2 ) and counit e = £ 182 : Ci 0 C 2 —>• 1? 0 R = /?. 

Let (C, /x, e) be a coalgebra. Let C* — Hom(C, W) denote the dual module. 
The data 

m : C* 0 C* (C 0 C)* C* 

s* 

and c: R ^ R* —> C* define the dual algebra (C*, m, e) of the coalgebra. (The 
first map is the tautological homomorphism. It is an isomorphism if C is a finitely 
generated, projective .R-module.) 

Let (A,m,e) be an algebra with A a finitely generated, projective .R-module. 
The data 

m* 

li: A* —► (A 0 A)* ^4*0/ 

e* 

and s: A* —> R* = R define the dual coalgebra (A*. ji, e) of the algebra. 

In the case of graded modules we take the graded dual; if A = (A n | n e No), 
then the dual is (A n = Hom(A„, R) | n e N 0 ). 
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(19.6.3) Example. Let k : II*(X) —> Hom( IL,(X ). R) he the map in the universal 

coefficient sequence. Then k is an isomorphism of the algebra (19.6.1) onto the 
dual algebra of the coalgebra (19.6.2). O 

(19.6.4) Proposition. Let C be a coalgebra and A an algebra. Then Hom(C, A) 
carries the structure of an algebra with product a * ft = m(a ® ft)p, for a, ft e 
Hom(C, A), and unit ee. The product * is called convolution. 

Proof. The map (a, /?) m- a <8> ft is bilinear by construction. The (co-)associativity 
of m and p is used to verify that * is associative. The unit and counit axioms yield 

a * (ee) = m(a ® ee)p = m{\ <g> e)(a <S> 1)(1 ® e)p = a. 

Hence ee is a right unit. □ 

A bialgebra (H. m , e, p. e) is an algebra ( II. m, e) and a coalgebra ( II. p, e) 
such that p and e are homomorphisms of algebras. (Here II X) II carries the tensor 
product structure of algebras.) The equality pm = (m ® m)(l ® r ® 1)(// <g> p) 
expresses the fact that p is compatible with multiplication. The same equality says 
that m is compatible with comultiplication. This and a similar interpretation of the 
identities id = ee, pie = (e <S> <?)/L m(e ® e) = em is used to show that a bialgebra 
can, equivalently, be defined by requiring that m and e are homomorphisms of 
coalgebras. A homomorphism of bialgebras is an R -linear map which is at the 
same time a homomorphism of the underlying algebras and coalgebras. 

An antipode for a bialgebra II is an .s e Hom( II. H ) such that 5 is a two- 
sided inverse of id(//) e Hom(//, II) in the convolution algebra. A bialgebra with 
antipode is called Hopf algebra. 

(19.6.5) Example. Let X be an //-space with multiplication p\ X x X —> X and 
neutral element x. Then 

m : H*(X) ® HAX) -^/l,(lxl)4 H*{X) 

is an algebra structure on //* (X) with unit induced by {x} C X. Suppose //* (X) is 
a free /^-module. Then the algebra structure m and the coalgebra structure (19.6.2) 
define on H*(X ) the structure of a bialgebra. An inverse for the multiplication p 
induces an antipode. 

Suppose H* (X) is finitely generated and free in each dimension. Then 

p: H*(X) H*{X x X) ^ H*(X) ® H*(X) 

is a coalgebra structure and together with the algebra structure (19.6.1) we obtain 
a bialgebra. Again an inverse for p induces an antipode. The duality isomorphism 
H*(X ) —»• Hom(Z/*(X), R) is an isomorphism of the bialgebra onto the dual 
bialgebra of H*(X). 
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This situation was studied by Heinz Hopf [91]. The letter A for the comultipli¬ 
cation (and even the term “diagonal”) has its origin in this topological context. For 
background on Hopf algebras see [1], [182], [142], [138]. O 

(19.6.6) Example. The space CP 00 is an //-space with multiplication the clas¬ 
sifying map of the tensor product of the universal line bundle. The algebra struc¬ 
ture is H*{CP°°\ Z) = Z[r] with c the universal Chern class ci. Let [CP'] e 
H 2 i (CP 00 ; Z) denote the image of the fundamental class of CP' under the ho¬ 
momorphism induced by the embedding CP' —> CP°°. The coalgebra structure 
is determined by /z(c) = c <g> 1 + 1 ® c, see (19.3.7). Since (c n , [CP"]) = 1 
(see the proof of (18.7.2)), the dual Hopf algebra //*(CP°°; Z) has an additive 
basis Xf — [CP']./ e No; by dualization of the cohomological coalgebra struc¬ 
ture we obtain the multiplicative structure x,- • Xj — (/, /)x,-+/ with (/, j ) = 
(/ + /)!/(/!/!). Geometrically this means that the map CP' x CP 7 —> CP l+J ', 

([x 0 ,..., Xi], [y 0 , • • ■, >’/]) i-» [Zo . z i+ j] with z k = J2a+b=k x aVb has degree 

(/, j). The comultiplication in //*(CP°°) is ji(x n ) = J2i+j=n x i x j- O 

We generalize the Hom-duality of Hopf algebras and define pairings. Let A and 
B be Hopf algebras. A pairing of Hopf algebras is a bilinear map A x B —> R, 
( a,b ) hx (a, b) with the properties: For x, y e A and u. v e B 

(xy,u) = (x <E> y, /x(u)), (x,uv) = (n(x),u ® v), 

(l,u) — e{u), (x, l) = e(x). 

The bilinear form (— , —) on A x B induces a bilinear form on 
by (x ® y, u <8> v) = (— 1)IJ'II“I (*, u)(y, v). This is used in the hrst two axioms. 
A pairing is called a duality between A, B, if (x,u) = 0 lor all u e B implies 
x = 0, and (x,u) = 0 for all x e A implies u = 0. An example of a pairing is the 
Kronecker pairing II * (X ) x //* ( X ) — > R in the case of an H- space X. 

An element x of a bialgebra H is called primitive, if /x(x) = x< 8 >l + l< 8 >x. 
Let P(H) C H be the R -module of the primitive elements of H. The bracket 
(x, y) i-> [x, y] = x v — yx defines the structure of a Lie algebra on P(H). The 
inclusion P(H ) C H yields, by the universal property of the universal enveloping 
algebra, a homomorphism i: U(P(H)) -x H. For cocommutative Hopf algebras 
over a field of characteristic zero with an additional technical condition, i is an 
isomorphism [ 1 , p. 110 ]. 

(19.6.7) Example. A coalgebra structure on the algebra of formal powers series 
R[[x]] is, by definition, a (continuous) homomorphism /i: P[[x]] —x P[[xi, X 2 ]] 
with (/i <g> 1 )/i = (1 ® /i)/I and e(x) = 0. Here P[[xi, X 2 ]] is interpreted as a 
completed tensor product /?[[xi]]®/?[[x 2 ]]. Then ji is given by the power series 
jx(x) = F(x 1 , X 2 ) with the properties 

F(x, 0) = 0 = F( 0, x), F(F(x, y), z) = F(x, F{y, z)). 

Such power series F are called formal group laws. O 
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Problems 

1. The Group algebra. Let G be a group and RG the group algebra. The /^-module RG 
is the free ^-module on the set G, and the multiplication RG (g> RG = R ( G x G) —► RG 
is the linear extension of the group multiplication. This algebra becomes a Hopf algebra, if 
we define the comultiplication by ji(g) = g <8> g for g e G, the counit by s(g) = 1, and the 
antipode by s(g) = g~ l . 

Let G be a finite group and 0(G) the ^-algebra of all maps G —> R with pointwise 
addition and multiplication. Identify 0(G x G) with 0(G) (g> 0(G). Show that the group 
multiplication m induces a comultiplication p = m* : 0(G) —> 0(G x G). The data 
s(f) = /(l) and s(f )(g) = fig -1 ) complete 0(G) to a Hopf algebra. Evaluation 
at g e G defines an algebra homomorphism 0(G) —> R. Show that G is canonically 
isomorphic to the group A Hom(0(G), R) of Problem 2. 

An element g in a Hopf algebra H is called group-like if pig) = g ® g and e(g) = 1 . 
The set of group-like elements in H is a group under multiplication. The inverse of g is s(g). 

2. Let D be a Hopf algebra and A a commutative algebra. The convolution product induces 
on the set A Hom(Z), A) of algebra homomorphisms D —> A the structure of a group. 

3. Let H be a Hopf algebra with antipode s. Then s is an anti-homomorphism of algebras and 
coalgebras, i.e., s(xy) = s(y)s(x), se = e, es = s, r(s <g> s)p = ps. If H is commutative 
or cocommutative, then s 2 = id. 

4. Let H i and H 2 be Hopf algebras and a : H\ —> H 2 a homomorphism of bialgebras. 
Then a commutes with the antipodes. 

5. Let R be a field of characteristic p > 0. Let A = R[x\/(x p ). The following data define 
a Hopf algebra structure on A: ji(x) = x<8>l + l<8>x, e(x) = 0, six) = —x. 

19.7 Hopf Algebras and Classifying Spaces 

The homology and cohomology of classifying spaces B U, BO, B SO lead to a Hopf 
algebra which we will study from the algebraic view-point in this section. The poly¬ 
nomial algebra R[a\ = R[ci\ , aj,.. ■ ] becomes a Hopf algebra with coassociative 
and cocommutative comultiplication determined by A (a n ) = ^2 p+q=n a p ® a q 
and a 0 — 1. We consider the algebra as a graded algebra with a, of degree i. 
(In the following we disregard the signs which appear in graded situations. An¬ 
other device would be to assume that the a, have even degree, say degree 2 i, or 
that R has characteristic 2.) Let p = (p)..... p r ) e Nq be a multi-index with r 
components. We use the notation a p = a ^ 1 ... a Pr . The monomials of type a p 
(for arbitrary r ) form an R -basis of R\a]. The homogeneous component R[a] n of 
degree n is spanned by the monomials a p with ||p|| = p\ + 2p 2 + • • • + rp r = n. 

We have an embedding R[a\, ..., a n \ —> R[a\,... ,a n \ where fly is the /-tli 
elementary symmetric polynomial in the a\,...,a n . The embedding respects the 
grading if we give aj the degree 1. The image is the subalgebra of symmetric 
functions. The a p with p e NJj form an R -basis of the symmetric polynomials. 
Another, more obvious, /A has is is obtained by starting with a monomial 
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a 1 — aft ... aft and sum over the -orbit of I — (z i,..., i n ). Let us write 
/ ~ J if (ji ,..., j n ) is a permutation of (z 1 ,..., i n ). The polynomials 

S/(at. • • • ,a n ) = E/~/ aJ 

form an R -basis of the symmetric polynomials in R[ai,... ,a n \. The family / = 

(z i ,...,/„) is called a partition of 1 I \ = z i + z 2 H-b z„; in the case that / ~ J, 

we say that / and ./ yield the same unordered partition. We can write £/ as a 
polynomial in the a \,... ,a n and denote it by ay(«i ,.... a„). The monomials 
a p which are summands of ay have degree ||p|| = |/|. Thus oi(ci\,... ,a n ) = 
<Ji(a i— ,a n - 1 , 0 ) = oi(a\,.. .,a n - i) forzz > |/|. 

(19.7.1) Lemma. If I is a partition of k and n > k, then o/ (a i.zz^) zT zzz- 

dependent of n. We consider it as a polynomial in /?[zz]. In this way we obtain 
another R-basis of R[a\ which consists of the polynomials <jj. The homogeneous 
component of degree n is spanned by the aj with I an ( unordered ) partition ofn. 

□ 

Consider the formal power series 

U n = ri/ = l(l + a lPj + a 2Pj + • •') € • • • > Pn]]- 

The series has the form a p (ft\, .... ft,, ) where the sum is taken over the 
multi-indices p — (pi,p r ) with p = ff- pj < n. The polynomial iP/ft * is 

symmetric in the ft\, _ ft„. Hence we can write it as polynomial bjf- (h t . b n ) 

where b^ is the k -th elementary symmetric polynomial in the variables ft\ . ft,,. 

For p = (pi,..., p r ) let 7(p) denote the multi-index (z'i__ i m ) with i v = j 

for pi + • • • + py—i < v < pi + ■ ■ ■ + pj, i.e., we begin with pi entries 1, then p 2 

entries 2 and so on; hence m = pi H- \- p r = |p| and Y^k=i 4 = |/(p)| = ||p||, 

i.e., I(p) is a partition of ||p || with (weakly) increasing components. In the notation 
introduced above 

B { p\ft I . ftn) = ^i(p)(P i. Pn), b { p\bi . b„) = a I{p) (bi,...,b n ). 

The polynomial b p l 1 only involves the variables b\..... b\n f p\ and is independent 
of n for n > |/(p)|. We denote this stable version by b p . The b p form an /C has is 
of the symmetric polynomials in R[P]. In this sense we can write formally 

n=i(l + «i& +a 2 pj + •••) = T.p aP bp = Y,n> 0 U i n \ 

where U[n\ is the finite partial sum over the p with ||p|| = n (although the infinite 
product itself is not defined). The reader may verify 

t/[l] = ciibi 

U[2] — a\b 2 + a 2 b\ — 2a 2 b 2 

f/[3] = a\bj, + a 2 bi + aibia 2 b 2 + ha-ibj, — 3aia 2 b 2 — 3ci3bib 2 . 
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The polynomials U[n] are symmetric in the a's and the b’ s 

U[n](ai,. ..,a n ;bi — ,b„) = U[n\(bi, — b n ;ai, — a n ). 

In order to see this note that U = lint,,, ,, U m , n with 

^« = nr=in- =1 (i+«/^) 

= n;=t(l + aifij + • • • + a m ( 3 ™) = nf=t(l + b\ai + • • • + b n a"). 

(19.7.2) Lemma. Let us write A(a p ) — 5E T a£ T a CT ®a x andb a -b x = Y2 p bo X b p . 
Then a p ax = b£ x . 

Proof. The definition of the b p x implies the relation h < f >) ■ h[ n} = ^f p h p x bp I> . We 
compute 

E P ( E<t,t a or a0 ® « T ) fc p” } = Ep Ma p )b ( p n) 

— nU + + A (a 2 )Pf + • • •) 

= no + ( a i ® i )Pi + ( fl 2 ® i )ff + •••) 

• r~[(l + (1 <8> 01 )Pi + (1 ® tl2)ff + • • •) 

= (E> ff ® i)bi n) ){ E t d ® cP)b^) = Y.oM a ® a r )*W ) 

= Ear( 0<T ® b t )J2 p b P x b < f ) . 

Now we compare coefficients and obtain ff p a p x b^ — ff p b^b^. The sum is 
finite in each degree. We pass to the stable values b p and compare again coefficients. 

□ 

Let Hom(l?[fl], R) be the graded dual of R[a]. We can view this as the module 
of /^-linear maps R\a] —> R which have non-zero value only at a finite number of 
monomials. Let a* he the dual ofa p , i.e., a*(o a ) = S p . The Hopf algebra structure 
of R[a] induces a Hopf algebra structure on Horn (/'’[«], R). The basic algebraic 
result of this section is that the dual Hopf algebra is isomorphic to the original Hopf 
algebra. 

(19.7.3) Theorem. The homomorphism 

a : Hom(«[a], R) — R[b], f h* ]T p f{a p )b p 

is an isomorphism of Hopf algebras. The generator bj is dual to a\, that is, 

a ((«!)*) = b f . 

Proof. The dual basis element of a p is mapped to b p . Therefore a is an /Alinear 
isomorphism. It remains to show that a is compatible with the multiplication and 
the comultiplication. 
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We verify that a is a homomorphism of algebras. 

a (f) a (g) = (Ect /(OM(EtS( flr )M = E<r,r f(a Cr )g(a r )(J2 p ba,rbp). 

The coefficient of b p in a(f ■ g) is (/ ■ g)(a p ) and 

( f-g)(a p ) = ( f®g)(Aa p ) = (f®g)( E<r,r a P a xa a ®a r ) = E CT , T a p GX f{a a )g(a r ). 
Now we use the equality (19.7.2). 

The definition of the comultiplication in Hom(A[«], R) gives for the element 
a* which is dual to a p the relation 


A a* p (a a <g> a x ) = a*(a a+r ) — 


1, a + r = p, 
0, otherwise. 


This means that A (a*) = J2 G+X=p a* ® a*- Since a((a\)*) — bi , the gen¬ 
erators of the algebras Ilom( R[a], R) and R[b] have the same coproduct. Since 
we know already that a is a homomorphism of algebras, we conclude that a pre¬ 
serves the comultiplication. In particular we also have for the b p the formula 
A{b p ) = Ect+t = p b<j ®b t . □ 

The Hopf algebras which we have discussed have other interesting applications, 
e.g., to the representation theory of symmetric groups, see [113]. 

(19.7.4) Remark. If we define a in (19.7.3) on the /Cmodule of all /dinear maps, 

then the image is the algebra R[[h]] of formal power series. The homogeneous 
components of degree n in R[b] and A’[[/)]] coincide. O 

(19.7.5) Remark. The duality isomorphism (19.7.3) can be converted into a sym¬ 

metric pairing a: f?[A] <g> ,A[a] — R. The pairing is defined by a(a*(p®y) = (p(y) 
and satisfies a(b p <g> a a ) — 6 a p . O 

Let (p: R[a) —> R be a homomorphism of A’-algcbras. We restrict cp to the 
component of degree n and obtain < p n \ R[a] n —> R. We identify i p with the family 
((pn)- The duality theorem sets up an isomorphism a: Hom( R[a] n . R) = R[b] n 
with the homogeneous part R[b] n of R[b]. 

A graded group-like element K of R[b] is defined to be a sequence of polyno¬ 
mials ( K n (b \,..., b n ) | n e No) with Ko = 1 and K n e R[b] n of degree n such 
that 


(1) A K n = j: i+j=n K i ®K j . 

Since A is a homomorphism of algebras, the relation 

A K n (bi,. ..,b n ) = K n (Abi ,..., A b n ) 
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holds. The comultiplication has the form A b n = J2i+j=n b i ® b j (with bo = 1). 
If we use two independent sets (&') and (b'f) of formal variables, we can write the 
condition (1) in the form 

K n(b\ + b'f b' 2 + b\ b'[ + b'[ . Ei+ 7 =« b \ b "j) 

= Hi+ j =n^K---b\')K j Wl . b'j.) 

The simplest example is K n — b n . 

(19.7.6) Proposition. The sequence (<p„) is an R-algebra homomorphism if and 
only if the sequence ( K n ) with K n — a ( (p n ) is a graded group-like element. 

Proof We use the duality pairing (19.7.5), now with the notation a(x ® y) = 
( x,y). Let ( K„) be group-like and define a linear map q) n : R[a] n — > R by (p n (y) = 
( K n . y). Then forx e R[a\ and y e R[a] J with i + j = n 

(pn(xy) = ( K„.xy) = (A K n ,x® y) = ( Kj,x){Kj,y) = q)i(x)q>j(y ). 

Hence (<p n ) is an algebra homomorphism. 

Conversely, let <p\ R\a) —>• R be an algebra homomorphism with restriction 
(p n : R[a] n — Rin degree n. We set K n = a((p n ). A similar computation as above 
shows that (K n ) is a group-like element. □ 

(19.7.7) Remark. The algebra homomorphisms <p\ R\a\ —> R correspond to fam¬ 
ilies of elements (A, e R \ i e N) via <p i->- ((p(a/ ) = A,). Given a family (A,) the 
corresponding group-like element is obtained as follows. From 

["[/(l + A \ti + A 2 tf + •••) = Ep Whp = Ep^(« p )^P — a *(tP) 

we see that K n (hi,..., b n ) is the component of degree n in Ep AO; p . O 

We now return to classifying spaces and apply the duality theorem (19.7.3). We 
have the Kronecker pairing k : H*(BO\ F 2 ) ® //* ( BO\ IF 2 ) -> F 2 , x ® y i-> (x,y) 
and the duality pairing (19.7.5) a: F 2 [u;] ® F 2 [w] —»• F 2 , now with variables w. u 
in place of a,b. We also have the isomorphism : F 2 [u;] = H*(B O; F 2 ) from 
the determination of the Stiefel-Whitney classes. We obtain an isomorphism of 
Hopf algebras : F 2 [w] -> H*(BO\ F 2 ) determined via algebraic duality by the 
compatibility relation (£*x, £*y) = d(x ® y). The generators of a polynomial 
algebra are not uniquely determined. Our algebraic considerations produce from the 
universal Stiefel-Whitney classes as canonical generators of H*(B O; F 2 ) canonical 
generators of H*(BO: F 2 ) via £*. 

In a similar manner we obtain isomorphisms H*(B U; Z) = Z[c/], <7 2 - • ■ ■] (vari¬ 
ables c,rf) and H*(B SO; /?) = • • ■] (variables p.cf). 
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Problems 

1. Verify the following polynomials b p for ||p|| = 4 = |/(p)|: 


*(o,o,o,t) = bf - Ablb 2 + 2b1 + 4fci*3 - 4 b 4 , 
b( i,o,i) = *f *2 - 2 b\ - bibi + 4 b 4 , 

*(0,2) = *| - 2*i* 3 + 2b 4 , 

*( 2 , 1 ) = * 1*3 — 4 ^ 4 . 

*( 4 ) = * 4 . 


/(P) = (4); 

7(p) = (1,3); 

7(p) = (2,2); 

/(P) = (1,1.2); 
7(p) = (1,1. 1,1). 


These b p are the coefficients of in f/[4] = ff p a p b p . Check that U[ 4] is symmetric in 
the n’s and b’s. 

2. The assignment _R[a] <g) 7? [7>] —*■ R, a a (g> b p i->- (a a )*(b p ) = 8° is a symmetric pairing. 
(The formal element U = ff p aP b p could be called a symmetric copairing .) 


19.8 Characteristic Numbers 

Let : X —> BO(n) be a classifying map of an n -dimensional bundle. It induces 
a ring homomorphism H*(BO(n)\ W 2 ) —> If *(X: F 2 ). We can also pass to the 
stable classifying map X —»• BO and obtain ; II*(BO: F 2 ) —> II*(X\ F 2 ). 
This homomorphism codifies the information which is obtainable from the Stiefel- 
Whitney classes. We use the isomorphism F 2 [io] = H*(B O; F 2 ) and the duality 
theorem (19.7.3). We use a slightly more general form. Let S* be a graded R- 
algebra; the grading should correspond to the grading of R[a\, there are no signs. 
We obtain a graded algebra Hom^(i?[a], S*) where the component of degree k 
consists of the homomorphisms of degree k. The product in this algebra is defined 
by convolution. Then we have: 

(19.8.1) Theorem. There exists a canonical isomorphism 
a\ Hom R (R[a],S*) = S*[[*]] 

of graded R-algebras. Here £*[[*]] = * 2 ,... ]] is the cdgebra of graded 

formal power series in the bj of degree —i. The isomorphism a sends the R-homo- 
morphism cp: 7?[n] —> S* to the series J2 p (p(a p )b p . □ 

In our example we obtain from : H*(B O; F 2 ) —>• H*(X: F 2 ) a series v(f) e 
H*(X: F 2 ) [[)(]] of degree zero. The constant term is 1, the multiplicativity relation 
v(f © rj) = v(£)v(rj) and the naturality v(f*r]) = f*v(r /) hold. For a line bundle 

rj we have v(rj) = 1 + + w i (p ) 2 u 2 H- . These properties characterize 

the assignment f m- v(f). 

We can apply a similar process to oriented or complex bundles. In the case of 
a complex oriented theory h*(—) we obtain series v(f) e h*(X)[[d]\ which are 
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natural, multiplicative and assign to a complex line bundle rj the series v(rj) — 
1 Ci{r])d\ + Ci(r]) 2 d2 + • • •. 

Interesting applications arise if we apply the process to the tangent bundle of 
a manifold. Let us consider oriented closed n -manifolds M with classifying map 
km '■ M —»• B SO of the stable oriented tangent bundle. We evaluate the homomor¬ 
phism k^ on the fundamental class [M] 

H n (BSO; R) -* H n (M\R) -+ R, m k* m {x)[M]. 

By the Kronecker pairing duality H„(B SO; R) = Horn/<■(//”( BSO: R), R) this 
homomorphism corresponds to an element in H n (B SO; R), and this element is 
km* [Af ], the image of the fundamental class [M] e //„ (M; R) under (km)*, by the 
naturality (k* m (p). [M ]) = ( p. (km)*[M]) of the pairing. Under the isomorphism 
£*: R[qi , q 2 ,.. •] = II* (/iSO; R) the element km* [M] corresponds to an element 
that we denote /so(AT) e R[q\ , q 2 ,...]. From the definitions we obtain: 

(19.8.2) Proposition. Let tm denote the oriented tangent bundle of M. Then 

/so (M) = {v(t m ). [M ]), 

the evaluation of the series v(z m) on the fundamental class. □ 

If p e H n (M ) is a polynomial of degree n in the Pontrjagin classes, then 
the element (number) p[M] is called the corresponding Pontrjagin number. In a 
similar manner one defines a Stiefel-Whitney number by evaluating a polynomial 
in the Stiefel-Whitney classes on the fundamental class. A closed n -manifold M 
has an associated element /o(Af) € F^wi, Ui, ■ ■ •] = H n (B O; F 2 ), again the 
image of the fundamental class under the map induced by the stable classifying 
map km'- M —*■ BO of the tangent bundle. 

(19.8.3) Example. Let us consider M = C P 2k . The stable tangent bundle is 
rj 2 k+i w h ere j s yj j s the canonical complex line bundle, now considered as oriented 
bundle; see (15.6.6). By the multiplicativity of the u-classes, we have forthe tangent 
bundle r 2 k of C P 2k the relation 

v{x 2 k) = v{r]f k+1 = (1 + Pl (rj) qi + P i(r]) 2 q 2 + ■■■) 2k+l 
= (1 + c 2 qi + c 4 q 2 H- ) 2k+l 

whereas usual H* (<CP 2k : R) ^ R[c]/(c 2k+1 ). Note that p^q) = c 2 , by (19.5.6). 
The evaluation on the fundamental class yields the coefficient of c 2k in this series, 
since (c 2k , [CP 2 *]) = 1 (see (18.7.2)). Modulo decomposable elements in the 
indeterminates qj, i.e., modulo polynomials in the qj with j < k, this value is 
(2k + 1 )q k . O 

When we pass to rational coefficients R — Q we can divide by 2k + I and 
obtain: 


19.8. Characteristic Numbers 493 


(19.8.4) Proposition. The elements /so (CP 2k ), k e N are polynomial generators 
of Q[q]. □ 


In bordism theory it will be shown that the signature of an oriented 4A:-manifold 
only depends on its image in //* (/ISO: <Q) = <Q[ty]. And from the multiplica- 
tivity of the signature it then follows that there exists an algebra homomorphism 
5 : H*(B SO; <Q) —> Cl such that the signature er(M) is obtained as the image of 
this homomorphism o(M) = s ( km) *[ M] ). We know that the generators C P 2k 
have signature 1; see 18.7.2. The ring homomorphism 5 is determined by the val¬ 
ues X j = s(qt) e (Q. Via the duality <Q[p] = 11 o m ((Q [<:/], <Q) the homomorphism 

5 corresponds to a group-like element ( L n {p\ . p n ) \ n e N) where L n is a 

polynomial in the Pontrjagin classes of degree 4« such that the evaluation on the 
fundamental class is the signature, ( L n , [M 4k ]) — ct(M 4n ). If we expand the for¬ 
mal product n, (1 + Ai tf + X 2 tf H-) and assume that is the k -th elementary 

symmetric polynomial in the /,■ (of degree 4), then L n is the component of degree An. 
The tj are obtained if we split the total Pontrjagin class (formally) into linear factors, 

1 + p\X + p 2 x 2 H-— n,0 + Ux). Fortunately, nature has already split for us 

the stable tangent bundle of CP 2 ”, the total Pontrjagin class is (1 + c 2 ) 2n + ] ; i.e., 
we can take // = c 2 in order to evaluate L„ on C P 2 ". This allows us to determine 
the coefficients A,-: The power series H(c) — 1 + A ^ 2 + A 2 c 4 + ••• has the 
property that the coefficient of c 2n in H(c) 2n+1 is 1. Hirzebruch [81, p. 14] has 
found this power series 


H(c) = 


2c 


o2 c 


c = l + 2Lvcf-2L(2c)‘ + ^(2c)‘—- 


where the Bj are the so-called Bernoulli numbers. The first four values are 


B 1 



1 

30’ 


B 3 


1 

42’ 


B 4 = 


1 

30’ 


The corresponding coefficients in the power series are 


A] — —, A 2 — —~—, A 3 — — -, A 4 — —-—-—. 

3 3 2 • 5 3 3 • 5 • 7 3 3 • 5 2 • 7 

From these data we obtain the polynomials L„ if we insert in the universal polyno¬ 
mials U [n] (p 1 ,..., p n ; q 1 q n ) for qj the value A j. We have already listed the 

polynomials C/[1], U [2], t/[3], U [4]. The result is 


L t = \ P u 

l 2 = ~^Xip 2 — Pi), 

L 3 = ^(62p 3 - I3p 2 pi + 2p\), 

L 4 = ——J——(381p 4 - 71/73/71 - 19p 2 + 22p 2 p\ - 3 p\). 








494 Chapter 19. Characteristic Classes 


The polynomials L n are called the Hirzebruch L-polynomials. 

Problems 

1. Show that Xso(M x N) = Xso(M)xso(N). 

2. Let M be the oriented boundary of a compact manifold. Then Xso(M ) = 0. (See the 
bordism invariance of the degree.) 

3. Show that/o(RP 2 ") = u 2 n modulo decomposable elements. Therefore these elements 
can serve as polynomial generators of H*(B O; F 2 ) = Fain] in even dimensions. 

4. The convolution product of the homomorphisms defined at the beginning of the section 
satisfies * k* = 

5. Determine /so(CP 2 ) and / S o(CP 4 ). 



Chapter 20 

Homology and Homotopy 


We begin this chapter with the theorem of Hurewicz which says in its simplest form 
that for a simply connected space the first non-zero homotopy group is isomorphic 
to the first non-zero integral homology group. In the case of the sphere S n this is 
essentially the Hopf degree theorem, in our proof we use this theorem and other 
consequences of the homotopy excision theorem. We indicate an independent proof 
which only uses methods from homology theory and the Eilenberg subcomplexes 
introduced earlier. The theorem of Hurewicz has the important consequence that 
a map between simply connected CW-complexes is a homotopy equivalence if it 
induces an isomorphism of the integral homology groups (theorem of Whitehead). 
Another application is to the geometric realization of algebraic chain complexes as 
cellular chain complexes. We will see that under suitable hypotheses we do not 
need more cells in a homotopy type than the homology groups predict. 

Since homotopy groups are difficult to compute it is desirable to have at least 
some qualitative information about them. One of the striking results is the famous 
theorem of Serre that the homotopy groups of spheres are finite groups, except in 
the few cases already known to Hopf; in particular the stable homotopy groups of 
spheres are finite (except n n (S n )). Since for a finite abelian group A the tensor 
product A <E> <Q = 0 and since homology theories are objects of stable homotopy, 
this theorem has the remarkable consequence that rationalized homology theories 
h*(—) ® Q can be reduced to ordinary rational homology. 

Along the way we obtain qualitative results in general. They concern, for in¬ 
stance, statements about finiteness or finite generation and are based on qualitative 
generalizations of the theorem of Hurewicz. For the expert we point out that we do 
not use the theory of spectral sequences for the proofs. Only elementary methods 
like induction over skeleta enter. A basic technical theorem relates in a qualitative 
manner the homology of the total space, fibre and base of a fibration. On the alge¬ 
braic side we use so-called Serre classes of abelian groups: Properties like “finite 
generation” are formalized. (In the long run this leads to localization of spaces and 
categories.) 


20.1 The Theorem of Hurewicz 


The theorem of Hurewicz relates the homotopy and the homology groups of a space. 
In this section //* denotes integral singular homology. Let ( X , A,*) be a pointed 
pair of spaces. 
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We define natural homomorphisms, called Hurewicz homomorphisms , 

h(x,A,*) = h: n„(X,A,*) H n (X,A), n > 2, 
h(x,*) = h : n„(X, *) -+ H„(X), n > 1, 

such that the diagrams 

rr„(X, *)-> tt„(X, A, *)-> 7T„-i(A, *) 


h 


h 

(X) — 

-> H n (X, A) —> H n -\ 


commute (compatibility with exact sequences). For this purpose we use the def¬ 
inition 7t n (X, *) — [S(n),X]° and Jt n (X, A,*) = [(D(n), S(n — 1)),(X, A )] 0 
of the homotopy groups (see (6.1.4)). We choose generators z n e H n (S(n)) 
and z n e H n {D(n), S{n — 1)) such that dz n — z n -\ and q*(z n ) — z n , where 
q: D(n ) —> D(n)/S(n — 1) = S(n ) is the quotient map. If we fix z\, then 
the other generators are determined inductively by these conditions. We define 
h: n„(X,A,*) H n (X, A) by [/] f*(z n ) and h: it n (X, *) H n {X) by 
[/] /* (z n ). With our choice of generators the diagram above is then commuta¬ 

tive. From (10.4.4) and the analogous result for the relative homotopy groups we see 
that the maps h are homomorphisms. The singular simplex A 1 —> I /3/ = 5(1), 
(fo, t\) m>- ti represents a generator z\ e II\ (S{ 1)). If we use this generator, then 
h : it i (X, *) -a- II\ (X) becomes the homomorphism which was shown in (9.2.1) 
to induce an isomorphism Jii(X, *) ab = H\{X) for 0-connected X. 

Recall that we have a right action of the fundamental group 

jr n (X, A, *) x ni(A, *) ->• n n (X, A , *), (x, a) i->- x ■ a 

via transport. We denote by n# (X, A, *) the quotient of ir n (X, A,*) by the normal 
subgroup generated by all elements of the form x — x ■ a (additive notation in n„). 
Recall from (6.2.6) that is abelian. Representative elements in jt„ which differ 
by transport are freely homotopic, i.e., homotopic disregarding the base point. 
Therefore the Hurewicz homomorphism induces a homomorphism 

h # '■ jt*(X,A,*)^H n (X,A). 

The transport homomorphism n„(X, A,a\) —> rc n (X, A, a 2 ) along a path from 
a 1 to a 2 induces an isomorphism of the ^-groups, and this isomorphism is in¬ 
dependent of the choice of the path. We can use this remark: An unpointed map 
( D(n ), S(n — 1)) —>• (X, A) yields in each of the groups rr*(X, A, a) a well-defined 
element (A path connected). Thus, if n\(A) is trivial, we can regard jt*(X. A) as 
the homotopy set [( D(n ), S(n — 1)), (X, A)\. The group 7Tj (X, *) is defined to 
be the abelianized group n i(X, *) ab , i.e., the quotient by the commutator sub¬ 
group. We set jt*{X, *) = jv n (X, *) for n >2 and again we have the Hurewicz 
homomorphism h # : irf t (X, *) -a- 11 n (X ). 
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(20.1.1) Theorem (Hurewicz). Let the space X be (n — \)-connected (n > 1). 
Then h # : tt^(X, *) —> H n (X ) is an isomorphism. 

Proof. We have already proved the theorem in the case that n = 1. So let n > 2 
and then = n n . Since weak homotopy equivalences induce isomorphisms in 
homotopy and homology, we only need to prove the theorem for CW-complexes X. 
We can assume that X has a single 0-cell and no i -cells for 1 < i < n — 1, see 

(8.6.2) . The inclusion X n+1 C X induces isomorphisms n*(X) ^ jt*(X n+1 ) 

and H n (X) = H n (X n+1 ). Since the Hurewicz homomorphisms h form a natural 
transformation of functors, it suffices to prove the theorem for (n + 1)-dimensional 
complexes. In this case X is h-equivalent to the mapping cone of a map of the form 
<p: A = \/S" = \fS£. 

For X = S n the theorem holds by (10.5.1). By naturality and additivity it then 
holds for pointed sums \/ S". We have a commutative diagram 

n n (A) - >n„(B) -> n n (X) —^0 

H n (A) —* H n (B) —>• H n (X) —► 0 

with exact rows. The exactness of the top row is a consequence of the homotopy 
excision theorem. □ 

(20.1.2) Corollary. Let X be simply connected and suppose that If (X) = 0 for 
i < n. Then itj (X, *) = 0 for i < n and h : it n {X , *) = H n (X). 

Proof. (20.1.1) says, in different wording, that h: itj (X) = Hj ( X ) for the smallest 
j such that TCkiX) = 0 for 1 <k<j. □ 

(20.1.3) Theorem. Let (X, A) be a pair of simply connected CW-complexes. Sup¬ 
pose Hj{X,A) — 0 for i < n, n > 2. Then tt, (X. A) — 0 for i < n and 
h : n n (X, A) —> 11 n ( X , A) is an isomorphism. 

Proof. Induction over n > 2. We use a consequence of the homotopy excision 
theorem: Let A be simply connected and 7r, (X, A,*) = 0 for 0 < i < n. Then 
Jt n (X, A, *) —>• n n (X IA , *) is an isomorphism. The theorem of Seifert and van 
Kampen shows ti\{X/A) = {e}. From Hj(X,A ) = H,(X/A) and (20.1.2) we 
conclude m(X/A) = 0 for i < n. 

Let n = 2. Since X and A are simply connected, m(X,A, *) = 0 and the 
diagram 

7t2(X. A, *) =—>■ 7Z2(X/A. *) 

' 1 * 1 « 

H 2 (X, A) —> H 2 (X/A) 

shows that h is an isomorphism. 




498 Chapter 20. Homology and Homotopy 


By induction we know that nj{X , A. *) = 0 for 0 < j < n. Then a similar 
diagram shows that h : n n (X, A, *) —»• H n ( X, A) is an isomorphism. □ 

(20.1.4) Theorem. Let f: X —>• Y be a map between simply connected spaces. 
Suppose /*: //, ( X) —* Hj (Y) is bijective for i < n and surjective for i — n 
(n > 2). Then /* : rtj(X) —»■ ttj(Y) is bijective for i < n and surjective for i = n. 

Proof We pass to the mapping cylinder and assume that / is an inclusion. The hy¬ 
pothesis is then equivalent to //, (Y, X) = 0 and the claim equivalent to m (Y, X) = 
0 for i < n. Now we use (20.1.3). □ 

Recall: A map /: X —>■ Y between C W -complexes is an h-equivalence if 
and only if /*: 7iy (X) = nfY) for each i. Together with (20.1.4) we obtain a 
homological version of this result: 

(20.1.5) Theorem (Whitehead). Let f : X —> Y be a map between simply con¬ 

nected CW-complexes, which induces isomorphisms of homology groups. Then f 
is a homotopy equivalence. □ 

In (20. 1 .5) one cannot dispense with the hypothesis that the spaces are simply 
connected. There exist, e.g., so-called acyclic complexes X with reduced homology 
groups vanishing but with non-trivial fundamental group. Moreover it is important 
that the isomorphism is induced by a map. 

(20.1.6) Proposition. Let X be a simply connected CW-complex with integral ho¬ 
mology of a sphere, I P.(X) = //* (S n ), n > 2. Then X is h-equivalent to S n . 

Proof. By (20.1.2), tt„(X) = H n (X), and this group is assumed to be isomorphic 
to Z. Let /: S n — > X represent a generator. Then /* : u n (S n ) — > u n ( X) is an 
isomorphism and also /* : H n (S n ) — > H n (X). Now we use (20.1.5). □ 

The preceding proposition has interesting applications. It is known that a closed 
connected n -manifold of the homotopy type of the n -sphere is actually homeomor- 
phic to the n -sphere. Therefore these spheres are characterized by invariants of 
algebraic topology. 

(20.1.7) Example. The spaces S n V S n V S 2n and S n x S n are for n > 2 simply 

connected and have isomorphic homology groups. But they are not h-equivalent, 
since their cohomology rings are different. O 

The homological theorem of Whitehead (20. 1 .5) no longer holds for spaces 
which are not simply connected, even in the case when the map induces an isomor¬ 
phism of the fundamental groups. But it suffices to consider the universal covering, 
as the next theorem shows. 
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(20.1.8) Theorem. Let f X —> Y be a map between connected CW-complexes 
which induces an isomorphism /*: n i(X) —> tt\ {Y). Let p\ X —> X and 
q\ Y —> Y be the universal coverings. There exists a lifting F: X —> Y of f, 
i. e ., qF — fp. Suppose F induces an isomorphism of the homology groups. Then 
f is a homotopy equivalence. 

Proof. We choose isomorphisms 7t\(X) = G = which transform /* into 

the identity of G. We then consider p and q as G -principal bundles with left action 
and F : X —»• Y as a G -map. We obtain a morphism of the associated fibre bundles. 




-> EG xg X 


EGx g F 


-t EG X(j Y 


-> BG 


-> BG 


From the assumption and (20.1.5) we see that F is an h-equivalence. The exact 
homotopy sequence and the Five Lemma show that EG xgf induces isomorphisms 
of the homotopy groups. 

We now consider the second associated fibre bundles P : EG xq X —>■ X and 
Q : EG xq Y — »• Y. A section s of f arises from a map a\ X — > EG such 
that cr{gx) — cr(x)g~ x for x e X and g e G, see (14.1.4). A map of this type 
is essentially the same thing as a classifying map of p. Since the fibre of P is 
contractible, P induces isomorphisms of the homotopy groups, and the same holds 
then for a section s of P. We see that / = (9 ° (£G x ^ F) o s induces isomorphisms 
of homotopy groups; hence / is a homotopy equivalence. □ 


(20.1.9) Corollary. In the situation of (20.1.8) F is a G -homotopy equivalence. 

Proof. Let h ; Y —>• X be h-inverse to / and H: Y X a lifting of H which is a 
G-map. A homotopy of h f can be lifted to a G-homotopy of HF. The end of this 
homotopy is a bundle automorphism. □ 

Let G be a discrete group which acts on the pair (T, B). The induced maps 
of the left translations by group elements yield a left action of G on H n {Y. B) via 
homomorphisms, i.e., H„(Y , B) becomes a module over the integral group ring 
ZGofG. 

Suppose X is obtained from A by attaching n -cells (n > 3). Let p: Y —>■ X 
be a universal covering and B = p~ l (A). Then Y is obtained from B by attaching 
n-cells. The group n = Tt\ (X ) of deck transformations acts freely on the set 
of n-cells in Y \ B. Flence H„(Y, B) is a free Zjr-module, the basis elements 
correspond bijectively to the n-cells of X \ .4. Theorem (20.1.3) now yields: 

(20.1.10) Theorem. Let X be a connected CW-complex and let n > 3. Then 

n n ( X n , X n ~ l ) is a free Ztti (X n ~' )-module. A basis of this module consists of the 
characteristic maps of then-cells. The map h # : 7t n (X n , A” -1 ) —> H n (X n ,X n ~ 1 ) 
is an isomorphism. □ 
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The exact sequence 

7t n+l (X n+1 ,X n ) 7T„(X”,X n - 1 ) -> 7t„(X n+1 , X"- 1 ) -> 0 

is for n > 3 a sequence of Z/rjtX” -1 ) = Z7Ti(X”)-modules. Because of the 
isomorphism n n {X, X n_1 ) = 7r„(X" +1 , X” -1 ) the sequence is a presentation of 
the Z/ri(X” _1 )-module tt„(X, X” -1 ). The induced sequence of the /r # -groups is 
also exact. This gives the following theorem for n > 3. 

(20.1.11) Theorem (Hurewicz). Let (X. A ) be a CW-pair with connected X and A. 
Let (X, A) be (n — 1 )-connected ( n > 2). Then h # : n*(X, A , *) = II n ( X, A). 

Proof. We now give a purely homological proof of the Hurewicz theorems which 
also covers the relative case n — 2 for spaces which are not simply connected. The 
proof is by induction. The induction starts with (9.2.1). We assume the absolute 
theorem for 1 < i < n — 1 and prove the relative theorem for n. We consider the 
standard simplex A [A:] = [e 0 ,..., e&] as the usual simplicial complex and denote 
its /-skeleton by A [k] 1 . Let S^~ 1 (X, A. *) be the chain group spanned by simplices 
cr: A[k] —X such that a(A[A]” _1 ) C A and cr(A[A]°) = {*}, modulo S^iA). 
Let Illf ' Ux, A, *) be the /7-th homology group of the resulting chain complex. 
The inclusion of chain complexes induces an isomorphism 11 If 1 *(X, A. *) = 
H n (X, A) for an (n — l)-connected pair (X, A) with path connected A, see (9.5.4). 

We have to adapt the homotopy groups to the simplicial setup. We consider 
elements of tt n (X,A,*) as homotopy classes of maps /: (A[n], 3A[n], eo) —> 
(X, A, *). For this purpose we fix a homeomorphism a : (D{n), S(n — 1), *) —>• 
(A[/?], 3A[/?], eo) which sends the generator z n defined at the beginning to the 
standard generator [id(A[n])] e H n (A[n], 3A[n]). 

The Hurewicz homomorphism then sends the homotopy class of / to /*[id], 
and this class is an element in H„ n ~ l \x, A, *). We now construct an inverse 
xf : Hjj n ~ l \x, A, *) trjf(X, A, *) of h. We assign to a singular simplex 

cr: (A[/?], 3A[//], A[»]°) ->• (X, A, *) 

the element in tt#(X, A, *) represented by a. If cr(A[n]) C A, then the cor¬ 
responding homotopy class is zero. Since the zr^-group is abelian, we obtain a 
well-defined homomorphism i jr : S" _1 (X, A, *) —> n*(X, A, *). The simplices o 
are cycles (since S”Zl(X, A, *) = 0), and thus it remains to show that the com¬ 
posite xfr o 3: .S-] (X. A , *) n*(X, A, *) is trivial, in order to obtain i//. We 

reduce the problem to a universal situation. For this purpose we define elements 
b„ e n„(dA[n + 1], A[n + l]” _1 ,c 0 ), 

b 2 = ([c/ 0 3 ]' leieoWilld?}- 1 [dir 1 , 

n +1 

K = K +1 ] • [eieo] + ^(-D' K” +1 ]. n > 3, 

i = 1 
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where [uin] denotes the affine path class in A[n + 1] from v to w, and we use 
the transport along this path. (Multiplicative notation in 7t2, additive notation for 
n > 3. This definition corresponds to the homological boundary operator, but we 
have to transport the face maps to the base point e 0 - For /; 2 we have to pay attention 
to the order of the factors, since the group is non-abelian.) 

Let us write K = A[n + 1] and let r: (K, K n ~ l , K°) {X, A, *) be a basis 

element of S'lf ] (X, A,*). Then 

tm = E,(-1)''K" +1 ] = t *[b n f = r *j*[bn]* 
where j denotes the inclusion 3A [n + 1] C A [n + 1]. Thus it remains to show that 

./* [b„\ = 0 . 

The skeleton K n ~ l is (n — 2)-connected (use e.g., the induction hypothe¬ 
sis). Hence, by the inductive assumption, ,eo) —> //„-1 ( K n ~ 1 ) is 

an isomorphism. The commutativity dh = h 3 now shows that 3 [b n ] — 0, since 
dh[b n \ — 0 by the fundamental boundary relation for singular homology. We have 
the factorization 

3: n n (K\K n -\e 0 ) A n n (K, K n ~\e 0 ) 7i n - 1 (K n - 1 , e 0 ), 

and 3' is an isomorphism, since K is contractible. This finishes the inductive step 
for the relative Hurewicz theorem. For n >2 the absolute theorem is a special case 
of the relative theorem. □ 

An interesting consequence of the homological proof of the Hurewicz theorem 
is a new proof of the Brouwer-Hopf degree theorem 7i n (S n ) = Z. 

20.2 Realization of Chain Complexes 

The computation of homology groups from the cellular chain complex shows that 
one needs enough cells to realize the homology groups algebraically as the homol¬ 
ogy groups of a chain complex. It is interesting to know that in certain cases a 
converse holds. We work with integral homology. 

(20.2.1) Theorem (Cell Theorem). Let Y be a l -connected CW-complex. Suppose 
Hj(Y) is fin itely generated for j < n. Then Y is homotopy-equivalent to a CW- 
complex Z with finitely many j-cells for j < n. 

The proof of this theorem is based on a theorem which says that under suitable 
hypotheses an algebraic chain complex can be realized as a cellular chain complex. 
We describe the inductive construction of a realization. We start with the following: 

20.2.2 Data and notation. 

(1) Y is a CW-complex with i -skeleton Y,. 
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(2) Z r is an r -dimensional CW-complex. 

(3) /: Z,- —> Y is a cellular map. 

(4) Ci (Z) = Hj (Zi , Z/_|: Z) is the /-th cellular chain group. 

(5) / induces a chain map <p, : C.(Z) —> C.(F). 

(6) We attach (r + l)-cells to Z r such that / can be extended to F: 


USJ 


UD j + l 


->Z r - 
n 

^ -Zr+i 


- F r 




r+l- 


(7) From this diagram we obtain a resulting diagram of chain groups 
Ar+l —?—> C r (Z) C r -i(Z) 

V Pr <Pr -1 

^ d' r+ l ^ 

C r+ 1 (F) C r (Y) —^ C r -i(Y) 

with A r+ 1 = //, +] (Z r + 1 . Z r ) a tree abelian group with a basis given by the 
(r + l)-cells, and i// induced by (F, /). O 

We now start from a diagram in which A r +\ is a free abelian group with basis 
(fly | j e /). The horizontal parts should be chain complexes, i.e., dS — 0. Can 
this diagram be realized geometrically? 

(20.2.3) Proposition. A realization exists, if the following holds: 

(1) /*: Hi(Z r ) — Hj(Y) is bijective for i < r — 1 and surjective for i = r; 

( 2 ) r > 2 ; 

(3) Z r fl/ic/ F r/re 1 -connected. 

Proof Suppose we are given for each ye/ a diagram 

bj 

S r --—> Z r 

1 „ i* 

D r+1 ——> Y r + 1 - 

We attach (r + l)-cells to Z r with attaching maps bj to obtain Z r +\ and use the Bj 
to extend / to f r + 1 : Zr+l ->• Tr+t- ThenZ r +i = // r +i(Z r +i, Z r ) canonically 
and basis preserving. 

We consider / as an inclusion. The assumption (1) is then equivalent to 
Hi(Y,Z r ) = Ofor i < r. Since r > 2 and 7 Ti(F) = Owe also have Try (F r _|_i) = 0. 
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Therefore we have the relative Hurewicz isomorphism h\ 7 T r +i(T r +i, Z r ) = 
H r+ i(Y r+ i, Z r ), since H/(Y r+ 1 , Z r ) = Hj(Y, Z r ) = 0 for i < r. The diagram 
represents an element in n r +j (Y r +\ , Z r ). Let Xj — h{[Bj, bj]) £ H r +\(Y r +i, Z r ) 
be its image under the relative Hurewicz homomorphism. This element can be de¬ 
termined by homological conditions. The correct maps <5 and i// are obtained, if xj 
has the following properties: 

(1) The image of xj under 3: // r+ 1 (T r+lt Z r ) -> H r (Z r ) —»• H r (Z r , Z r _i) 
is 5(o/). 

(2) The image of Xj under y: // r+ 1 (T r+ i, Z r ) -»• f7 r+ i(T r+ i, T r ) is 

We show that there exists a unique element xy with these properties. We know 
//, +1 (K, r, Z r ) — 0 and Hj(Y r -\Z r ~\) — 0, j > r for reasons of dimension. 
The exact sequence of the triple (T r+ 1, Y r , Z r ) shows that y is injective. Hence 
there exists at most one Xj with the desired properties. The existence follows if we 
showthatIm(3, y) = Ker(<p r — d' r+x )■ This follows by diagram chasing in the next 
diagram with exact rows 


H r +i(Y r +i, Z r -i) H r+1 (Y r+ 1, Z r ) A // r (Z r , Z r _i) —> // r (T r+1 , Z r _i) 






// r+1 (T r+1 , T r _t) —*• // r+1 (T r+1 , Y r ) H r (Y r , Y r -i) ^(T r+1 , F r _j). 


One uses that a is surjective and /3 injective. 


□ 


Proof. Since Y is simply connected, we can assume that Y has a single 0-cell and 
no 1-cells. We construct Z inductively with Z 0 = {*} and Z\ = {*}. We choose a 
finite number of generators for n 2 (Y) = H 2 (Y) and representing maps S 2 —> Y 2 . 
They yield a cellular map f 2 : Z 2 — \f S 2 Y, and the induced map is surjective 
in H 2 and bijective in Hj, j < 2. This starts the inductive construction. 

Suppose f r : Z r —>■ Y is given such that / r * : Hj(Z r ) — > II, ( Y) is bijective 
for / < r — 1 and surjective for i — r. We construct a diagram of type (7) in 
20.2.2 as follows. We have H r {Z r ) — Ker(J) and H r (Y) = Ker (d' r )/ Im (d' r+l ) 
and the map ( f r )* : H r (Z r ) = Ker(fi?) —*■ H r (Y) is surjective. Let A r +1 be the 
kernel of ( f r )* and 8\ H r (Z r ) C C r (Z r ). As a subgroup of C, (Z r ) it is free 
abelian. Since Z r has, by induction, a finite number of /--cells, the group A r +\ 
is finitely generated. By definition of A r+ j, the image of (p r l 5 is contained in the 
image of <i' +1 . Hence there exists i// making the diagram commutative. We now 
apply (20.2.3) in order to attach an (r + l)-cell for each basis element of A r +\ and 
to extend f r to // +1 : Z' + 1 — > Y . By construction, (// +1 )* is now bijective on 
H r . If this map is not yet surjective on 11 r +\ we can achieve this by attaching more 
(r + l)-cells with trivial attaching maps; if H r+ \{Y) is finitely generated, we only 
need a finite number of cells for this purpose. We continue in this manner as long as 
//* ( Y ) is finitely generated. After that point we do not care about finite generation. 
The final map /: Z —► Y is a homotopy equivalence by (20.1.5). □ 
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20.3 Serre Classes 

Typical qualitative results in algebraic topology are statements of the type that the 
homotopy or homology groups of a space are (in a certain range) finite or finitely 
generated or that induced maps have finite or finitely generated kernel and cokernel. 
A famous result of Serre [170] says that the homotopy groups of spheres are finite, 
except in the cases already known to Hopf. 

Here are three basic ideas of Seme’s approach: 

(1) Properties like ‘finite’ or ‘finitely generated’ or ‘rational isomorphism’ have 
a formal structure. Only this structure matters - and it is axiomatized in the 
notion of a Serre class of abelian groups or modules. 

(2) One has to relate homotopy groups and homology groups, since qualitative 
results about homology groups are more accessible. The connection is based 
on the Hurewicz homomorphism. 

(3) For inductive proofs one has to relate the homology groups of the basis, fibre, 
and total space of a (Serre-)fibration. This is the point where Serre uses the 
method of spectral sequences. 

A non-empty class £ of modules over a commutative ring R is a Serre class if the 
following holds: Let 0 —> A —> B C —0 he an exact sequence of -modules. 
Then B e £ if and only if A, C e £. We call £ saturated if A e £ implies that 
arbitrary direct sums 0 ; - A of copies of A are contained in '€. The class consisting 
of the trivial module alone is saturated. A morphism /: M —>■ N between R- 
modules is a L-cpi morph ism (L-monomorphism) if the cokernel (kernel) of / is in 
'C, and a ^-isomorphism if it is a L-cpi- and -monomorphism. We use certain facts 
about these notions, especially the U-Five Lemma. The idea is to neglect modules 
in £, or, as one says, to work modulo £; so, instead of ^-isomorphism, we say 
isomorphism modulo £. Here are some examples of Serre classes. 

(1) The class containing only the trivial group. 

(2) The class !F of finite abelian groups. 

(3) The class 8 of finitely generated abelian groups. 

(4) Let R be a principal ideal domain. The class £ consists of the (finitely 
generated) .^-modules. If R is a field, then we are considering the class of 
(finite-dimensional) vector spaces. 

(5) Let R be a principal ideal domain. The class £ consists of the (finitely 

generated) -torsion modules. A module M is a torsion module, if for each 
x e M there exists such that Xx = 0. 

(6) Let P C N be a set of prime numbers. Let Zp C Q denote the subring 
of rational numbers with denominators not divisible by an element of P. If 
P = 0, then Z = (Q. If P = {p}, then Zp = Z( p ) is the localization 
of Z at p. If P contains the primes except p, then Z p — Z \p~ l ] is the 
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ring of rational numbers with denominators only /(-powers. The rings Zp 
are principal ideal domains. Let P' be the complementary set of primes. An 
abelian group A is a P'-torsion group if and only if A <S>z Zp = 0. 

Let Cp be the class of P ’-torsion groups. Then a homomorphism < p: A B 
is a 'Cp -isomorphism if and only if cp ®z Z p is an ordinary isomorphism. 
Similarly for epi- and monomorphism. This remark reduces the Cp Five 
Lemma to the ordinary Five Lemma after tensoring with Zp. This simplifies 
working with this class 1 . 

(20.3.1) Proposition (Five Lemma mod C). In the next proposition we use the 
same notation as in (11.2.7). The considerations of that section then yield directly 
a proof of the following assertions. 

(1) b C-epimorphism =y b C-epimorphism. 

(2) d C-epimorphism, e C-monomorphism =4- d C-epimorphism. 

(3) The hypotheses of (1) and (2) imply: c C-epimorphism. 

(4) d C-monomorphism d C-monomorphism. 

(5) a C-epimorphism, b C-monomorphism => b C-monomorphism. 

( 6 ) The hypotheses of (A) and (5) imply: c C-monomorphism. □ 

The kernel-cokernel-sequence shows other properties of 15-notions. 

(20.3.2) Proposition. Given homomorphisms f : A —>• B and g: B C between 
R-modules. 

(1 ) If f and g are C-monomorphisms (- epimorphisms ), then gf is a C-mono- 
morphism (- epimorphism ). 

(2) Iftwoofthemorphisms f, g, and gf are C-isomorphisms so is the third. □ 

20.4 Qualitative Homology of Fibrations 

In this section we work with singular homology with coefficients in the P-mo¬ 
dule M. 

(20.4.1) Theorem (Fibration Theorem). Let p\ E —B be a(Serre-)fibrationwith 
0-connectedfibres. Let {B, A) be a relative CW-complex with t-skeleton If. We 
assume that A = B~ l = B° = ■ ■ ■ = B s ~ l for an s > 0 and that there are only 
a finite number of t-cells for t < e. Finally we assume that If ( F ; M) e C for 
0 <2 < r and all fibres F of p. We write If = p~ 1 (B t ). Then the following 
holds: 

(1) Let C be saturated. Then />* : Hj(E, E~ l \ M) —> Hj{B, B~ l \ M) is a C- 
isomorphism for i < r + s — 1 = a and a C-epimorphism for i = a + 1. 

'In a more abstract setting one can construct localizations of categories so that ^-isomorphisms 
become isomorphisms in the localized category, etc. 
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(2) Let C be arbitrary. Then p* is a 'C-isomorphism for i < a and a 'C-epi- 
morphism for i — a + 1 where now a — min(e + 1, r + s — 1). 

We remark that r > 1. For r = 1 we make no further assumptions about F. 
Since a weak homotopy equivalence induces isomorphisms in singular homo¬ 
logy, we can assume without essential restriction that B is a CW-complex (pull 
back the fibration along a CW-approximation). We reduce the proof of the theorem 
by a Five Lemma argument to the attaching of/-cells. We consider the following 
situation. Let 

(<&,?): IIaCZM" 1 )-►(*,*') 

be an attaching of /-cells. Let p: E B be a fibration and set E’ — p~ 1 (B r ). 
We assume that the fibres are 0-connected and homotopy equivalent. We pull back 
the fibration along O and obtain two pullback diagrams. 


II E a 




-> E 


II D 


tip a 
t _ 


n K 

i L 


■> B 


a 

\tlp' a 

ns '- 1 


-> E 1 
p' 

-s- B’ 


We apply homology (always with coefficients in M) and obtain the diagram 


HfE.E') 


P* 


Hi(B, B r ) 


©a Hi(E a , E' a ) 


®aPai 


>0 fl HiiDi.S*-'). 


We already know that O* is an isomorphism. In order to show that 0* is an 
isomorphism, we attach a single /-cell, to simplify the notation. Let Bq be obtained 
from B by deleting the center 0(0) of the cell. 

(20.4.2) Lemma. Let p: X —> B be a fibration with restrictions p': X' —»■ B' and 
Pi) : Xo — > Bq. Let q: Y —> D‘ be the pullback of p, and similarly q ': Y' —> S 1 ~ 1 
and qo: Yq —> D‘ \ 0. Then 

O*: hi(Y,Y') hi(X, X') 

is an isomorphism for each homology theory. 

Proof. We have a commutative diagram 


hi (Y, Y 0-—-» hi (X. X') 

! (1) * 1 (2) 
hi (Y, Y 0 )---> hi (X, Xo) 

J(3) |(4) 

hi (7 Y’. Fo ^ Y') -^0 hi (X ^ X', Xo ^ X'). 
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Since B' is a deformation retract and p a fibration, also X' is a deformation retract 
of X 0 . Therefore (2) is an isomorphism by homotopy invariance. The map (4) is 
an isomorphism by excision. For similar reasons (1) and (3) are isomorphisms. 
Finally (5) is induced by a homeomorphism. □ 

By the homotopy theorem for fibrations, a fibration over D l is fibre-homotopy 
equivalent to a product projection We use such equivalences and a 

suspension isomorphism //, ( D‘ x F, S t ~ 1 x F) = Hi- t ( F) and obtain altogether 
a commutative diagram (P a a point and F a the fibre over P a ): 

Hi (E. E r ) -——x Hi (B. B') 

-T “1 

© a Hi- t (F a ) -> © a Hi-t(P a ). 

(20.4.3) Note. The considerations so far show that the bottom map has the following 
properties: 

(1) Isomorphism for i < t (since fibres are ()-connected). 

(2) Epimorphism always. 

(3) Suppose Hj (F a ) e for 0 < i < r. Then each particular map Hj- t (F a ) —> 

Hj- t (P a ) is a C-isomorphism for 0 < i — t < r. Thus the toted map is 
a F-isomorphism if either "€ is saturated or if we attach a finite number of 
cells. O 

We apply these considerations to a fibration p.E^-B over a relative CW- 
complex (B, A) as in the statement of the theorem. In this situation the previous 
considerations yield: 

Let be saturated. Then />* : Hi(E l , E t_l ) H i {B t , B 1-1 ) is a £Liso- 
morphism for each t > 0, if i < r + s. We only have to consider t > s. By 

(20.4.3) , we have a ^-isomorphism in the cases i < t and i > t > i — r. These 
conditions hold for each t, if s > i — r. If, in addition, there are only finitely many 
t -cells lor t < e, then we have a ^-isomorphism for arbitrary ~C and each t , if 
i < min(e + 1 , r + s — 1 ), by the same argument. 

We finish the proof of theorem (20.4.1) with: 

(20.4.4) Lemma. Let ( B , A ) be a relative CW-complex with t-skeleton If. Let 
p\ E B be a fibration and E f = p~ l (B l ). Suppose p* \ Hi(E l , E 1 ^ 1 '. M) —> 
Hi(B f . /i ( ~ 1 ; M ) is a f -isomorphism for each t > 0 and each 0 < i < a, then 
p * : Hi (E , E _1 : M) —> Hi (B. B~ ] : M ) is a '£-isomorphism for 0 < i < a and a 
'C-epimorphism for i — a + 1. 

Proof. We show by induction on k > 0 that />* : Hf(E k , E~ l ) II, (if. B~ l ) 
is a 'C -isomorphism (k > 0). For the induction step one uses the exact homology 
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sequence for the triple (E k , E k ~ 1 , E~ l ), and similarly for B, and applies the '£- 
Five Lemma to the resulting diagram induced by the various morphisms /?*. For 
the epimorphism statement we also use part (2) in (20.4.3). The colimit k —> oo 
causes no problem for singular homology. □ 

The statement of (20.4.1) is adapted to the method of proof. The hypotheses 
can be weakened as follows. 

(20.4.5) Remark. Let (X, A ) be an (s — l)-connected pair of spaces. Then there 

exists a weak relative homotopy equivalence (B, A) —»• (X. A) from a relative CW- 
complex ( B , A) with A = B s ~ l . We pull back a fibration over q\ E -> X along 
this equivalence and use the fact that weak equivalences induce isomorphisms in 
singular homology. Then part (1) of (20.4.1) yields that q* : Hj (E, q~ l (A)\M) —> 
Hj(X , A ; M ) is a isomorphism for j < r + s — 1 and a t?-epimorphism for 
i = r + s. O 

(20.4.6) Remark. Let X be a 1-connected space such that Hj(X ; Z) is finitely 
generated for i < e. Then there exists a weak equivalence B —> X such that B has 
only a finite number of /-cells for t < e. We use this result in the next section. O 

Problems 

1. Suppose that Hj (F; M) = 0 for 0 < j < r. Let B be (s — l)-connected. Then 
/>* : Hj (E , F\ M) —>■ Hj ( B , *; M) is an isomorphism for j < r + s — 1 . We can now 
insert this isomorphism into the exact homology sequence of the pair (E, F) and obtain an 
exact sequence 

Hr +s -i (F; M) H r+ i_i(£; M) H r+S - 1 (B\ M) -*■■■■ 

->■ Hi(F;M) -+ Hi(E;M) Hi(B;M ) -► 0 

which is analogous to the exact sequence of homotopy groups. Compare these sequences 
via the Hurewicz homomorphism (M = Z). 

20.5 Consequences of the Fibration Theorem 

We use exact sequences and the fibration theorem to derive a number of results. 
We consider a fibration p.E^B and assume that B and F — are 

0-connected; then E is 0-connected too. We use the notation 

Z € £(r, M) & Hj (Z; M) e £ for 0 < j < r < oo. 

(M an M-modulc. In the case that M = Z we write 'C(r ). For r = 1 there is no 
condition.) Let F, 8 denote the class of finite, finitely generated abelian groups, 
respectively. We use homology with coefficients in the f?-module M if nothing 
else is specified. 
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(20.5.1) Remark. The homomorphism />* : Ilj ( E, F; M ) —> Hj(B, *; M) is al¬ 

ways an isomorphism for j < 1 and an epimorphism for j = 2 (see (20.4.1)). The 
homomorphism /?* : Hj (E : M) —»• Hj(B: M) is an isomorphism for j — 0 and 
an epimorphism for j — 1. □ 

(20.5.2) Theorem. Suppose F E 'C(r. M ). Let G be saturated. Suppose B is 
s-connected. Then p* : Hj(E, F) —* Ilj ( B , *) Ts a G-isomorphism for i < r + s 
and a G-epimorphism for i = r + s + 1. Moreover p* : I1 j ( E ) —>• H,(B ) is a 
'C-isomorphism for i < r and a G-epimorphism for i = r. 

Proof. The first statement is (20.4.1). For the second statement we use in addition 
the exact homology sequence of the pair (E,F). □ 

(20.5.3) Theorem. Let '€ be saturated. 

(1) F, B e 'Gir, M) => E e G(r, M). 

(2) F e G(r, M), E e G(r + 1, M) =>• B e G(r + 1, M). 

(3) B e G(r + 1, M), E e G(r. M), B l-connected G(r, M). 

Proof. (1) and (2) are consequences of the fibration theorem and the exact homology 
sequence of the pair (E, F). (3) is proved by induction on r. For r = 1 there is 
nothing to prove. For the induction step consider 

H r (B. *; M) 4 0) - H r (E , F: M) -4 H r - X (F\M) -4 H r - X {E\ M) 

(1) is a G isomorphism for r — 1 + s — 1 = r, since s — 2 and F e G(r — 1, M) 
by induction. From the hypotheses H r (B\ *; M), II r - \ (E: M) e G we conclude 
Hr-xiF.M) eG. □ 

(20.5.4) Theorem. Let G be arbitrary and assume that B is l-connected. 

(1) F.B e G(r, M ), B e S(r - 1) => E e G(r, M). 

(2) F e G(r , M), E e G(r + 1, M), Be S(r) => B e G(r + 1, M). 

(3) B eG(r + 1, M), E e G(r , M), 5 e #(r) C(r, M). 

Proof. As for (20.5.3). The 1-connectedness of 5 is needed in order to apply the 
cell theorem (see (20.4.6)). □ 

(20.5.5) Corollary. Suppose E is contractible (path fibration over B). Then 

F — LIB, the loop space of B. Let B be simply connected. Let G be saturated. 
Then B € G(r + 1, M) if and only if LIB E G (r, M). Moreover B E §(r + 1) if 
and only if LIB E S(r). Similarly for IF instead of ~§. □ 

(20.5.6) Proposition. Let A be a finitely generated abelian group. Then the 
Eilenberg-Mac Lane spaces K(A,n) are contained in 8 (oo). If A is finite, then 
K(A,n) E F(oo). Moreover K(A,\) E ^(oo), K(A, 1) E G(oo,M ) implies 
K(A,n ) E G(oo,M). If G is saturated, then K(A. 1) e G(oo,M) implies 
K(A,n ) e G(oo,M). 
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Proof. We use the path hbration K(A, n — 1) —P —> K(A,n) with contractible 
P and induction with (20.5.3) and (20.5.4). In the case that n = 1, standard 
constructions yield models for K{A. 1) with a finite number of cells in each di¬ 
mension. One uses K(A\, 1) x K(A 2 , 1) = K(A\ x A 2 , 1), K(Z, 1) = S 1 , and 
K(Z/m, 1) = S°°/(Z/m). □ 

Let X be a (k — 1 (-connected space (k > 2). We attach cells of dimension 
j > k + 2 to X in order to kill the homotopy groups jtj (X ) for j > k + 1. The 
resulting space in an Eilenberg-Mac Lane space K(tt. k ), it = ni c (X), and the 
inclusion i : X —> K(n, k ) induces an isomorphism (t ). We pull back the path 
fibration over K(n. k) and obtain a fibration 

K(n, k — 1) -* Y -* X 

with ^-connected Y. and q: Y —>■ X induces isomorphisms 7tj(q), j > k. This 
follows from the exact homotopy sequence. If n e 'C and 'C is saturated, then 
q *: HjfY’.M ) —> Hj(X;M) is a ^-isomorphism for j > 0, by the fibration 
theorem, since K(n, k — 1) e 'C(oo). Similarly for arbitrary 'C when X is of finite 
type. 

20.6 Hurewicz and Whitehead Theorems modulo Serre classes 

Let 'C be a Serre class of abelian groups with the additional property: The groups 
Hk{K(A , 1)) e 'C whenever A e 'C and k > 0. In this section we work with 
integral singular homology. 

(20.6.1) Theorem (Hurewicz Theorem mod 'C). Suppose X is 1- connected and 
n > 2. Assume that either '£ is saturated or Hj (X) is finitely generated for i < n 
and '£ is arbitrary. Then the following assertions are equivalent: 

(1) n(n): 7ti(X, *) e £ for 1 < i < n. 

(2) H(«): Hi{X) e 'C for 1 < z < n. 

If n(«) or H( n ) holds, the Hurewicz homomorphism h n : ir n ( X, *) —> H n (X) is 
a '£-isomorphism. 

Proof. The proof is by induction on n. 

f 

(1) Let £2X — PX —> X be the path fibration with contractible PX. It 
provides us with a commutative diagram 

n„(X, *) < Un(f) 7i n ( PX, Q.X. *)- - —> nn-iiQX, *) 

h h h 

H n (X, *) < — H n (PX. QX) - d - -> H n - i(^X). 
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The boundary maps d are isomorphisms, since PX is contractible. By a basic 
property of fibrations n n (/) is an isomorphism. 

By the ordinary Hurewicz theorem h 2 : tc 2 (X, *) —»• H 2 (X) is an isomorphism. 
(The method of the following proof can also be used to prove the classical Hurewicz 
theorem.) 

(2) Let n > 2. Assume that the theorem holds for n — 1 and that U(n) holds. We 
want to show that H(n) holds and that h n : tt(X, *) —>• ff„(X) is a L-isomorphism. 
We first consider the special (3) case that n 2 (X) = 0 and then reduce the general 
case (4) to this special. 

(3) Thus let tc 2 (X) = 0. Then 7T, (QX) = m+i(X) e 'C for 1 < i < n — 1, 
and £2A is 1-connected. If G is saturated, then h n -\ : n n -\(QX) —> H n -\(Q.X) 
is a ^-isomorphism by induction. If Hj(X) is finitely generated for i < n, then 
by (20.5.3) //, (QX) is finitely generated for i < n — 1 so that by induction h n -\ 
is also an isomorphism in this case. The fibration theorem shows that H n (f ) 
in the diagram is a ^-isomorphism. From the diagram we now see that h n is a 
^-isomorphism. Also H n -\(X) e 'C by induction. 

(4) Let now n 2 (X) = n 2 be arbitrary. By assumption, this group is contained 
in 'C. There exists a map ~y\X—r K(tt 2 . 2) which induces an isomorphism jt 2 . 
We pull back the path fibration along y 


X 2 -)■ PK(tz 2 , 2) 


X 


f 


-4 K(n 2 ,2 ). 


Since n 2 e 'G, we have //, (K(tt 2 . 1)) e G for i > 0, by the general assumption 
in this section. Note that K = K(n 2 , 1) is the fibre of <p and /. The exact 
homotopy sequence of y is used to show that cp* : tt,- ( X 2 ) = n 2 (X) for i > 2 and 
that ti\(X 2 ) = 0 = n 2 (X 2 ). We can therefore apply the special case (3) to X 2 . 
Consider the diagram 


7t n (X 2 ) 


h„(X 2 ) 


->Kn(X) 


H n (X 2 ) H n (X). 


In order to show that h n (X) is a ^-isomorphism we show two things: 

(i) h n (X 2 ) is a ^-isomorphism. 

(ii) (p * : H n (X 2 ) -> H n (X) is a ^-isomorphism. 

Part (i) follows from case (3) if we know that Hj(X 2 ) is finitely generated for 
i < n. This follows from (20.5.3) applied to the fibration K —>■ X 2 —>■ X, since X 
is 1-connected and since tci{K) = n 2 = H 2 (X) is finitely generated. 

For the proof of (ii) we first observe that the canonical map /l: //, (X 2 ) — 

11 ,(X 2 , K) is a 'C-isomorphism for i > 0, since Hj(K) e for i >0 by the 
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general assumption of this section. The fibration theorem and (20.4.6) show that 
<p* : Hj (X 2 . K) —»• Hi ( X , *) is a If-isomorphism for 0 < i < n. We now compose 
with ft and obtain (ii). 

(5) Now assume that FI(/c) holds for 2 < k < n. Since //, ( X ) e G for 
2 <2 < k + 1 the Hurewicz map tt,- (X) —> Hj ( X ) is a If-isomorphism for i < k 
by H(/c), hence nj(X) e IS for i < k. By the first part of the proof, hk+i is a 
If-isomorphism, hence Yl(k + 1) holds. □ 

We list some consequences of the Hurewicz theorem. Note that the general 
assumption of this section holds for the classes § and ,'F. 

(20.6.2) Theorem. Let X be a l-connected space. 

(1) iti (X) is finitely generated for i < n if and only if Hj (X;Z) is finitely 
generated for i < n. 

(2) it i (X) is finite for i < n if and only if H , (X ; Z) is finite for i < n. 

(3) If X is a finite CW-complex, then its homotopy groups are finitely generated. 

□ 

(20.6.3) Theorem. Let G be a saturated Serre class. Let f : X —* Y be a map 
between l-connected spaces with l-connected homotopy fibre F. Then the following 
are equivalent: 

(1) Ttk(f ): 7Tjt(Z) —»■ 7tk(Y) is a 'C-isomorphism for k < n and a 'G-epimor- 
phismfor k = n. 

(2) Hj c (f ): 11k(X) —> Ilk ( Y) is a G-isomorphism for k < n and a G-epimor- 
phism for k = n. 

Proof. The statement (1) is equivalent to Jtk(F) e G for k < n (exact homotopy 
sequence). Suppose this holds. Then H^iX. F) —> ///, (Y) is a G isomorphism for 
k < n, by the fibration theorem (20.4.1). From the exact homology sequence of 
the pair (X. F ) we now conclude that (2) holds, since Hj ( F) e G by the Hurewicz 
theorem. Here we use that m (F) = 0. 

Suppose (2) holds. We show by induction that ( F) e G for k < n. Then we 
apply again the Hurewicz theorem. The induction starts with n = 3. Since Y and 
F are simply connected, the fibration theorem shows that Hj(X. F) —> Hj(Y, *) 
is a If-isomorphism for / <3. The assumption (2) and the homology sequence 
of the pair then show H 2 (F) e G. The general induction step is of the same type. 

□ 


Problems 

1. Let T C Q be a subring. Let X be a simply connected space such that H n (X ; T) ^ 
H n ( S ’ 1 ; T). Then there exists a map S n —>■ X which induces an isomorphism in T -homo¬ 
logy. 


20.7. Cohomology of Eilenberg-Mac Lane Spaces 513 


2. The finite CW-complex X = S 1 V S 2 has n\ (X) ^ Z. The group Jt 2 (X) is free abelian 
with a countably infinite number of generators. (Study the universal covering of X.) 

3. Use the fibration theorem and deduce for each 0-connected space a natural exact sequence 
tt 2 (X) -* H 2 (X) -+ H 2 (K(tz\(X). 1);Z) -* 0. 

20.7 Cohomology of Eilenberg-Mac Lane Spaces 

We compute the cohomology ring H* (P(Z,«); (Q). Let /: S n —> K(JL,n) — 
K(n) induce an isomorphism n „(/) of the «-th homotopy groups. Then also 
f*: H n (K(Z,n)\Q) -> H n (S n :Q) is an isomorphism and i n is defined such 
that /*(?„) e //"(.S'"; Q) is a generator. 

(20.7.1) Theorem. Ifn > 2 is even, then //*(ATZ,n);Q) = (polynomial 
ring). Ifn is odd, then /*: H* (KfZ.nfQ.) ^ H*(S n :Q). 

Proof. We work with rational cohomology. Since K( Z, 1) ~ .S’ 1 and K{7L, 2) ~ 
CP 00 we know already the cohomology ring for these spaces with coefficients in 
Z and this implies (20.7.1) in these cases. We prove the theorem by induction on n, 
and for this purpose we analyze the path-fibration K( Z, n — 1) —> P —> K( Z, n) 
with contractible P. There are two cases for the induction step, depending on the 
parity of n. 

2k — 1 =>■ 2k. We have a relative fibration p: (E. E') K(n ) with E — 
K(n ) 1 , p(w) = tn(l), P = E' = p~ 1 (*). The map/?: E —> K(n) is a homotopy 
equivalence and E' is contractible. Therefore 

(1) H n {E, E') ^ H n (E) ^ H n (K(n)), 

the latter induced by p. The fibres (P, F') of p have a contractible F and F' = 
£2K(n) — K(n — 1) is by induction a rational cohomology (n — l)-sphere (i.e., 
has the rational cohomology of S" -1 ). Hence H k (F , F') = H k ~ l (F’) = Q for 
k = n and = 0 for k f n. Since K(n) is simply connected, we have a Thom class 
t n e H n (E , E'). We can assume that t n is mapped under (1) to i hence i„ is the 
Euler class e associated to /„. The Gy sin sequence has the form (;? = 2k) 

-* H J (K(n )) H j+n (K(n )) 7/ y+ "(P) -► ••• . 

Since P is contractible and H 2 (K(n)) = 0 for 0 < j < n, we see induc¬ 
tively that the cup product with the Euler class e is an isomorphism // 7 ( K(n )) 
H J+2k (K(n)). Hence H*(K(n )) ^ Q[t„], 

2k => 2k + \. We reduce the problem to a Wang sequence. Let n = 2k + 1. 
We consider a pullback 

7^ >P 
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where / induces an isomorphism n„ (/). The Wang sequence for q has the form 

-* H j (Y) H j (K(n - 1)) H j+1 ~ n (K(n - 1)) -► ••• . 

We use H*(K(n — 1)) = and the fact that 6 is a derivation. From the 

definition of Y and the exact sequence of homotopy groups we see 

nj(Y) = 0, j <n, nj(Y) ^ Ttj{S n ), j > n. 

From the Hurewicz theorem and the universal coefficient theorem we conclude 
that H 2 (Y) = 0 for j < n. Flence 6: H lk (K(n — 1)) —> H°(K(n — 1)) 
is an isomorphism. Using the derivation property of 6 we see inductively that 
6: H 2kr (K(n — 1)) H 2k(r ~ x \K(n — 1)) is an isomorphism, and the Wang 
sequence then shows us that H*(Y ) = 0; and this implies //*( Y ) = 0. Since Y 
is the homotopy fibre of /, we conclude that /* : //* (S n ) —> H*(K(n )) is an 
isomorphism (by (20.4.1) say), and similarly for cohomology. This finishes the 
induction. □ 


20.8 Homotopy Groups of Spheres 


Let n > 1 be an odd integer. Let f: S n K(7Y, n) induce an isomorphism ir„ ( f ) 
and denote by Y the homotopy fibre of /. In the previous section we have shown 
that Hj (Y\ (Q) = 0 for j > 0. The Hurewicz theorem modulo the class of torsion 
groups (= the rational Hurewicz theorem) shows us that the groups nj {Y) ® (Q are 
zero for j e N. From nj (.S'”) = nj(Y) for j > n we see that also ttj (S") ® Q = 0 
for j > n and odd n. Since we already know that the homotopy groups of spheres 
are finitely generated we see: 

(20.8.1) Theorem. Let n be an odd integer. Then the groups ttj(S n ) are finite for 

j > n. □ 

We now investigate the homotopy groups of S 2n . Let V — > 2 ([R 2 ” +1 ) denote 
the Stiefel manifold of orthonormal pairs (x, y) in IR 2n+1 . We have a fibre bundle 
5 2 "-i V S 2n , and V is the unit-sphere bundle of the tangent bundle of S 2n . 
Recall from 14.2.4 the integral homology of V 


H q (V) 9* 


Z, 

Z/2, 

0 , 


q = 0, An — 1 , 
q = 2n — 1 , 
otherwise. 


Let g\ V —> .S' 4 " -1 be a map of degree 1. Then g induces an isomorphism in 
rational homology. Let F be the homotopy fibre of g\ it is simply connected. 
From (20.6.3) we see that g* ® Q: itj(V) 0 (Q —> ttj(S 4n ~ l ) 0 (Q is always an 
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isomorphism. We use (20.8.1) and see that the homotopy groups of V are finite, 
except 7i4 n -i (V) = Z © E, E finite. Now we go back to the fibration V —*■ S 2n 
and its homotopy sequence. It shows: 

( 20 . 8 . 2 ) Theorem, n y (S 2n ) is finite for j ^ 2n, An — 1 and 7r 4n _i (.S’ 2 ") = Z ®E, 

E finite. □ 

The results about the homotopy groups of spheres enable us to prove a refined 
rational Hurewicz theorem. 

( 20 . 8 . 3 ) Theorem. Let X be l-connected. Suppose Hj(X\ Z) is finite for i < k 
and finitely generated for i < 2k — 2 (k > 2). Then the Hurewicz homomorphism 
h : 7t r (X) —> 11 r (X \ Z) has finite kernel ( cokemel) for r < 2k — 1 (r < 2k — 1). 

Proof. The case k = 2 causes no particular problem, since the Hurewicz homo¬ 
morphism h : n m +\{X) — > H m +i(X ; Z) is surjective for each (m — l)-connected 
space (m > 2). So let k > 3. Since X is l-connected, the Hurewicz theorem shows 
that 7t r (X) is finite for r < k and finitely generated for r < 2k — 2. We write 
7iy(X) = F r © T r , F r free, and T r finite. We choose basis elements for F r and 
representing maps. These representing elements provide us with a map of the form 

f:S = S Hl) v--- v S r(t) Z 
with k < r(j ) < 2k — 2. The canonical map 

® 7 Tt r (S r ^ ) ) -> it r (\/j S" (/) ) 

is an isomorphism for r < 2k —2 and an epimorphism for r = 2k — 1. We can now 
conclude that /* : 7i r (S ) —> 7i r (X) has finite kernel and cokernel for r < 2k — 2 
and finite cokernel for r — 2k — 1, since the homotopy groups of spheres are finite 
in the relevant range. The homotopy fibre F of f has finite homotopy groups 
ttj(F) for j < 2k — 2. If, moreover, F is l-connected, then Hj(F\ Z) is finite in 
the same range, by the Hurewicz theorem. The fibration theorem then yields that 
/*: H r (S ) —*■ 11 ,{X) is an ^-isomorphism f.? 7 -cpi morph ism) lor r < 2k — 2 
(r = 2k — 1). From our knowledge of the homotopy groups of spheres we see 
directly that the theorem holds for S. The naturality of the Hurewicz theorem 
applied to / is now used to see that the desired result also holds for X. 

We have used that F is l-connected. This holds if tt 2 (X) — 0. Since n 2 (X) is 
finite by assumption (k > 3), we can pass to the 2-connected cover q : X(2) —> X 
of X. The map q induces IF -isomorphisms in homology and homotopy. Therefore 
it suffices to prove the theorem for X(2) to which the reasoning above applies. 

□ 

If one is not interested in finite generation one obtains by a similar reasoning 
(see also [103]): 
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(20.8.4) Theorem. Let X be a {-connected space. Suppose //,• (X; (Q) = 0 for 

r < k. Then the Hurewicz map nj(X) ® (Q -> Hj{X\ Q) is an isomorphism for 
j < 2k — 2 and an epimorphism for j = 2k — 1 . □ 

This theorem indicates that homotopy theory becomes simpler “over the ratio- 
nals”. In the so-called rational homotopy theory one constructs algebraic models 
for the rationalized homotopy theory. For an exposition see [65]. 

We discuss an example. Consider the path hbration 

K( Z, 2) ~ Q.KCZ. 3) —>• X — K( Z, 3) = K 3 

with contractible X. Let /: 5 3 —»• K 3 induce an isomorphism in n 3 and let 

K 2 — Y — % S 3 be the induced hbration. The homotopy groups nk(Y) are zero 
for k < 3 and p * induces an isomorphism n/ c (Y) = n^iS 3 ) for k > 4. 

(20.8.5) Proposition. tt 3 (S 2 ) = Z and n n +\(S n ) = Z/2 for n > 3. 

Proof. We know already that n 3 (S 2 ) = Z, generated by the Flopf map .S ' 3 ^ 
CP 1 = ,S 2 . From the Freudenthal suspension theorem we know that the suspension 
£* : tt«+i (.S") it n + 2 {S n+l ) is surjective for n — 2 and bijective for n > 3. 
Therefore it suffices to determine tt^S 3 ). By the Hurewicz theorem, 714 (»S 3 ) = 
7 r 4 (F) = // 4 (T). Thus it remains to compute // 4 (K). We first determine the 
cohomology. 

(20.8.6) Proposition. The cohomology groups H k (Y) ofY are: Z for k = 0, 
0 for k = 0 mod 2, Z/n for k = 2/j + 1. 

Proof. We use X 2 = X(Z,2) = CP°° and 7/*(X 2 ) ^ Z[c] with c e H 2 . The 
Wang sequence of Y —*■ S 3 shows that 

H 2n (Y) = Ker 0, H 2n+1 (Y) ^ Coker 0, 

since//*(X 2 ) = 0 for odd *. The group ll 2n ( K 3 ) = Z is generated by c n . Bythe 
universal coefficient formula II J (Y) = 0 for j = 1. 2, 3. Hence 0: H 2 (K 2 ) 
H°(K 2 ) is an isomorphism. We can choose c such that 0(c) = 1. The derivation 
property of 0 yields then inductively 0 (c”) = nc"~ l . □ 

The Wang sequence in homology yields in a similar manner 

H 2n {Y) =* Coker©*, H 2n+1 (Y ) =* Ker0*. 

From the universal coefficient sequence 

0 -> Ext (H 2n (Y), Z) H ln+ \Y) -+ Horn (H 2n+1 (Y).Z) -+ 0 

and the fact that H 2n (Y) is a quotient of Z we obtain 

H 2n (Y)^Z/n, H 2n+l (Y) = 0. 

The special case // 4 (T) = Z/2 now proves 7 r 4 ( 5 3 ) = Z/2. □ 
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We apply the Hurewicz theorem modulo the class of abelian /Morsion groups 
(p prime) and see that the p -primary component of tt, (.S' 3 ) is zero lor 3 < i <2p 
and isomorphic to Z/p for i —2p. In particular an infinite number of homotopy 
groups n n (S 3 ) is non-zero. 

The determination of the homotopy groups of spheres is a difficult problem. You 
can get an impression by looking into [163]. Individual computations are no longer 
so interesting; general structural insight is still missing. Since the groups 7i n+ ] c {S n ) 
do not change after suspension for k > n — 2, by the Freudenthal theorem, they are 
called the stable homotopy groups . 

We copy a table from [185]; a denotes a cyclic group of order a, and a x b is 
the product of cyclic groups of order a and b, and a J the j -fold product of cyclic 
groups of order a. 


k 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

n k 

oo 

2 

2 

24 

0 

0 

2 

240 

2 2 

2 3 

k 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

n k 

6 

504 

0 

3 

2 2 

480x2 

2 2 

2 4 

8 x 2 

264x2 


20.8.7 The Hopf invariant. The exceptional case 7 r 4n _i (S 2n ) is interesting in 
many respects. Already Hopf constructed a homomorphism h : 7 r 4 «_i (S 2n ) —>• Z, 
now called the Hopf invariant, and gave a geometric interpretation in the simplicial 
setting [88]. Let /: S 4 " -1 S 2n be a smooth map; and let a, b be two regular 
values. The pre-images M a — f~ 1 (a) and M/, = / —1 (/?) are closed orientable 
(2 n — 1)-manifolds, they have a linking number, and this number is the Hopf 
invariant of /. It is easy to define h(f), using cohomology. Let /: S 2k ~ A —> S k 
be given (k > 2). Attach a 2/:-celI to S k by / and call the result X = X(f). 
The inclusion i: S k —»• X induces an isomorphism H k (X ) = H k (S k ), and we 
also have an isomorphism H 2k (D 2k , S 2k ~ l ) = H lk (X,S k ) —> H lk (X). The 
integral cohomology groups II ' ( X) for j f 0, k , 2k are zero. Choose generators 
x e H k (X) and y e H lk (X). Then there holds a relation x \j x — h(f)y in the 
cohomology ring. The graded commutativity of the cup product is used to show 
that h( f) = 0 for odd k. In the case k — 2n the integer h(f) is the Hopf invariant. 
Since X(f) depends up to h-equivalence only on the homotopy class of /, the 
integer h( f) is a homotopy invariant. One shows the elementary properties of this 
invariant: 

( 1 ) /? is a homomorphism. 

(2) If g: 5 4 " -1 — 5 4 «-i has degree <i, then h(fg) — dh(f). 

(3) If it: S 2n —> S 2n has degree d, then h(kf) = d 2 h(f). 
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Note that a map of degree d does not induce the multiplication by d, as opposed to 
the general situation for cohomology theories. 

It is an important problem to determine the image of h. Already Hopf showed 
by an explicit construction that 2Z is always contained in the image. Here is the 
Hopf construction. Start with a map u: S k x S k —>• S k . From it we obtain a map 
/: S 2k+1 -> S fe+1 via the diagram 

, , MX id , 

S k xS k x I - >S k x 7 

l p , 1" 

s k + s k -> zs k , 

where q is the projection onto the suspension and p the projection onto the join. The 
map u has a bi-degree (a,b). Hopf shows that (with suitable orientations chosen) 
h(f) = ab. The map S 2 " -1 x S ln ~ l -+ S 2n ~K (jc, f) h* £ - (x,$)x has bi¬ 
degree (2,-1). If a : R” x R” —> R" is a bilinear map without zero divisors (i.e., 
a(x, y) — 0 implies that x or y is zero), then (R", a) is called an /(-dimensional 
real division algebra. The induced map 5” _1 x S n ~ l S n ~\ (x,y) h* 
a(x, y)/\\a(x, y)|| satisfies fi(ex , rjy) — sr}/3(x, y) for e,rj e {±1}. Hence ft has 
a bi-degree (di , J 2 ) with odd dj. If there exist maps with odd Hopf invariant, then 
there also exist maps with invariant 1, since 2Z is contained in the image of h. It 
is a famous result of Adams [2] that maps /: S 4 ” -1 S 2n of Hopf invariant 1 
only exist for n — 1,2,4. Hence there exist //-dimensional real division algebras 
only for n — 1,2,4, 8. See [55] for this topic and the classical algebra related to 
it. Once complex A'-thcory is established as a cohomology theory, it is fairly easy 
to solve the Hopf invariant 1 problem [5], O 


20.9 Rational Homology Theories 


Recall the /z-th stable homotopy group o> n ( X ) = colim/, jz n+ ^(X A S(k)) of the 
pointed space X. The Hurewicz homomorphisms are compatible with suspension, 
i.e., the diagram 


n„(Y) ---> H n (Y) 


TTn+l&Y) 



* H n+ i(EY) 


is commutative for each well-pointed space Y. This follows from the inductive 
definition of the Hurewicz homomorphisms; one has to use the same definition of 
E* in homotopy and homology via the boundary operator of the pair (C V. Y) and 
the quotient map CY —> CY/Y — Y.Y. We pass to the colimit and obtain the 
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stable Hurewicz homomorphism 

h n : oj n (X) H n (X). 

The h n are natural transformations of homology theories (on well-pointed spaces). 
In order to see this one has to verify that the diagram 

(On (X )-—-> H n (X) 

<r |E 

(On+l(X A 5 ( 1 )) -^±4 H n + l(X A 5 ( 1 )) 

is commutative. The commutativity of this diagram is a reason for introducing the 
sign in the definition a = (— 1 )"t*ct/ of the suspension isomorphism for spectral 
homology. 

The coefficients of the theory <y* (—) are the stable homotopy groups of spheres 
o) n (5 0 ) = Colima 7z n+ i c (S k ). These groups are finite for n > 0. Finite abelian 
groups become zero when tensored with the rational numbers. We thus obtain a 
natural transformation of homology theories 

h * : co*(X) <S>z Q H*(X) <S>z Cl = i/*(X; <Q) 

which are isomorphisms on the coefficients and therefore in general for pointed 
CW-complexes. 

This basic rational isomorphism is now used to show that any homology theory 
/z* with values in Q- MOD can be reduced to ordinary homology. We define natural 
maps 

OJp(X) h q (S°) h p+q (X). 

Let x e 0) p (X ) be represented by /: 5 (p + k) —> X A 5 (k ). The image of 
V e h q (S {) ) under 


hq(S°) ^ hq +p+k (S(p + k)) A hq +p+k (X A S(k)) ^ h p+q (X ) 

is independent of the chosen representative / of x. We combine these homomor- 
phisms 

® p +q=n (0 P (X) (g)z hq(S°) -A- h n (X) 

and obtain a natural transformation of homology theories. Now assume that the 
coefficients h q (S°) are Q-vector spaces. Then for X — S° only the groups 
mo(5°) h n (S°) are non-zero; and the induced map to h n (S°) is an isomor¬ 
phism, since o>o (5 0 ) = Z by the degree and a map of degree k induces on h n (5° ) 
the multiplication by k. We thus have shown: 
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(20.9.1) Theorem. Let h * be an additive homology theory for pointed CW-com- 
plexes with values in <Q -vector spaces. Then we have an isomorphism 

® p+q=n H P (X: h q (S 0 )) ® p+q=n H P (X) ® h q (S°) 

.a. 

h n (X) * ®p+q=n w p(X) ® h q (S °) 

of homology theories. □ 

If k * (—) is an arbitrary additive homology theory we can apply the foregoing 
to h*(~) = &*(-) ®z <Q- 


Problems 

1. The Eilenberg-Mac Lane spectrum (Ai(Z, n) \ n e No) yields a homology theory which 
is isomorphic to singular homology with integral coefficients. 

2. One can define the stable Hurewicz transformation from a morphism of the sphere spec¬ 
trum into the Eilenberg-Mac Lane spectrum which is obtained from maps S n —> K( Z, n) 
that induce isomorphisms of ir n . 

3. Define a stable Hurewicz homomorphism h n : u>' 1 (X) —> H n (X ; Z) either from a map 
of spectra or by an application of cohomology to representing maps of elements in co n (X). 
Construct a natural commutative diagram 

co n (X) -—-> N n (X ) 

I ) 

Hom(a> n (X), Z)-Hom(//„(T),Z). 

4. Give a proof of the (absolute) Hurewicz theorem by using the KCZ. n (-definition of 
homology. The proof uses: Let nj (X) = 0 for j < n > 2; then nj (X A ^(Z, k )) = 0 for 
j < n + k — 1 and ^„_|_ / t(2f A KfL, k)) = it n (X). 

5. Derive an isomorphism h"(X) = \\ p + q=n H p (X\h q (S 0 )) for cohomology theories 
with values in Q-vector spaces (X a finite pointed CW-complex). 

6. Use a fibration K(Z,n) —> K(Z,n) —> KfE/k,n) and derive a universal coefficient 
sequence for homology with Z/A:-coefficients. 

7. An interesting example of a rational cohomology isomorphism is given by the Chern 
character. It is a natural isomorphism of Q-algebras 

ch: K(X) (8> Q -»■ n„ H 2n (X;Q). 

for finite complexes X, say, and which sends a complex line bundle tj over X to the power 
series 

e Cl(ll) = T?=o bfiiriY € h 2 *(X;Q). 



Chapter 21 

Bordism 


We begin with the definition of bordism homology. The geometric idea of homol¬ 
ogy is perhaps best understood from the view-point of bordism and manifolds. A 
“singular” cycle is a map from a closed manifold to a space, and the boundary rela¬ 
tion is induced by manifolds with boundary. Several of our earlier applications of 
homology and homotopy can easily be obtained just from the existence of bordism 
homology, e.g., the Brouwer fixed point theorem, the generalized Jordan separation 
theorem and the component theorem, and the theorem of Borsuk-Ulam. 

Bordism theory began with the fundamental work of Thom [184]. He deter¬ 
mined the bordism ring of unoriented manifolds (the coefficient ring of the asso¬ 
ciated bordism homology theory). This computation was based on a fundamental 
relation between bordism and homotopy theory, the theorem of Pontrjagin-Thom. 
In the chapter on smooth manifolds we developed the material which we need for 
the present proof of this theorem. One application of this theorem is the isomor¬ 
phism between the geometric bordism theory and a spectral homology theory via 
the Thom spectrum. From this reduction to homotopy we compute the rational 
oriented bordism. Hirzebruch used this computation in the proof of his signature 
theorem. This proof uses almost everything that we developed in this text. 


21.1 Bordism Homology 

We define the bordism relation and construct the bordism homology theory. Mani¬ 
folds are smooth. 

Let X be a topological space. An n -dimensional singular manifold in X is a pair 
(B, F) which consists of a compact n -dimensional manifold B and a continuous 
map F : B —> X. The singular manifold 3 (B, F) = (I)B. F\dB) is the boundary 
of ( B , F ). If 3 B = 0, then (B, F ) is closed. 

A null bordism of the closed singular manifold ( M. f) in X is a triple ( B , F, <p) 
which consists of a singular manifold ( B , F ) in X and a diffeomorphism <p : M —> 
3 B such that (F\dB)o<p = /. If a null bordism exists, then (M. f) is nullbordant. 

Let (Mi, /i) and (M 2 , / 2 ) be singular manifolds in X of the same dimension. 
We denote by (Mi, f\) + (M 2 , / 2 ) the singular manifold (/i, / 2 ): Mi + M 2 —> 
X. We say (Mi, f\) and (M 2 , / 2 ) are bordant, if (Mi, f\) + (M 2 , / 2 ) is null 
bordant. A null bordism of (Mi, /i)+(M 2 , / 2 )is called bordism between (Mi, ff) 
and (M 2 , / 2 ). The boundary 3 B of a bordism ( B , F, (p) between (Mi, f\) and 
(M 2 , / 2 ) thus consists of a disjoint sum d\B + 3 2 B, and cp decomposes into two 
diffeomorphisms (pi: Mj djB. 
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(21.1.1) Proposition. “Bordant” is an equivalence relation. 

Proof. Let (M, /) be given. Set B = M x / and F = / opr: Mx / - > M —> X. 
Then 3_8 = MxO+Mxlis canonically diffeomorphic to M + M and (B. F) 
is a bordism between (M, /) and (M, /). The symmetry of the relation is a direct 
consequence of the definition. Let ( B , F, <pi : M, —> djB) be a bordism between 
(Mi, /i) and (M 2 , f 2 ) and (C, G, 1 ///: M,- —»• 3/C) a bordism between (M 2 , f 2 ) 
and (M 3 , / 3 ). We identify in B + C the subset d 2 B with 3 2 C via x f 2 <P 2 l (x) 
for x e d 2 B. The result D carries a smooth structure, and the canonical maps B —> 
D <— C are smooth embeddings (15.10.1). We can factor (F.G): B + C —>■ X 
over the quotient map B + C —> D and get H \ D —> X, and ( D. H. {q)\. 1 // 3 )) is 
a bordism between (Mi, f\) and (M 3 , ff). □ 

We denote by [M, /] the bordism class of (M,/) and by N n (X) the set 
of bordism classes of n -dimensional closed singular manifolds in X. The set 
N n (X) carries an associative and commutative composition law [M, /] + [N, g] = 
[M + N, (/, g)]. The reader may check that this is well-defined. 

(21.1.2) Proposition. (N„ (X), +) is an abelian group. Each element has order at 
most 2. 

Proof. The class of a null bordant manifold serves as neutral element, for ex¬ 
ample the constant map S' 1 —>■ X. (For the purpose at hand it is convenient to 
think of the empty set as an /(-dimensional manifold.) For each (M, /) the sum 
(M + M. (/,/)) is null bordant, hence [M, /] + [M, /] = 0. □ 

A continuous map /: X —> Y induces a homomorphism 

Nn(f) = /*: Nn(X) -* N n (Y), [M.g ] ^ [M,/g], 

In this way N n (—) becomes a functor from TOP to ABEL. Homotopic maps induce 
the same homomorphism: If F: X x / —> Y, f ~gisa homotopy, then (M x /, 
F o(h x id)) is a bordism between (M, fit) and (M, gh). IfX is empty, we consider 
N n (X) as the trivial group. 

(21.1.3) Example. A 0 -dimensional compact manifold M is a finite discrete set. 

Hence (M, /) can be viewed as a family (xi,..., x r ) of points in X. Points 
x, y e X are bordant if and only if they are contained in the same path component. 
(Here you have to know 1-dimensional compact manifolds.) One concludes that 
;\'o(X) is isomorphic to the Z/2-vector space over n o(X). O 

(21.1.4) Proposition. Let h : K —> L be a diffeomorphism. Then \L. g] = [K,gh\. 

Proof. Consider the bordism g o pr: L x 7 —X; on the boundary piece Lx 1 
we use the canonical diffeomorphism to L, on the boundary piece we L x 0 we 
compose the canonical diffeomorphism to L with h. □ 
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We now make the functors N„ (—) part of a homology theory. But this time, for 
variety, we do not begin with the definition of relative homology groups. The exact 
homology sequence and the excision axiom are now replaced by a Mayer-Vietoris 
sequence. 

Suppose X is the union of open sets Xq and X\. We construct the boundary 
operator 

3: N n (X) -»• N n -i(X 0 fl Xi) 

of the Mayer-Vietoris sequence. Let [M. f ] e N n (X) be given. The sets A-/, = 
f~ l (X \ Xi) are disjoint closed subsets of M. 

(21.1.5) Lemma. There exists a smooth function a: M —> [0,1] such that: 

(1) Mi c a- 1 (?)fori e {0,1}. 

(2) i is a regular value of a. □ 

We call a in (21.1.5) a separating function. If a is a separating function, then 
M a = is a closed submanifold of M of dimension n — 1 (or empty), and 

/ induces by restriction f a : M a —>■ X 0 fl X\. 

If t f 0. 1 is another regular value of a, then a _1 (f) and a _ 1 ( 2 ) are bordant 
via a -1 [i, t]. The choice of \ is therefore immaterial. We think of [M a , f a \ as 
being given by any choice of a regular value t e ] 0 , 1 [ of a with M a — a~ x (t). 

(21.1.6) Lemma. Let [K, f] = [L, g] e N n (X) and let a. f be separating f mo¬ 
tions for (K. /), (L, g). Then [K a , f a \ = [Lp.gp], 

Proof We take advantage of (21.1.4). Let ( B , F) be a bordism between (K. /) 
and (L, g) with 3 B = K + L. There exists a smooth function y : B [0. I] such 
that 

y\K = a, y\L = p, F~\X ^ Xj) c 

We choose a regular value t for y and y 13 B and obtain a bordism y -1 (?) between 
some K a and some L p. □ 

From (21.1.6) we obtain a well-defined boundary homomorphism 

3: N n (X) -> N n ^(X o n Xf), [M, /] [M a , /„]. 

(21.1.7) Proposition. Let X be the union of open subspaces Xq and X \. Then the 
sequence 


Nn{X o n V0 N n (X o) © Nn(Xi) iV„(Z) ••• 

is exact. Here j(x) = (j®(x), and k(y, z) — k^y — k^z with the inclusions 

k 

j v : Xq fl X\ —> X v andk v : X v —> X. The sequence ends with —> No{X) 0. 
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Proof. (1) Exactness at N n -i(Xo fl X\). Suppose [M, f] e N n (X) is given. Then 
M is decomposed by M a into the parts B 0 = a _1 [0, and B\ — a -1 ^, 1] with 
common boundary M a . Since f(B 0 ) C X\, we see via B 0 that yj9[M, f] is in 
N n -i(Xi) the zero element. This shows / o 9 = 0. 

Suppose, conversely, that j [K. f] — 0. Then there exist singular manifolds 
( Bj , Fj ) in Xj such that dBo = K = dB\ and Fo\K = f = F\ \ K . We identify Bo 
and B\ along K and obtain M; the maps If and Fi can be combined to F: M —»• X. 
There exists a separating function a on M such that M a — K: With collars of K 
in Bo and B\ one obtains an embedding K x [0, 1] C M which is the identity on 
K x {i}; then one chooses a such that a(k , t) = t for k £ K, ^ < t < |. By 
construction, 9[M, F ] = [ K , /]. 

(2) Exactness at N n (X 0 ) © N n (X i). By definition, k o j =0. Suppose 
Xj = [Mj,fj\ e N n ( Xi ) are given. If k{xo,X\) = 0 there exists a bordism 
(B.F) in X between (Mo,k°fo) and (M\,k l f\). Choose a smooth function 
\[r: B —> [0, 1] such that: 

(1) F~HX ^ X^i) U Mi c (I) for i =0,1. 

(2) i J/ has regular value ^. 

Let (N. f ) = F Then (i/f _1 [0. |], E|i/f _1 [0, |]) is a bordism 

between (N, f) and ( M 0 , fo) in X 0 ; similarly for ( M\. f \). This shows j [/V, /] = 
(Xo,X\). 

(3) Exactness at N n (X). The relation 9 o k — 0 holds, since we can choose on 
(M 0 .k° f 0 ) + {Mi , k l f\) a separating function a: Mq + Mi —[0,1] such that 
a _1 (j) is empty. 

Conversely, let a be a separating function for (M, f) in X and (B.F) a null 
bordism of ( M a . f a ) in Xo Cl X \. We decompose M along M a into the manifolds 
Bi = a -1 [0, and B 0 = 1] with dBi = M a = dB 0 . Then we identify B 

and B 0 along M a = K and obtain a singular manifold (M 0 , fo) = (Bo U^- B , 
( f\B 0 ) Ujf F) in Xo, and similarly (M j, f\) in X]. Once we have shown that 
in N n (X) the equality [Mo, fo] + [Mi, fi\ = [M, /] holds, we have verified the 
exactness. We identify in Mo x I + Mi x / the parts Bx 1 in Mo x 1 and Mi x 1. The 
resulting manifold L = (Mo x 7) Ug x i (Mi x/) has the boundary (M 0 + Mi) + M. 
A suitable map F : L —X is induced by (/ 0 , fi) o prj: (M 0 + Mi) x I — X. 
For the smooth structure on L see 15.10.3. □ 


We now define relative bordism groups N„(X, A) for pairs ( X , A). Elements 
of N n (X, A) are represented by maps /: (M, 9M) —> ( X, A) from a compact n- 
manifold M. Again we call (M, /) = (M, 9M; /) a singular manifold in ( X. A). 
The bordism relation is a little more complicated. A bordism between (M 0 , fo) 
and (Mi, ff) is a pair (B.F) with the following properties: 

(1) B is a compact (n + 1)-manifold with boundary. 
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(2) 3 B is the union of three submanifolds with boundary Mo, M i and M', where 
3 M’ = 3 Mo + 3 Mi, Mi fl M f = 3 M t . 

(3) F\Mj = fi- 

(4) F(M’) C A. 

We call (Mo, fo) and (Mi, f\) bordant, if there exists a bordism between them. 
Again “bordant” is an equivalence relation. For the proof one uses 15.10.3. The 
sum in N n (X, A) is again induced by disjoint union. Each element in N n (X, A) 
has order at most 2. A continuous map /: (X, A) —> ( Y,B ) induces a homo¬ 
morphism N n (/) = /* : N n (X,A) — N n (Y, B) by composition with /. If / 0 
and f\ are homotopic as maps between pairs, then N n (fo) = N n (fi)- The as¬ 
signment [M, f] m- [3M, /|3M] induces a homomorphism (boundary operator) 
3: N n (X, A) N n -i(A). For A = 0 the equality N n (X, 0) = N n (X) holds. 

(21.1.8) Lemma. Let M be a closed n-manifold and V C M an n-dimensional 
submanifold with boundary. If f : M —>• X is a map which sends M \ V into A, 
then [M, f] — [V, f\V] in N n (X, A). 

Proof. Consider F : M x I —> X, (x, t) i-»- f(x). Then 3(M x 7) = M x 3/ and 
FxlUMxOisa submanifold of 3(M x / ) whose complement is mapped under 
F into A. The definition of the bordism relation now yields the claim. □ 

(21.1.9) Proposition. Let i: A C X and j : X = (X, 0) C (X, A). Then the 
sequence 

• • • N n (A) N n (X) —>■ N n (X, A) —► • • • 

j%s 

is exact. The sequence ends with —> No (X, A) —> 0. 

Proof. (1) Exactness at N n (A). The relation z* o 3 = 0 is a direct consequence 
of the definitions. Let (B, F) be a null bordism of /: M A in X. Then 
3 [B,F] = [M,f]. 

(2) Exactness at N n (X). Let [M, /] e N n (A) be given. Choose V — 0 in 
(21.1.8). Then [M, /] = 0 in N n (X, A), and this shows /*;'* = 0. 

Let j*[M, f] = 0. A null bordism of [M, f] in (X, A) is a bordism of (M, /) in 
X to (K, g) such that g(K) C A. A bordism of this type shows z* [^, g] = [M, /]. 

(3) Exactness at N n (X, A). The relation 3 oz* = 0 is a direct consequence of the 
definitions. Let 3[M, /] = 0. Choose a null bordism [B, F] of (3 M, f\dM). We 
identify (M, /) and (B, f) along 3 M and obtain (C, g). Lemma (21.1.8) shows 

j*[C,g] = [M, /]. ' ^ □ 

A basic property of the relative groups is the excision property. It is possible to 
give a proof with singular manifolds. 

(21.1.10) Proposition. The inclusion i: (X \ U. A \ U ) —»• (X. A) induces an 

isomorphism z*: N n (X \ U, A \ U) = N n (X, A), provided U C A°. □ 
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The bordism notion can be adapted to manifolds with additional structure. Inter¬ 
esting are oriented manifolds. Let M 0 and M\ be closed oriented n -manifolds. An 
oriented bordism between M 0 , M i is a smooth compact oriented (// + l)-manifold 
B with oriented boundary dB together with an orientation preserving diffeomor- 
phism cp: M\ — Mo -> dB. Here we have to use the convention about the boundary 
orientation, and M\ — Mo denotes the disjoint sum of the manifolds M\ and Mo 
where M\ carries the given and —Mo the opposite orientation. Again this notion of 
bordism is an equivalence relation. Singular manifolds are defined as before, and 
we have bordism groups Q. n (A) of oriented bordism classes of singular //-manifolds 
in A. But now elements in the bordism group no longer have order at most 2. For 
a point P we have Q.o(P) = &i(P) = 0 for 1 < i <3. The assertion about 

$2 1 follows from the fact that S 1 is an oriented boundary; the known classification 
of orientable surfaces as a sphere with handles shows that these surfaces are ori¬ 
ented boundaries. It is a remarkable result that Qj(P) = 0: Each oriented closed 
3-manifold is an oriented boundary; for a proof of this theorem of Rohlin see [77]. 

The exact sequences (21.1.7) and (21.1.9) as well as (21.1.10) still hold for 
the ^-groups. The definition of the boundary operator 3: Q n (X, A) — £l n -\ ( A) 
uses the boundary orientation. In order to define the boundary operator of the 
MV-sequence we have to orient M a . There exists an open neighbourhood U of 
M a in M and a diffeomorphism <p: V = ] 1/2 — s, 1/2 + e[ x M a — > U such that 
(ci(p)(t, x) = t. If M is oriented, we have the induced orientation of U, and we 
orient V such that cp preserves the orientation. We orient M a such that V carries 
the product orientation. 

The idea of bordism can be used to acquire an intuitive understanding of homol¬ 
ogy. A compact //-manifold M has a fundamental class zm e //„ (M, 3M; IF 2 ) and 
3 zm € H n -i(dM; F 2 ) is again a fundamental class. Let /: (M, 3M) -x (X, A) 
be a singular //-manifold. We set //( /') = J*zm e //„ ( X, A; F 2 ). In this manner 
we obtain a well-defined homomorphism 

At: N n (X,A)^ H n (X,A^i). 

The morphisms /i constitute a natural transformation of homology theories. One 
of the basic results of bordism theory says that /i is always surjective. This allows 
us to view homology classes as being represented by singular manifolds. If, in 
particular, / is an embedding of manifolds, then we view the image of / as a cycle 
or a homology class. In bordism theory, the fundamental class of M is M itself, 
i.e., the identity of M considered as a singular manifold. 

The transformation fi can be improved if we take tangent bundle information 
into account. Let M be a compact //-manifold and denote by km : M BO 
the classifying map of the stable tangent bundle of M. For a singular manifold 
/: (M, 3M) —> ( X, A) we then have (/, km) '■ (M, 3M) -x (A, A) x BO. Again 
we take the image of the fundamental class 

p[f] = (f km)*zm e H n (( A, A) x 50; F 2 ). 
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We now obtain a natural transformation of homology theories 

fi = fi(X, A): A* (A, A) -* //*((A,A) x PO; F 2 ), 

and in particular for the coefficient ring, the Thom bordism ring A* of unoriented 
manifolds, 

H: A* H*(BO; F 2 ). 

A fundamental result says that fi(X, A) is always injective [28, p. 185]. 

This transformation is also compatible with the multiplicative structures. The 
algebra structure of //* (X x B O; F 2 ) is induced by the homology product and the 
//-space structure m : BO x BO —»■ BO which comes from the Whitney sum of 
bundles. We obtain a natural homomorphism of graded algebras, 

//*(A x BO: F 2 ) <g> HAY x BO: F 2 ) //*(A x BO x Y x BO: F 2 ) 

-* HAX x 7 x BO: F 2 ); 

the first map is the homology product and the second is induced by the permutation 
of factors and m. 

Thom [184] determined the structure of the ring A*: It is a graded algebra 
F 2 [u 2 , u 4 , u 5 ,... ] with a generator u * in each dimension k which does not have the 
form k — 2 r — 1. One can take n 2 „ = [R P 2n ] as generators in even dimensions. 
The ring //* (BO: F 2 ) is isomorphic to F 2 [«i, n 2 ....] with a generator cij in 
dimension i. 

Another basic result says that there exists a natural isomorphism N*(X) = 
A* ®[p 2 //* (A; F 2 ) of multiplicative homology theories [160], [28, p. 185]. Thus 
the homology theory A*(—) can be reduced to the determination of the coefficient 
ring A* and singular homology with F 2 -coefficients. 

For oriented manifolds the situation is more complicated. One can still define 
a multiplicative natural transformation of homology theories 

: f2*(X, A) HA(X, A) x BSO: Z) 

from the fundamental classes of oriented manifolds as above. But this time the 
transformation is no longer injective and £2* (A, A) —> //* (A, A: Z) in general not 
surjective. Also the theory £2 * (—) cannot be reduced to ordinary homology. But the 
transformation still carries a lot of information. It induces a natural isomorphism 

£2*(A, A) ® (Q ^ HA(X, A) x BSO: <Q), 

and, in particular, 

(1) £2* ®<Q ^ HABSO'M) 

by the stable classifying map of the tangent bundle (see (21.4.2)). The ring £2* ® (Q 
is isomorphic to Q[a' 4 . xg,... ] with a generator x n for each n = 0(4). One can 
take the x^ n — [CP 2 ”] as polynomial generators (see (21.4.4)). 
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We have seen that the signature of oriented smooth manifolds defines a homo¬ 
morphism a: £2 * <g> Q —x (Q of <Q-algebras with ex [CP 2 "] = 1. The isomorphism 
(1) tells us that this homomorphism can be determined from the stable tangent bun¬ 
dle. A famous formula of Hirzebruch [81], the so-called Hirzebruch L-genus, gives 
a polynomial L n (p\. p 2 ...., p n ) in the Pontrjagin classes p\,... ,p n such that the 
evaluation on the fundamental class of an oriented 4/7-manifold is the signature 

(L n ( Pl (M),.... Pn ),[M]) =a(M). 


It is a remarkable fact that the polynomials L n have rational coefficients with large 
denominators, but nevertheless the evaluation on the fundamental class is an integer. 
Such integrality theorems have found a conceptual interpretation in the index theory 
of Atiyah and Singer [16]. 

The homomorphisms N„ — H n (B O; W 2 ) and Q. n —> H n (B SO; Z) have an in¬ 
terpretation in terms of characteristic numbers and can be determined by evaluating 
polynomials in the Stiefel-Whitney classes or Pontrjagin classes on the fundamental 
class. 

In order to prove some of the results above one starts from the fundamen¬ 
tal results of Thom [184], the reduction of bordism to homotopy theory via the 
Pontrjagin-Thom construction. 

Problems 

1. k2o(W) is naturally isomorphic to the free abelian group over no(X). 

2. Give a proof of (21.1.10) with singular manifolds. 

3. We had defined formally a boundary operator for the MV-sequence from the axioms of a 
homology theory. Show that the boundary operator defined with separating functions coin¬ 
cides with this formal boundary operator. Pay attention to signs in the oriented case. 

4. The homology theories £2* and A* have a product structure. Products of singular mani¬ 
folds induce a bilinear map 

Q. m (X, A) x £2„(T, B) -* Q. m+n (X xY,X x B U AxY). 

Verify the formal properties of a multiplicative structure, in particular the stability axiom. 

5. Let M\ and M 2 be oriented 3-manifolds which are glued together along a component 
Ni C 3 Mj with a diffeomorphism ip: N\ —► N 2 . Let M be the result. There exists an 
orientation of M such that the canonical embeddings M\ —>• M are orientation preserving, 
provided (p reverses the boundary orientations of the Ni. 

A collar k : IR_ x 3 M —> M of an oriented manifold M is orientation preserving, if 
L C I carries the standard orientation, 3 M the boundary orientation and IR_ x 3 M the 
product orientation. 

In order to verify the transitivity of the oriented bordism relation one has to define the 
orientation of the bordism which is obtained by gluing the given bordisms in such a way that 
the given bordisms are oriented submanifolds of the glued bordism. 

6. The construction of the bordism MV-sequence suggests another set of axioms for a ho¬ 
mology theory. A one-space homology theory consists of a family h n : TOP —> R- MOD of 
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covariant homotopy invariant functors and a family of boundary operators 3: /?„ (Ao U X \) —> 
h n —i(Xo fl X i) for each triad ( X ; Xo , X \) in which the Xj are open in X. The bound¬ 
ary operators are assumed to be natural with respect to maps of triads and the usual exact 
MV-sequence should hold for each such triad. 

Given these data, one defines relative groups for a pair {X, A) by 

h n (X, A ) = Coker(/t n (CT) — > h n (X U CA)) 

where as usual CA is the cone on A. The relative groups are homotopy-invariant functors 
on TOP(2). Define a boundary operator 3: h n (X, A) —> h n —i(A) and show that the usual 
sequence of a pair is exact. In order to derive this sequence, consider the MV-sequence for the 
triad (X U CA: X U CA \I,IU CA \ *). The excision isomorphism h n (X \ [/, T \ U ) = 
h n (X,A) holds, provided there exists a function r: X —> [0. 1] with U C r~ 1 (0) and 
t~ ^O, l[c A, since underthisassumptionthecanonicalmap (V\{/)UC(f4\f/) —> XUCA 
is a pointed h-equivalence. 

21.2 The Theorem of Pontrjagin and Thom 

The theorem of Pontrjagin and Thom relates homotopy theory and manifold theory. 
It describes sets of bordism classes as homotopy sets. We begin by defining the 
ingredients of the theorem. 

Let Q be a smooth manifold without boundary. We denote by Q c — Q U {oo} 
its one-point compactification. Let £: F(f) —B he a smooth real vector bundle 
over a closed manifold B. The one-point compactification M(£) = E(^) U {oo} is 
called the Thom space of f. The points at infinity serve as base points. The pointed 
homotopy set [ Q c , M(£)]° will be described as a bordism set. 

A f-submanifold of 0 is a closed submanifold M together with a smooth bundle 
map F : E(v) E(£) from its normal bundle 

v — vm — v(M, Q ): E{v ) —> M 

into the given bundle f. A bordism between two f submanifolds (Mo, F 0 ) and 
(Mi, Fi) is a compact submanifold W of Q x I (of type I) such that 

W n (Q x [0, l/3[) = M 0 x [0, l/3[, W n (gx]2/3,1]) = Mix]2/3,1] 

and dW = Mo x 0 U Mi x 1 together with a bundle map F: u( W. Q x I) —> f 
which extends F 0 and F\. Note that u(IT'. (1 x / )|M x 0 can be identified with 
u( M 0 , Q). The relation of ^-bordism is an equivalence relation. We denote by 
L(g,f) the set of ^-bordism classes. 

We define a map P : L(Q,tj) —> [Q c , M(^)]°, and the main theorem then as¬ 
serts that P is a bijection. We choose an embedding of 0 into some Euclidean space. 
Then Q inherits a Riemannian metric. The normal bundle v{M. Q ): E (v) —M is 
the orthogonal complement of TM C TQ\M. From these data we had constructed 
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a tubular map z: E(v) —> Q. The bundle v inherits a Riemannian metric, and 
D s (v ), £)>(£), S E (v ) are the subsets of vectors v of norm || i’ll < b, ||u|| < e, ||u|| = 
s, respectively. There exists an e > 0 such that t embeds E 2b (^) onto an open neigh¬ 
bourhood U 2e of M in Q. We have a fibrewise diffeomorphism h e : E E (q) — E(If) 
defined on each fibre by 


h s (x) 


sx 

v / £2 - II* II 2 


From these data we construct from a ^-submanifold (M, F) a map 


g s : Q c Q C /(Q C - u e ) D e (v)/S £ (v) -+ M(v) -+ M(£). 


The first map is the quotient map, the second a homeomorphism induced by the 
inclusion D e (v ) C Q (note that D s /S £ is a one-point compactification of E e ), the 
third induced by li E , and the fourth induced by the bundle map F (a proper map). 
The pointed homotopy class of g £ is independent of the chosen (sufficiently small) 
e, by a linear homotopy in the fibre. Let us set P{M, F ) = [g £ ] e [Q c , M(£)]°. 
We say that a map g £ is obtained by a Pontrjagin-Thom construction. 

(21.2.1) Lemma. For £- bordant manifolds (My, Fj) the classes P(Mj. Fj) are 
equal. Therefore we obtain a well-defined map P : L(Q.f) [Q c ■ M(|)]°. 

Proof. We apply a Pontrjagin-Thom construction to a ^-bordism. For this purpose 
we use for Q x I the product embedding. Let (W, F) be a ^-bordism. We obtain 
a tubular map z: E(vw) Q x I which is over Mq x [0,1 /3[ the product of the 
tubular map for Mq with [0, l/3[, and similarly for the other end. For sufficiently 
small s, again z embeds E 2s (vw ) onto a neighbourhood of W and we define as 
above a Pontrjagin-Thom map 

QC X / -► Q c X I/(Q C x / \ U £ ) -+ D £ (v w )/S £ (v w ) Miyw) -+ M®, 

and this map is a homotopy between the Pontrjagin-Thom maps for (Mo, If ) and 
(Mi, FQ. □ 

(21.2.2) Theorem (Pontrjagin, Thom). The Pontrjagin-Thom map 

P:L(Q,ij)^[Q c ,M($)]° 


is a bijection. 

Proof. We construct a map in the other direction. Let us observe that the maps 
/: Q c —>• M(f) obtained by the Pontrjagin-Thom construction are of a very 
special type. They have the following properties: 

(1) The map /: / _1 (£(£)) —> E(f) is proper, smooth and transverse to the 
zero section B C E(^). 
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(2) There exists a tubular neighbourhood U E of M = f 1 (B) in Q such that 
f(x ) = oo -£> x U s . 

(3) The map / oto/zJ 1 : E(vm) —*■ E e (vm) —*■ U E E(^) is a smooth bundle 
map. 

So we have to deform an arbitrary map into one having these three properties. 

(i) Let g: Q c —>■ M(£) be given and set A = g~ l (E (£)). Then A is open 
in Q and g: A —>■ E(q) is a proper map. By the approximation theorem (15.8.4) 
there exists a proper homotopy of g to a smooth map g\: A — E(q). Restrict 
gi to a compact neighbourhood V of ( B) in A such that V is a manifold and 
gi(3F) C E (£) \ B. By the transversality theorem (15.9.8) we find a smooth 
homotopy of gi | V to a map which is transverse to B and such that the homotopy 
is constant in a neighbourhood of dV. We can therefore extend this homotopy 
to a smooth proper homotopy of gi by a constant homotopy in the complement 
of V. Since both homotopies are proper, they can be extended continuously to Q c 
by mapping the complement of A to the base point. The result is a smooth map 
g 2 : Q c —»• M(£) which has property (1) above. 

(ii) Let M — g^'(B). Let now e be small enough such that the tubular neigh¬ 
bourhood Uie of M is contained in A. Let /l: Q c —>■ [0, 1] be a continuous function 
which is smooth on Q and such that /3 -1 (0) = D e / 2 and /3 -1 [0,1 [ = U E . We define 
a homotopy of g 2 by 

| (1 - ^(x)) -1 • g 2 (x), x e A, t < 1; x e U e , t = 1, 

H t(x) = < 

/ oo, otherwise. 

The map g 2 — Hi has properties (1) and (2) above with U = U E . 

(iii) Let / = g 3 be a map obtained in step (ii). Consider the composition 

fzhe 1 = h: E{v m ) -* E e (v M ) ~^U e ^ E(£). 


This map is proper, smooth, and transverse to B C E(^). The homotopy H t (x) — 
t~ 1 h(tx), defined for t > 0 can be extended to / = 0 by a bundle map <t>: \>m f 
such that the resulting homotopy is smooth and proper. The map is the derivative 
in the direction of the fibres. In order to see what happens in the limit t —> 0, we 
express h in local coordinates. Then h has the form 


X x R” — > Y x R", (x,u) i—> (a(x,v),b(x,v)) 


with open sets X C M, Y C B and a(x. 0) = f(x),b(x,0) = 0. Then 
H t (x,v) — (a(x,tv),t~ 1 b(x,tv)). The map v i-> lim^o t~ l b(x, tv) is the 
differential of b x : v i-> B(x, v) at v — 0. It is a bijective linear map, because / is 
transverse to the zero section. 

(iv) We now construct a map Q which is inverse to P . Suppose g : 0 c -x M(£) 
is a map such that g: g~ 1 E (£) —> E(^) is proper, smooth, and transverse to the 
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zero section. Let M = g~ 1 (B). Then the differential of g induces a smooth bundle 
map F : vm —The map Q sends [g] to the bordism class of the ^-submanifold 
(M, F ). By (i) we know that each homotopy class has a representative g with 
the properties just used. If go and gi are two such representatives, we choose a 
homotopy between them which is constant on [0,1/3[ and on ]2/3,1] and apply the 
method of (i) in order to obtain a homotopy Jr. Q c x I —M(£), go — gi such that 
Jr. h~ 1 E(£) — E(f ) is proper, smooth, transverse to the zero section, and constant 
on [0, rj[ and ]1 — rj, 1]. The pre-image of the zero section and the differential of h 
yield a £-bordism. This argument shows that Q is well-defined. By construction, 
QP is the identity. The arguments of (i)-(iii) show that P is surjective. □ 

(21.2.3) Example. Let Q — M be a closed connected n -manifold and f the n- 
dimensional bundle over a point. Then£'(^) = R" andM(£) = S n = R”U{oo}. A 
^-submanifold of Q is a finite subset X together with an isomorphism F x : T X M -x 
R" for each x e X. In the present situation [<2 c ,M(f)°] = [M.S n ]. We are 
therefore in the situation of the Hopf degree theorem. 

Let M be oriented. If F x is orientation preserving, we set s(x) — 1, and 
e(.x:) = —1 otherwise. Let e(X, F) = Yl,xeX e The integer s(X, F) 
characterizes the ^-bordism class. If we represent a homotopy class in [M, 5”] by 
a smooth map /: M —>• S n with regular value 0 e R", then X = / -1 (0) and 
F x = T x f and e( X. F) is the degree of /, as we have explained earlier. If we show 
that s(X. F ) characterizes the bordism class, then the Pontrjagin-Thom theorem 
gives a proof of the Hopf degree theorem for smooth manifolds. 

If M is non-orientable, we have a similar situation, but this time we have to 
consider s(X , F) modulo 2. O 

(21.2.4) Example. Let Q — R” +t and £(£) = R". Then [Q c , M(£)]° = 
jT n+ k(S n ), but we disregard the group structure for the moment. A ^-submani¬ 
fold is in this case a closed A:-manifold M C R fc+ ” together with a trivialization 
of the normal bundle. A trivialization of a vector bundle is also called a framing 
of the bundle. Since the normal bundle v is inverse to the tangent bundle r we see 
that the tangent bundle is stably trivial and a framing v —>■ ns of the normal bundle 
induces TM © ns —>• TM © v —>• (n + k)s, a stable framing of M. 

We denote by co n (k) the bordism set of a closed n -manifold with framing 
TM © ks —>• (n + k)s. The bordism relation is dehned as follows. Let W be 
a bordism between Mo and M\ and let O: TW © (k — l)e —> (n + k)e be a 
framing. Let 4o: TW\M 0 = TMq © e where the positive part of e corresponds 
to an inwards pointing vector. Similarly 1 1 : TW\M\ = TM\ © s where now the 
positive part corresponds to an outwards pointing vector. We obtain a framing 

(Pi: TMj © s © (k — l)e TW\Mi © (k — 1 )e —> (n + k)e 
of Mj. We say in this case: (W. <f>) is a framed bordism between (M 0 , <fo) and 
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The assignment [M,<p v \ —> [M,(p r \ is a well-defined map L(\R n+k ,ks) —> 
co n (k). It is bijective for k > n + 1. O 

In the Pontrjagin-Thom theorem it is not necessary to assume that £ is a smooth 
bundle over a closed manifold. In fact, £ can be an arbitrary bundle. In this case 
we have to define the Thom space in a different manner. Let f have a Riemannian 
metric; then we have the unit disk bundle D(tj) and the unit sphere bundle S(£). We 
define the Thom space now as the quotient space M(f) = Z)(£)/5(f ). A definition 
that does not use the Riemannian metric runs as follows. The multiplicative group 
[R+ of positive real numbers acts on the subset of non-zero vectors fibre- 

wise by scalar multiplication. Let S(£) be the orbit space with induced projection 
sg: S(q) —»• B. The mapping cylinder of ,s> is a space d% : D(^) —»• B over B and 
M(f) is defined to be the (unpointed) mapping cone of s%. From this definition we 
see that a bundle map /:£—»• r; induces a pointed map M (/): M (£) —> In 

the category of compactly generated spaces we have a canonical homeomorphism 
M(f x rj) = A M{rj). If rj is the trivial one-dimensional bundle over a point, 
this homeomorphism amounts to M (£ © e) = M(f) A with S ^ = IR U {oo}. 

We can now define as before ^-submanifolds of Q and ©bordisms. Also the 
Pontrjagin-Thom construction can be applied in this situation, and we obtain a 
well-defined map 

P = P r . L(Q^)^[QfM(f)]°. 

These maps constitute a natural transformation between functors from the category 
of n -dimensional bundles and bundle maps. 

(21.2.5) Theorem (Pontrjagin, Thom). The Pontrjagin-Thom map /L is for each 
bundle f a bijection. 

Proof. The proof is essentially a formal consequence of the special case (21.2.2), 
based on the general techniques developed so far. 

(i) In the proof of (21.2.2) we used smooth bundles £. A bundle over a closed 
manifold B is induced from a tautological bundle over some Grassmannian G n (R ,v ) 
by some map /. The map / is homotopic to a smooth map g and the bundle induced 
by g is therefore smooth and isomorphic to f This fact allows us to work with 
arbitrary bundles in (21.2.2). The Pontrjagin-Thom construction itself does not use 
a smooth bundle map. 

(ii) Suppose i: X —> Y and r : Y X are maps with ri = id (a retraction). If 
P is bijective for bundles over Y and £ is a bundle over X, we pull back this bundle 
to r] — r*f. From the naturality of P and the fact that P 1} is bijective, we conclude 
that If is bijective. 

(iii) Let C be a compact smooth manifold with boundary. Let B denote the 
double D(C) of C. Then C is a retract of B. Hence P is bijective for bundles 
over C. 
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(iv) Let X be a finite CW-complex. A finite CW-complex is a retract of some 
open set U C R m . Choose a proper smooth function t \ U —> 1R + such that 
t(X) = {0}. Let £ > 0 be a regular value of t. Then A is a retract of the compact 
smooth manifold t~ l [0, £] with boundary. Therefore the theorem holds for bundles 
over finite CW-complexes. 

(v) Suppose £ is a bundle over a CW-complex. By compactness of Q c we see 
that a map Q c —>■ M(f) has an image in the Thom space of the restriction of the 
bundle to a finite subcomplex. This shows, using (iv), that /L is surjective. An 
analogous argument shows the injectivity. 

(vi) If B is an arbitrary space we choose a CW-approximation /: C —*■ B 

and let rj — /*£. One shows that the bundle map rj —> £ induces a bijection 
L(C, §) —> L(B , r]). This is due to the fact that a bundle map v —> £ is up to 
homotopy the composition of a bundle map v —>■ rj with the bundle map t] —>■ £ 
(manifolds have the homotopy type of a CW-complex), and homotopic bundle maps 
yield, via the Pontrjagin-Thom construction, homotopic maps. A similar argument 
shows that a bijective map [Q c , M(rj)]° —> [Q c , M(£)]° is induced. □ 

Problems 

1. Work out the classification of the ^-bordism classes in (21.2.3), thus completing the 
sketched proof of the Hopf degree theorem. 

2. Give a proof of (21.2.4). The source of the map in question uses embedded manifolds, 
the range abstract manifolds. Thus one has to use the Whitney embedding theorem. 

3. We use u>\(k) to interpret the isomorphism TZk+\(S k ) = Z/2 for k > 3. Let (A,q>) 
represent an element of a>\ ( k ). The manifold A is a disjoint sum of manifolds Aj diffeo- 
morphic to S 1 . Let i pj be the framing of Aj induced by cp. We assign to (Aj , <p) an element 
d(Aj ,(pj) e Z/2. Let h : A —> 5 11 be a diffeomorphism. We think of S 1 as boundary of 
D 2 and give D 2 C R 2 the standard framing. This induces a standard framing a of TS 1 © £ 
in which 1 e £ points outwards. This provides us with a framing 

y: TA © ks -5- TS 1 © £- > (k + 1)£. 

If A is framed by ip, then ip: TA © ks —> (k + 1)£ orients the bundle TA. We choose the 
diffeomorphism h such that the composition with y is orientation preserving. The homotopy 
class of y is independent of the chosen h. The framing <p differs from the standard framing 
by a map 

A GL+ +1 (R) ~ SO (k + 1). 

Composed with h~ l we obtain a well-defined element in 

[S\SO(k + 1)] ^ jriSOOfc + 1) ^ Z/2, k > 2, 

denoted by d(A, ip) e Z/2. If A consists of the components (Aj \ j e /) we setrf(T, <p) = 

E/ d(Aj,(pj). 

Show that (A, cp) i-> d(A, ip) induces fork > 2 a well-defined isomorphism d : co\(k) —> 

Z/2. 
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4. Give a similar interpretation of ttt,(S 2 ) = Z. The difference to the case of the previous 
problem is due to n\ SO(2) = Z. 

21.3 Bordism and Thom Spectra 

The theorem of Pontrjagin-Thom allows us to describe the bordism group N n (X) 
as a homotopy group. 

Let Yn '■ E(y n ) —>• BO(n) be a universal n-dimensional real vector bundle and 
MO(n) = M(y n ) its Thom space. A classifying map y„ © s — y n +i induces a 
pointed map e n : £ M ( y„ ) = M(y„ © e) — M(y n + 1 ). The Thom spectrum MO 
consists of the family (MO(n),e n ). The associated homology and cohomology 
groups of a pointed space Y are denoted M O n (Y) and MO"(Y). 

(21.3.1) Theorem. There exists a natural isomorphism 

T(X ): N n (X) -= MO n (X+). 

We will see that the isomorphism T (X) is obtained by a stable version of the 
Pontrjagin-Thom construction. 

For each space X we denote by % m (X) the product bundle idx xy m . We define 
a map 

n k {X): L(r +fe ,^(X))-> N n {X). 

Let [M, F] be an n-dimensional ^(X)-submanifold of R” +fe . The first component 
F\ ofthe^(X)-structure F — (F \, F 2 ): F(vm ) —>• X x E(y) gives us the element 
n k (X)[M, F] = [M, Fi] e N n (X). It is obvious that we obtain a well-defined 
map U k . There is a kind of suspension map 

a: L(r + *,k(X)) L(r +fe+1 ,^ +1 (X)). 

For [M. F] consider M' — M x {0} C W l+k x {0} C R" + * +1 . The normal 
bundle of M' is E(vm) © £■ We compose E(x>m) © s —>• E(y k ) © e with the 
classifying map E(y k ) © e —> E{y k+ \). From F we thus obtain a new struc¬ 
ture F' = (F\, Fj): E(v M ') X x E(y k+1 ). We set o[M, F] = [M\F']. 
The commutativity Fl^+ia = IT k holds. Let L„(X) denote the colimit over 
the maps o: L(IR" +fc ,^(X)) L{\R n+k+l ,% k+1 (X)). Altogether we obtain 
n(X): L n (X) —>• N n (X). 

(21.3.2) Proposition. The map FI(X): L n (X) -» N n (X) is bijective. 

Proof. Surjective. Let [M, f] € N n (X) be given. We can assume M C [R” +fc for 
some k, by the Whitney embedding theorem. Let km : vm y k be a classifying 
map of the normal bundle. Then we have the ©. (X©structure F = (/ o vm,km )> 
and IT k (X)[M, F] — [M, /] holds by construction. 
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Injective. Suppose [Mo, /’o] and [Mi, F\] have the same image under II(X). 
We can assume that My C \P n+k for a suitable k. There exists a bordism B with 
dB — M 0 + M\ and an extension /: B —> X of (/o, f\) where fj is the first 
component of Fj. There exists an embedding B C R"+ fc +* x [0. 1] such that 

B n (\R n+k x [R ? x [0, l/3[) = Mo X Ox [0, l/3[, 

B n (R n+k x R f x ]2/3,1]) = Mi x 0 x ]2/3,1], 

By use of collars we can find a bordism B such that 

cp: C = M 0 x [0,l/2[ + ]l/2, 1] C B 

and35 = MoxO+Mixl. WeembedC —> R” +fe xR ? x[0,1], ( m,s ) i->- ( m,0,s ). 
Then we choose a continuous function <T: B —> [R"+ fc + ? x [0,1] such that <t> 
extends tp on D — M 0 x [0, rj] + M\ x [1 — ij, 1] for some 1/3 < rj < 1/2 
and such that <&{B \ D) is contained in R” +fc+f x]l/3,2/3[ (Tietze extension 
theorem). Suppose k + t > n + 1. We now approximate <t> by an embedding 
J: B r t+k+t x [0,1] such that J(B ^ D) C R" +fc+i x ]l/3,2/3[ and such 
that / equals (p on Mo x [0, l/3[+Mix]2/3,1], 

The bundle maps vm, —> Yk yield bundle maps vm, ©?£—>■ Yk+t- Since these 
classifying maps are unique up to homotopy and since dB C B is a cofibration, 
we can extend these maps to a bundle map vb —> Yk+t ■ We thus see that the 
[. Mj,Fj] e L(R n+k+t , £;t(X)) have the same image in L(R n+k+t , ^ + i(Z)). □ 

The Pontrjagin-Thom maps 

P : L{\R n+k , fc(*)) [S n+k ,M($ k {X))]° c* n n+k (X + A MO(k)) 

are compatible with suspension P o a = a o P. We obtain a bijection of the colimits 
P : L n (X) = MO n (X + ) and hence a natural bijection 

T = PoIl~ l : N n (X) ^ MO n (X + ). 

It remains to verify that T is a homomorphism. Let [M,-, f{\ e N n {X) be given. 
Choose embeddings 

MiCAi= {x | x n+k > 0} C R” +fe , M 2 CA 2 = {x | < 0} C R n+k 

and choose tubular neighbourhoods {/,- C /!/ of M, . The Pontrjagin-Thom con¬ 
struction applied to M\ + M 2 yields a map which factors over the comultiplication 
S n + k jjn+k v $n+k '|'| lc restrictions to the summands are representatives of 

For more details on bordism homology and cohomology theories see [37], [181], 
[160], [28]. 
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Problems 

1. Given /o, f \: Q c —r M(£). Let U C M(f) be an open neighbourhood of B. Suppose 
V = ff x (U) = f^~ l {U) and /o|F = f\ \ V. Then /o and /i are pointed homotopic. 
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The oriented bordism homology theory is isomorphic to the spectral homology 
theory of the Thom spectrum M SO = (MSO(n), e„ ) where MSO(n) is the Thom 
space of the universal «-dimensional orientable vector bundle over BSO(n). The 
isomorphism 

= Mso n (x+) 

is established as in the case of unoriented bordism. The Pontrjagin-Thom con¬ 
struction uses in this case an orientation of the normal bundle. An embedding 
M n C \R n+k induces a canonical isomorphism r (M) © v(M) = ( n + k)e in 
which the normal bundle v(M) is the orthogonal complement of the tangent bun¬ 
dle. An orientation of r(M) induces an orientation of v(M) such that fibrewise 
Tx(M) © v x {M) = is orientation preserving. 

(21.4.1) Lemma. MSO(k) is (k — \)-connected. 

Proof. The canonical map s: BSO{k — 1) —► BSO(k) can be taken as the sphere 
bundle of the universal oriented ^-dimensional bundle. From the homotopy se¬ 
quence of this fibration we see that s is (k — 1)-connected. The homotopy se¬ 
quence of s is isomorphic to the sequence of the pair ( Di -, Sk) of the universal 
(disk.sphere)-bundle over BSO(k). Hence (/)/,. Sk) is (k — l)-connected. Since 
BSO(k) is simply connected, we can apply (6.10.2) and see that nj (. Sk) 
7ij{Dk/Sk) — nj(MSO(k)) is an isomorphism for j < k — 1. □ 

The suspension isomorphism ji n+ k(MSO{k)) —> ^„ + j +1 (SMSO(l)) is an 
isomorphism for k > n + 2, since MSO(k) is (k — l)-connected (see (6.10.4)). 
The spectral map nj fSMSO(k)) —> jij(MSO{k + 1)) is an isomorphism for 
j < 2k — 1. In order to see this, we use the Whitehead theorem (20.1.4): The 
spaces in question are simply connected. Thus it suffices to see that we have a 
homology isomorphism in the same range. 


Hj(EMSO(k)) - > Hj(MSO{k + 1)) 


Thom 


Thom 


Hj_ k (BSO(k)) -> Hj_ k (BSO(k + 1)) 


The map BSO(k) —> BSO(k + 1) is (k — l)-connected, hence the vertical maps 
are isomorphisms for j — k < k — 1. These arguments show that we need 
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not pass to the colimit, colim^ n n + k MSO(k)\ we already have an isomorphism 
£2„ = n n+ i c MSO(k ) for k >n +2. (The geometric reason for this stability result 
is the strong form of the Whitney embedding theorem which we had not used in 

(21.3.1) .) 

The assignment [ M ] (km)*[M] e H n (B SO; Cl) of Section 19.8 induces a 
ring homomorphism £2* — H*(B SO; Q) which we extend to a homomorphism 
of Q-algebras r* : £2* ® (Q —> H*(B SO; Q). We can define in a similar manner a 
homomorphism u* : £2* ® Q —> H* (B SO; (Q) if we use classifying maps of stable 
normal bundles. 

(21.4.2) Theorem. The homomorphisms 

v*: £2* <g>(Q ^ //*(5S0;<Q) and r* : £2* <g> <Q —> //*(PSO; d) 
are isomorphisms of graded algebras. 

Proof. Lemma (21.4.1) and (20.8.3) imply that the Hurewicz homomorphism 
n r (MSO(k)) -* H k (MSO(k)) 

has for r < 2k — 1 both a finite kernel and a finite cokernel; hence it induces 
an isomorphism 7t r (MSO{kj) <g> Q —> If r (MSO(k): Q) in this range. We also 
have the homologicalThomisomorphism// r (MSO(k); (Q) = H r - k {BSO{k)\ Cl). 
The previous considerations now show that we have an isomorphism £2„ ® Q = 
H n {BSO(k):Q). The computation of H n ( B SO{k); Q) ^ H„(B SO; (Q) fork > 
n + 2 shows that the Q-vector space £2 4 „ ® (Q has dimension ir(n ), the number of 
partitions of n. From our computation of r*(C P Za ) we see that r* : £2 4 „ ® Cl —► 
II (/ISO; (Q) is a surjective map between vector spaces of the same dimension, 
hence an isomorphism. 

The homomorphism u* is obtained from r* by composition with the antipode i 
of the Hopf algebra H*(B SO; Q). It is determined by the formal relation 

(l+^i T c[2 T ***)(! T t t) T i{d2) + • • •) = 1 

which expresses the relation between the Pontrjagin classes of a bundle and its 
inverse. □ 

Together with our previous computations (19.8.4) we obtain: 

(21.4.3) Theorem. The algebra £2* ® Q is a polynomial (Q -algebra in the gener¬ 
ators [CP 2 "], nek □ 

We now collect various results and prove the Hirzebruch signature theorem. 

(21.4.4) Theorem. The signature o(M) of an oriented closed An-manifold is ob¬ 
tained by evaluating the Hirzebruch polynomial L n in the Pontrjagin classes of M 
on the fundamen tal class. 
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Proof. From (18.7.3) and (18.7.7) we see that M m- a(M) induces a ring homo¬ 
morphism^* —»• Z. We extend it to a homomorphism of <Q-algebras a: £2* —<Q. 
Via the isomorphism r* of Theorem (21.4.2) it corresponds to a homomorphism 
5 : H*{B SO; <Q) —»• Q such that a = s or*. The homomorphism s was used 
at the end of Section 19.8 to determine polynomials L n e H 4n (B SO; Q) in the 
Pontrjagin classes such that ( L n (p ), [M]) = o(M). □ 

Problems 

1. It is not necessary to use the computation of r*(C P 2a ) in the proof of (21.4.2). The 
reader is asked to check that the diagram 

Q n ---> n n+k (MSO(k)) H n+k (MSO(k)) 



H n (B SO) t-=- H n (BSO(k)) 

commutes (at least up to sign if one does not care about specific orientations). P is the 
Pontrjagin-Thom map, h is the Hurewicz homomorphism, to is the homological Thom 
isomorphism, the bottom map is induced by the stabilization. 
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Numbers 


N 

Wo 

Z 

Q 

R, R+, R_ 

C 

<C* 

n-n 

Z /m = Z/mZ 


natural numbers {1,2,3,...} 

N U {0} 

integers {0, ±1, ±2 ,...} 
rational numbers 

real numbers, non-negative, non-positive 

complex numbers 

C \ 0, non-zero numbers 

quaternions 

integers modulo m 

field with q elements 


Categories 

TOP 

TOP 0 

TOP* 

TOP* 

TOP(2) 

G-TOP 

COY* 

h-TOP 

h-G 


R -MOD 
ABEL 
SET 
G-SET 

n(Z) 

Or(G) 


category of topological spaces and continuous maps 

pointed spaces and pointed maps 

spaces under the space K 

spaces over the space B 

pairs (X, A ) of a space X and a subspace A 

spaces with an action of the topological group G 

covering spaces of the space B 

homotopy category of TOP 

homotopy category associated to a category G 

with homotopy notion 

left modules over the ring R 

abelian groups 

sets 

sets with left G-action 
fundamental groupoid of X 
orbit category of the group G 
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[€.£>] 

TRA s 
Ker, Ke 
Coker, Ko 
Im 
id, 1 
pr 

( fj ) 

(fj) 

Spaces 

R" 

S n 

D n 

E n 

I = [ 0 , 1 ] 
/" 
dr 
S(n) 

S (n) 

A" = A [n\ 
9 A” 

RP" 

CP" 

V k (\F n ) 

G*(F") 

EG 

BG 

E/G,G\E 
E x G F 
X H 

K(ti, n ) 


category of functors G —>• O and natural transformations 

transport category [II(P), SET] 

kernel 

cokernel 

image 

identity 

projection onto a factor of a product 
map into a product with components fj 
map from a sum with components fj 


Euclidean n -space 
unit sphere in R" +1 
unit disk in R" 

D n \ S n ~ l unit cell 
unit interval 

n-fold Cartesian product I x I x • • • x I 
combinatorial boundary of /" 

/"/a/" 

R" U {oo} 

n -dimensional standard simplex 

combinatorial boundary of A" 

n -dimensional real projective space 

n -dimensional complex projective space 

Stiefel manifold of orthonormal A;-frames in F" 

Grassmann manifold of A:-dimensional subspaces of F" 

universal free G -space 

classifying space of the topological group G 

orbit space of a G -action on E 

balanced product 

//-fixed point set 

Eilenberg-Mac Lane space of type (n, n) 
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XIA X with A C X identified to a point 

X + X with additional base point 

Groups 

GL„(F) group of (n, n )-matrices with entries in F = R, C, FO 
O (n) group of orthogonal matrices in GL„(R) 

SO(«) matrices of determinant 1 in O (n) 

U(n) group of unitary matrices in GL„ (C) 

SU(n) matrices of determinant 1 in U(n) 

S 1 complex numbers of modulus 1 

Spin(n) Spinor group, double covering of SO(/?) 

Sp(n) symplectic group 

S n symmetric group 


Relations 


□ 


r\ 


V 

★ 

A 

* 


+, H 


II X || 


end of proof 

end of numbered item 

difference set 

cup product 

cap product 

equivalent (equivalence relation) 

homotopy-equivalent, homotopic 

isomorphic, homeomorphic, diffeomorphic 

direct sum 

tensor product 

pointed sum (bouquet) 

join 

smash product 

induced morphism, general index, base point, free product 
of groups 
topological sum 
Euclidean norm of x 



554 Symbols 

\A 

1*1 

Modules 

lim 

colim 

lim 1 

Tor 

Ext, Ext^ (A, B) 


absolute value of complex number z 
cardinality of X 

limit (inverse limit) 

colimit (direct limit) 

derived functor of lim 

torsion product, left derived of Horn 

module of extensions, right derived of Horn 


Bundles 


TM 

K(X) = Kc(X) = KU(X) 
KO(X) = K r (X) 
s, ns 
M(|) 

MO(h), MSO(zz) 


ci(g)>m(g), Pi(%) 


total space of vector bundle, without zero section 
tangent bundle of the manifold M 
Grothendieck ring of complex vector bundles 
Grothendieck ring of real vector bundles 
trivial bundle, of dimension n 
Thom space of the bundle £ 

Thom space of the universal n -dimensional 
(oriented) bundle 

z-th Chern, Stiefel-Whitney, Pontrjagin class 


Homotopy 

CX 
£X 
Z(f ) 

Z(fg) 

C{f) 

C(X, A) 

H~ 

K * L 
[X, Y] 

[X, T]° 

[X, Y] K , [X, Y] b 


(pointed) cone on X 
suspension of X 

(pointed) mapping cylinder of / 

double mapping cylinder 

mapping cone of / 

mapping cone of A C X 

inverse of the homotopy H 

product (concatenation) of homotopies K , L 

homotopy classes of maps X —> Y 

pointed homotopy classes 

homotopy classes under K , over B 
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n(Z) 
rux Y) 

Jt n (X, A, *) 

X Y = F(X, Y) 

nx 

hocolim 
N(U ) 

B(U) 

Co-Homology 

S q (X) 

5.(Z, A) 

H q {X, A; G) 

H q (X, A; G) 
[v 0 ,...,V q ] 

h*,h* 

h*,h* 

a 

8 

X(X) 

NJX) 

n*(X) 

MO k (X), MSO k {X) 


fundamental groupoid of X 
homotopy groupoid 

n-homotopy group of the pointed pair (X. A, *) 

space of maps X —>■ Y with compact-open topology 

loop space of X 

homotopy colimit 

nerve of the covering U 

geometric realization of the nerve 


singular g-chains 

singular chain complex of (X, A) 

ordinary homology with coefficients in G 

ordinary cohomology with coefficients in G 

affine simplex with vertices vj 

general homology, cohomology; or its 

coefficient groups 

reduced homology, cohomology 

boundary operator 

coboundary operator 

Euler characteristic of X 

unoriented bordism 

oriented bordism 

unoriented, oriented bordism via Thom spectra 




Index 


accumulation value, 4 
action 

diagonal, 17 
effective, 17 
free, 17 
left, 17 
proper, 329 

properly discontinuous, 64 
right, 17 
transitive, 17 
trivial, 17 
weakly proper, 329 
acyclic, 287, 498 
additive invariant, 309 
additivity axiom, 245 
adjoint map, 38 
adjunction space, 7 
affinely independent, 198 
Alexander duality, 446 
Alexander-Whitney map, 240 
Alexander-Whitney morphism, 241 
algebra, 482 
dual, 483 

antipodal involution, 21 
antipode, 484 

approximation of the diagonal, 240 
Alexander-Whitney, 240 
atlas, 358 

orienting, 336, 372 
attaching a space, 7 
attaching map, 203 

barycenter, 231 
barycentric coordinates, 198 
barycentric subdivision, 197 
base change, 117 
base point, 31 

nondegenerate, 102 


base space, 32 
basis of a topology, 2 
Bernoulli numbers, 493 
Betti number, 310 
bi-degree, 260 
bialgebra, 484 
Bockstein operator, 419 
bordant 

orientable, 403 
bordism, 521, 524 
oriented, 526 

Borsuk-Ulam theorem, 436 
boundary, 2, 283 

boundary operator, 123, 224, 245, 266, 
283, 284 

boundary relation, 224 
bouquet, 31 

Brouwer Fixed Point Theorem, 137 
bundle, 62 

associated, 334 
framing, 532 
induced, 331, 337 
numerable, 342 
principal, 328 
projective, 471 
universal, 344 
bundle atlas, 336 
bundle chart, 62, 336 
bundle isomorphism, 331 
bundle map, 331, 336 
bundle morphism, 336 

canonical complex line bundle, 340 

cap product, 438 

category 

topological, 334 
2 -category, 60 

1 -morphism, 61 
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2 -morphism, 61 
horizontal composition, 61 
vertical composition, 61 
cell, 203 

attaching, 203, 204 
-dimensional, 199 
cellular chains, 302 
cellular approximation theorem, 210 
cellular chain complex, 302 
chain, 283 

singular, 224 
with coefficients, 237 
chain complex, 283 
acyclic, 287 
cellular, 302 
contractible, 287 
exact sequence, 284 
singular, 224 
chain equivalence, 285 
chain homotopic, 285 
chain homotopy, 285 
chain map, 283 
characteristic class, 474 
stable, 474 

characteristic map, 199 
characteristic subgroup, 75 
chart, 358, 369 

adapted, 337, 359, 366, 370 
centered at a point, 358 
C*-related, 358 
domain, 358 
positive, 336, 372, 400 
positively related, 372 
Chern class, 474 
total, 474 

chromatic number, 264 
classification II, 75 
classifying map, 344 
stable, 356 

classifying space, 344 
closed simplex, 198 
closure, 2 


clutching datum, 9 
coalgebra, 483 
dual, 483 

cobase change, 104 
coboundary, 285 
coboundary operator, 285, 406 
cochain, 285 
cochain complex, 285 
cocycle, 285 
codimension, 359 
coefficient groups, 245, 406 
cofibration, 102 

homotopy theorem, 106 
induced, 104 
cofibre, 111 
cofibre sequence, 95 
cogroup, 91 
coherent, 445 
cohomology 

additive, 180 
C-oriented, 467 
for pointed spaces, 180 
limits, 408 
R-oriented, 467 
singular, 417 
cohomology group, 406 
cohomology module, 285 
cohomology theory, 405 
additive, 406 
multiplicative, 409 
suspension, 406 
cohomotopy group, 181 
coincidence set, 11 
colimit, 12 
colimit topology, 10 
collar, 382 

commutation rule, 61, 88 
commutator group, 227 
comonoid, 90 
compact, 11 
locally, 12 

compact-open topology, 37 
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compactification, 12 
Alexandroff, 12 
one-point, 12 
point at infinity, 12 
compactly generated, 187 
complex 

Whitehead, 199 
complex structure, 342 
component, 27 
compressible, 143 
comultiplication, 91 
cone, 92, 107 
cone construction, 228 
connected sum, 390 
connecting morphism, 280 
connectivity 

oo-connected, 143 
n -connected, 143 
continuous, 2 
contractible, 28, 287 
contraction, 28 
convergence 
uniform, 4 
convex, 29 
convolution, 484 
coordinate change, 358 
copairing, 491 
covering, 11 
closed, 11 
countable, 11 
e-covering, 140 
finite, 11 
locally finite, 11 
n -connective, 214 
nerve, 197 
null homotopic, 325 
numerable, 318 
numeration, 318 
open, 11 
order, 140 
point-finite, 11 
refinement, 11 


shrinking, 15 
universal, 66 
covering dimension, 140 
covering space, 63 
associated, 65 
characteristic subgroup, 75 
classification I, 70 
classification II, 75 
classification III, 78 
deck transformation, 65 
path lifting, 69 
principal, 64, 329 
regular, 75 
transport functor, 67 
trivial, 63 
universal, 78 
cup product, 409 
CW-approximation, 215 
CW-complex, 205 

cellular dimension, 205 
finite, 205 
relative, 205 
skeleton, 205 
CW-decomposition, 205 
CW-space, 205 
cycle, 283 
cylinder, 92 

deck transformation, 65 
decomposable, 253 
decomposition of a space, 27 
deformation retract, 32 
degree, 49, 136 

bordism invariance, 403 
homological, 257 
local, 259 
modulo 2, 401 
diagonal action, 17 
diameter, 4 
diffeomorphism, 359 
differential, 283, 362 
differential structure, 359 
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dimension axiom, 245, 406 
directed set, 4 
distance, 3, 4 
divided powers, 427 
division algebra, 518 
domination, 215 
double mapping cylinder, 84 
duality, 175 

coevaluation, 175 
evaluation, 175 
duality pairing, 442 
duality theorem, 446 

edge, 197 

Eilenberg subcomplex, 235 
Eilenberg-Mac Lane morphism, 240 
Eilenberg-Mac Lane space, 217 
polarized, 218 
product, 220 

rational cohomology, 513 
Eilenberg-Mac Lane spectrum, 221 
Eilenberg-Zilber morphism, 238 
elementary surgery, 390 
embedding, 5 
smooth, 359 
universal property, 5 
ENR, 448 
equivariant, 17 

Euclidean neighbourhood retract, 176, 
448 

Euclidean space 

with two origins, 80 
Euler characteristic, 179, 310 
combinatorial, 308 
relative homological, 310 
Euler class, 431, 464 
evaluation, 37 

on the fundamental class, 457 
evenly covered, 63 
exact homology sequence, 225 
exact sequence, 68 
exact sequence of a triple, 225 


excision map, 133 
excision property, 525 
excisive, 166, 239, 265, 407 
extension, 101 

initial condition, 101 
extension of modules, 294 
external product, 413 

face, 197 
fibration, 66 

homotopy theorem, 118 
Hurewicz, 115 
induced, 117 
Serre, 115 

fibration theorem, 505 
fibre, 32 

typical, 63 
fibre bundle, 62 
fibre sequence, 99 
fibre transport, 118 
fibrewise, 32 
final, 4 

five lemma, 278, 282 
mod '€, 505 
fixed point set, 17 
flag bundle, All 
flag space, All 
formal group law, 485 
free group, 53 
free product, 53 
free resolution, 292 
fundamental class, 399, 402, 445 
fundamental group, 42 
fundamental groupoid, 42 
fundamental lemma, 287 

Gauss map, 352 
genus, 312 

geometric realization, 198, 321 
graded module, 283 
graph, 197, 264 

chromatic number, 264 
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colouring, 264 

Grassmann manifold, 23, 362 
Grothendieck ring, 356 
group 

discrete, 15 
free, 53 

general linear, 16 
normalizes 21 
orthogonal, 16 
special linear, 16 
special orthogonal, 16 
special unitary, 16 
topological, 15 
topological subgroup, 16 
torus, 16 
unitary, 16 
Weyl, 21 

group algebra, 486 
group object, 90 
group-like, 486 
groupoid, 42 

topological, 335 
Gysin sequence, 431 

h-fibration, 118 

half-space, 369 

Hausdorff space, 3 

h-coexact, 92 

h-cofibration, 118 

HEP, 101 

h-equivalence, 28 

h-exact, 97 

hexagon lemma, 277 

Hirzebruch L-polynomials, 494 

HLP, 66, 115 

homeomorphism, 2 

homogeneous space, 18 

homological orientation, 444, 445 

homologous, 283 

homology 

additive, 180 


additivity axiom, 245 
coefficient groups, 245 
dimension axiom, 245 
for pointed spaces, 179 
group, 283 

integral, rational, mod(/?), 237 
module, 283 
homology product, 242 
homology group, 283 
local, 392 
reduced, 252 
relative, 225 
singular, 224 
homology module, 283 
homology theory, 244 
one-space, 528 
homotopic, 27 
homotopy, 27, 38 
constant, 28 
equivariant, 17 
G -homotopy, 17 
inverse, 28 
linear, 29 
product, 28 
relative, 28 

homotopy category, 28 
homotopy class, 28 
homotopy cocartesian, 85 
homotopy colimit, 270 
homotopy equivalence, 28 
weak, 144 

homotopy equivalent, 28 
homotopy extension property, 101 
homotopy fibre, 120 
homotopy functor, 215 
homotopy inverse, 28 
homotopy lifting property = HLP, 66 
homotopy pushout, 85 
homotopy type, 28 
Hopf algebra, 484 

primitive element, 485 
duality, 485 
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group-like element, 486 
pairing, 485 
Hopf fibration, 332 
Hopf invariant, 517 
Hopf space, 90 
H-space, 90 
Hurewicz fibration, 115 
Hurewicz homomorphism, 496 

identification, 6 
immersion, 363 
incidence number, 301 
index, 463 
initial condition, 115 
interior, 2 
interior point, 2 
Invariance of dimension, 252 
Invariance of domain, 251 
invariant scalar product, 19 
involution 

antipodal, 21 
isotropy group, 17 

join, 86, 345 
Jordan curve, 250 

Kiinneth formula, 298 
homology, 242 

Kernel-Cokernel Lemma, 281 
Klein bottle, 58 
Kneser graph, 264 
Kronecker pairing, 418 
k-space, 187 

Lebesgue lemma, 47 

Lebesgue number, 47 

Lefschetz fixed point index, 179 

left action, 17 

left translation, 15, 17 

lens space, 368 

Lie group, 361 

lifting, 50, 63, 101 

initial condition, 50, 66 


linking number, 404 
local coordinate system, 358 
local degree, 259 
local parametrization, 358 
local section, 332, 364 
locally Euclidean, 358 
locally finite, 318 
locally trivial, 62, 332 
loop, 42 
loop space, 89 

manifold, 358 
boundary, 369 
closed, 369 
double, 391 
interior, 369 
orientable, 372 
product, 359 
smooth, 359 
Stiefel, 365 

manifold with boundary, 369 
map 

antipodal, 261 
attaching, 203, 204 
cellular, 210 

characteristic, 199, 203, 204 
closed, 2 
continuous, 2 
continuous at a point, 2 
differentiable, 358, 369 
n -equivalence, 144 
odd, 261 
open, 2 
proper, 14 
quotient, 6 
regular point, 363 
regular value, 363 
singular value, 363 
smooth, 358, 359, 370 
transverse, 385 
uniformly continuous, 4 
weak equivalence, 144 
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mapping cone, 93, 111, 287 
mapping cylinder, 81, 110 
Mayer-Vietoris sequence, 266, 407 
measure zero, 365 
metric, 3 
metric space, 3 

Mittag-Leffler condition (= ML), 409 

ML, 409 

module 

graded, 283 
monoid, 90 

in h-TOP, 49 
Moore space, 256 
morphism 

connecting, 284 
multiplicative structure, 409 
MVS, 266 

NDR, 114 

NDR-presentation, 114 
neighbourhood, 2 
basis, 2 
e,3 

open, 2 

neighbourhood deformation retract, 11 
nerve, 197 
net, 4 

convergent, 4 
normal bundle, 376 
normalizer, 21 
null bordant, 521 
null bordism, 521 
null homotopic, 28 
null homotopy, 28 
numerable, 86, 318 
numeration, 318 

obstruction, 205 
omega-spectrum, 181 
open simplex, 198 
orbit, 17 

orbit category, 19, 75 


orbit space, 17 
orbit type 
finite, 17 

orientation, 372, 394 
along a subset, 394 
boundary, 373 
complex structure, 372 
C-oriented, 467 
local, 393 
opposite, 372 
pre-image, 374 
product, 372 
R-oriented, 467 
standard, 372 
sum, 372 

orientation covering, 342, 394 
orthogonal group, 16 

paracompact, 15 
partition of unity, 318 
generalized, 320 
subordinate, 318 
path, 25 

constant, 25 
homotopy, 41 
inverse, 25 
product, 25 
path component, 26 
path connected, 26 
Pliicker coordinates, 366 
Poincare duality, 446 
point finite, 318 
pointed 

homotopy, 31 

homotopy equivalence, 31 

map, 31 

product, 31 

space, 31 

sum, 31 

polyhedron, 199 
Pontrjagin class, 480 
Pontrjagin number, 492 
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Pontrjagin-Thom construction, 530 
pre-spectrum, 181 
preparation theorem, 149 
primitive, 485 
principal bundle, 328 
principal covering, 64 
product orientation, 401 
products 

cap product, 438, 442 
cup product, 409 
cup product in singular 
cohomology, 422 
external, 413 
Kronecker pairing, 418 
projective bundle, 471 
projective plane, 58 
projective resolution, 287 
projective space, 21, 22 

homogeneous coordinates, 21 
proper, 14 

properly discontinuous, 64 
pseudo-circle, 27 
pullback, 8 
Puppe-sequence, 95 
pushout, 9 

quasi-compact, 11 
quotient map, 6 

universal property, 6 
quotient space, 6 

ramification index, 313 
ramification point, 313 
ramified covering, 313 
rank theorem, 363 
reduced cohomology groups, 407 
reduced homology, 252 
regular point, 363 
regular value, 363 
representation, 19 
orthogonal, 19 
unitary, 19 


retract, 6, 32 
retraction, 6, 32 

Riemann-Hurwitz formula, 314 
Riemannian metric, 351 
right action, 17 

saturated, 6 
scaling function, 169 
section, 6, 32 

local, 332, 364 
Segre embedding, 366 
semi-locally simply connected, 70 
separating function, 523 
separation axiom, 3 
Serre class, 504 
saturated, 504 
Serre fibration, 115 

exact sequence, 130 
set 

bounded, 4 
closed, 2 
dense, 2 

nowhere dense, 2 
open, 2 
set map, 2 
sheet, 63 
short exact, 275 
shrinkable, 32 
shuffle, 240 
shuffle morphism, 240 
signature, 458 
simplex, 197 

combinatorial boundary, 198 
dimension, 197 
face, 197, 224 
singular, 224 
standard simplex, 224 
simplicial complex 

barycentric subdivision, 197 
geometric realization, 198 
simplicial complex, 197, 307 
finite, 197 
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locally finite, 197 
^-simplex, 307 
subcomplex, 197 
vertex, 307 

simplicial diagram, 321 
simply connected, 43 
1-connected, 43 
singular value, 363 
skeleton, 205 

skeleton filtration, 205, 416 
slant product, 441 
smash product, 31, 193 
smooth manifold, 359 
space 

weakly hausdorff, 187 
adjunction, 7 
/1-simple, 110 
comb space, 33 
compact, 11 

compactly generated, 187 
completely regular, 3 
component, 27 
connected, 27 
covering, 63 
decomposition, 27 
discrete, 2 

Eilenberg-Mac Lane, 217 
G -space, 17 
Hausdorff, 3 
homeomorphic, 2 
homogeneous, 18 
k-closed subset, 187 
k-open subset, 187 
locally compact, 12 
locally connected, 64 
locally path connected, 64 
metric, 3 
metrizable, 4 
^-connected, 143 
normal, 3 
n -simple, 110 


over, 32 

paracompact, 15 
pointed, 31 
quasi-compact, 11 
quotient, 6 
regular, 3 
separated, 3 
simple, 110 
topological, 2 
totally disconnected, 27 
transport-local, 70 
under, 32 
well-pointed, 102 
spaces 

triple of, 32 
pair of, 31 
spectrum, 181 

Eilenberg-Mac Lane, 221 
spheres, 181 
suspension, 182 
sphere 

stable homotopy groups, 517 
sphere spectrum, 181 
splitting, 276 
splitting lemma, 276 
splitting principle, 477 
stabilizer, 17 
stable unitary group, 475 
stably homotopic, 159 
stably homotopy equivalent, 159 
standard resolution, 292 
star, 198 
star-shaped, 29 
stereographic projection, 35 
Stiefel manifold, 22, 365 
Stiefel-Whitney class, 479 
Stiefel-Whitney number, 492 
structure group, 334 
reduction, 334 
subbasis of a topology, 2 
subcomplex, 197, 199 
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submanifold, 359 
of type I, 370 
of type II, 370 
smooth, 359 
submersion, 363 
subnet, 4 
subspace, 5 
G-, 17 

G -invariant, 17 
G -stable, 17 
locally closed, 13 
relatively compact, 11 
sum-lemma, 277 
support of a function, 318 
surface, 358 
genus, 312 
hyper-elliptic, 316 
hyper-elliptic involution, 316 
suspension, 87, 107, 288 
homological, 249 
suspension spectrum, 182 

tangent bundle, 374 
tangent space, 362 
tangent vector, 362 

pointing inwards, 370 
pointing outwards, 370 
telescope, 270 
test map, 187 
test space, 187 
theorem 

Alexander duality, 446 
Blakers-Massey, 133, 148 
Borsuk-Ulam, 464 
Bott periodicity, 357 
cellular approximation, 210 
E. H. Brown representability, 216 
Ehresmann, 382 
Freudenthal suspension, 154 
Hurewicz, 497 
Leray-Hirsch, 427, 430 
M. Brown, 251 


Poincare duality, 446 
Sard, 365 
Schoenflies, 251 
Thom isomorphism, 431 
Tietze, 3 
Tychonoff, 12 
Urysohn, 3 
Whitehead, 498 
Thom class, 431 
strict, 433 

tangent bundle, 464 
Thom homomorphism, 434 
Thom isomorphism, 431 
topological group, 15 
topological product, 8 
topological subgroup, 16 
topological sum, 9 
topology, 1 
basis, 2 
coarser, 2 
colimit, 12 
compact open, 37 
discrete, 2 
finer, 2 
product, 8 
quotient, 6 
relative, 5 
subbasis, 2 
subspace topology, 5 
torsion product, 292 
torus, 16 
total space, 32 
transition function, 358 
transition map, 336 
translation map, 329 
transport, 107 
transport category, 70 
transport functor, 67, 107, 119 
transport space, 70 
transport-local, 70 
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transport-simple, 70 
transverse, 385 

to a submanifold, 385 
tree, 209 

triangulation, 198 
trivial G -space, 332 
trivial over, 62 
trivialization, 62 
tubular map, 376 
tubular neighbourhood, 377 
typical fibre, 63 

unitary group, 16 
universal coefficients, 295, 296 
cohomology, 418 
homology, 238 
universal covering, 78 
universal group, 355 

vector bundle, 336 
finite type, 336 


inverse, 351 
numerable, 336 
orientable, 336 
orientation, 336 
subbundle, 337 
tautological, 339 
vector bundles 

stably equivalent, 356 
vector field, 136 
vertex, 197 

Wang sequence, 426 
weak equivalence, 144 
wedge, 31 
well-pointed, 102 
Weyl group, 21 
Whitehead complex, 199 
subcomplex, 199 
Whitney sum, 351 
winding number, 50, 258, 403 


